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PEEFAOE. 


Numbers  Universalized  is  believed  to  embrace  all 
algebraic  subjects  usually  taught  in  the  preparatory  and 
scientific  schools  and  colleges  of  this  country.  For  con- 
venience, it  is  divided  into  two  parts,  which  are  bound  sepa- 
rately and  together,  to  accommodate  all  kinds  and  grades 
of  schools  sufficiently  advanced  to  adopt  its  use. 

Part  First  is  intended  as  an  advanced  elementary  alge- 
bra, and  is  especially  adapted  to  schools  preparing  students 
for  college,  and  to  advanced  classes  in  high  and  normal 
schools. 

In  treatment,  the  great  simplicity  noticeable  in  the 
author's  book  for  beginners,  "Numbers  Symbolized,"  has 
been  avoided  ;  yet  care  has  been  exercised  to  everywhere 
keep  intact  the  logical  sequence  of  thought,  and  to  thus 
prevent  the  discussions  from  becoming  unnecessarily  ab- 
struse and  difficult.  Definitions  are  logically  arranged  and 
expressed  in  simple,  concise,  and  exact  language.  Illustra- 
tions are  resorted  to  only  when  concepts  described  are  not 
sufficiently  clear  without  them.  Fundamental  principles 
and  propositions  are  carefully  formulated,  and,  whenever 
practicable,  rigidly  proved.  Examples  have  been  selected 
with  special  reference  to  variety  in  combination  and  meth- 
ods of  reduction.  Unusual  prominence  is  given  to  the  sub- 
jects of  factoring,  radicals,  and  quadratic  equations,  as  the 
author  has  learned  by  experience  that  few  pupils  entering 
classes  in  the  higher  mathematics  are  well  enough  drilled 
in  these  departments  of  work  to  follow  with  rapidity  dis- 
cussions involving  them.  The  introduction  into  this  part 
of  the  book  of  so  much  of  indeterminate  equations,  loga- 
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rithms,  higher  series,  iDterest  and  annuities,  and  permu- 
tations and  combinations,  as  have  a  practical  interest  to 
students,  it  is  believed,  will  be  acceptable  to  many  teach- 
ers, and  may  be  omitted  by  others  who  desire  a  shorter 
course  without  doing  violence  to  the  logic  of  other  parts. 
The  doctrine  of  limits  is  introduced  before  the  treatment 
of  proportion,  geometrical  progressions,  and  annuities,  to 
enable  the  author  to  discuss  the  limiting  cases  under  these 
subjects,  and  to  thus  complete  a  treatment  that  would 
otherwise  be  necessarily  impeifect  or  partial.  The  use  of 
the  term  ultimum,  to  denote  the  final  state  of  a  variable  as 
it  approaches  its  limit,  has  given  rise  to  simpler  demonstra- 
tions of  the  more  difficult  propositions  under  this  head 
than  are  usually  found. 

Part  Second  is  treated  in  five  chapters,  as  follows  :  One 
embracing  serial  functions,  including  development  of  func- 
tions into  series,  convergency  and  divergency  of  infinite 
series,  the  binomial  formula,  the  binomial  theorem,  the 
exponential  and  logarithmic  series,  summation  of  series, 
reversion  of  series,  recurring  series,  and  decomposition  of 
rational  fractional  functions ;  one  treating  of  complex  num- 
bers, graphically  and  analytically,  including  fundamental 
operations  with  complex  numbers,  general  principles  of 
moduli  and  norms,  and  the  development  and  representa- 
tion of  sine,  cosine,  and  tangent ;  one  embodying  a  discus- 
sion on  the  theory  of  functions,  including  graphical  repre- 
sentations of  the  meaning  of  the  terms  independent  and 
dependent  variables,  continuous  and  discontinuous  func- 
tions, increasing  and  decreasing  functions,  and  turning 
values  and  limits  of  functions,  and  also  a  treatment  of 
differentials  and  derivatives,  and  maxima  and  minima  val- 
ues of  functions ;  one  treating  of  the  theory  of  equations, 
including  a  discussion  of  the  properties  of  the  roots,  real 
and  imaginary,  of  an  equation,  methods  of  determining 
the  commensurable  roots  of  a  numerical  equation,  Sturm's 
theorem  for  detecting  the  number  and  situation  of  real 
roots.  Homer's  method  of  root  extension.  Cardan's  for- 
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miila  for  solving  cubic  equations^  aud  a  short  treatment 
of  reciprocal  and  binomial  equations ;  one  treating  of  de- 
terminants and  probabilities^  so  far  as  these  subjects  are  of 
interest  and  value  to  the  general  student.  The  volume 
closes  with  a  supplementary  discussion  of  continued  frac- 
tions and  theory  of  numbers. 

The  aim  of  the  author  in  preparing  this  part  of  his  work 
has  not  been  so  much  to  give  completeness  to  the  various 
subjects  treated  as  to  lead  the  student  to  a  comprehension 
of  the  fundamentals  of  a  wider  range  of  subjects,  and  to 
cultivate  in  him  a  taste  for  mathematical  investigation. 
It  is  believed  that  the  plan  adopted  will  give  the  general 
student  a  broader  and  more  practical  knowledge  of  algebra, 
and  will  lead  to  better  results  in  a  preparatory  course  of 
study  for  the  univeraity  than  would  a  completer  treatment 
of  fewer  subjects  requiring  an  equal  amount  of  space  in 
their  development  and  more  time  in  their  mastery.  While 
a  sufficient  number  of  examples  have  been  placed  under 
each  head  to  offer  opportunity  for  the  application  of  the 
principles  and  laws  developed,  there  will  not  be  found  an 
unnecessary  multiplicity  of  them  to  retard  the  progress  of 
the  pupil  in  his  onward  course. 

In  conclusion,  the  author  desires  to  acknowledge  his  in- 
debtedness to  the  English  authors,  Hall  and  Knight,  Chrys- 
tal,  Aldis,  Whitworth,  and  C.  S.  Smith,  whose  works  he 
frequently  consulted,  and  from  which  he  obtained  many 
new  and  valuable  ideas. 

David  M.  Senseniq. 

Normal  School,  West  Chester,  Pa.,  j 
December  2,  1889,  \ 
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NUMBERS  UNIVERSALIZED. 


INTRODUCTION. 
QENERAL   DEFIJflTIOJfS. 


1.  Anything  that  may  be  conceived  to  be  made  up  of 
equal  definite  amounts  is  Quantity  \  as,  length,  super- 
ficies, volume,  weight,  value,  momentum,  etc. 

2.  A  quantity  may  be  increased  or  diminished,  and, 
if  not  indefinitely  large  or  small,  measured. 

3.  To  measure  a  quantity  of  any  kind  is  to  assume  a 
definite  amount  of  the  same  kind  of  quantity  as  a  stand- 
ard of  measure,  and  to  determine  how  many  times  the 
quantity  contains  this  standard. 

4.  Any  definite  amount  of  quantity  assumed  as  a  stand- 
ard of  measure  is  a  unit  of  quantity  ;  as,  a  foot,  a  pound, 
a  dollar,  etc. 

5.  That  which  denotes  how  many  units  a  quantity 
contains,  how  many  objects  are  in  a  group,  or  how  many 
times  anything  is  taken  or  done,  is  a  Number.  One  is  the 
unit  of  number. 

6.  A  number  is  one,  or  a  collection  of  ones. 

7.  The  measure  of  a  quantity  in  units  is  the  magnitude 
of  the  quantity. 

Thus,  weight  is  quantity ;  twenty-five  pounds  is  the 
magnitude  of  a  weight ;  and  twenty-five  is  the  number  of 
units  in  the  weight,  or  in  the  magnitude  of  the  weight. 

8.  By  a  figure  of  speech,  magnitudes  and  numbers  are 
also  called  quantities. 


Digitized  by 


Google 


2  ADVANCED  ALGEBRA. 

9.  A  quantity  that  contains  a  definite,  or  specific,  num- 
ber of  units  is  a  Specific  Quantity ;  as,  five  feet. 

10.  A  quantity  that  contains  a  general  number  of 
units,  that  is,  a  quantity  that  may  contain  any  number 
of  units,  is  a  General  Quantity ;  as,  the  weight  of  a  ball. 

11.  Specific  numbers  are  expressed  by  characters  called 
figures,  and  general  numbers  by  letters  of  the  alphabet^ 
or  by  a  combination  of  figures  and  letters. 

12.  Numbei*&  expressed  by  figures  are  sometimes  called 
Numerical  Quantities,  and  numbers  expressed  by  letters, 
or  a  combination  of  figures  and  letters.  Literal  Quantities. 


18.  The  result  of  combining  two  or  more  quantities 
into  one  is  the  sum  of  the  quantities,  and  the  process  of 
finding  the  sum  is  Addition. 

14.  The  symbol  of  addition  is  + ,  read  plus,  and,  when 
placed  before  a  quantity,  it  denotes  that  the  quantity  is  to 
be  added  to  what  has  gone  before.  Thus,  8  -|-  5  denotes 
that  5  is  to  be  added  to  8,  and  8  +  5  +  3  that  5  is  to  be 
added  to  8  and  3  to  the  result.  Likewise,  a  +  i  +  c  de- 
notes that  h  is  to  be  added  to  a  and  c  to  the  result. 


16.  The  difference  of  two  quantities  is  such  a  quantity 
as,  added  to  one  of  them,  called  the  subtrahend,  will  pro- 
duce the  other,  called  the  minuend,  and  the  process  of 
finding  the  difference  is  Subtraction. 

Thus,  the  difference  of  the  minuend  8  and  the  subtra- 
hend 5  is  3,  since  3  added  to  5  makes  8. 

16.  The  symbol  of  subtraction  is  — ,  read  minus,  and 
denotes,  when  written  before  a  quantity,  that  the  quantity 
is  to  be  subtracted  from  what  has  gone  before.  Thus,  x  —  y 
denotes  that  y  is  to  be  subtracted  from  x;  X'-y^z,  that 
y  is  to  be  subtracted  from  x  and  z  from  the  result ;  and 
x  —  y-\-z,  that  y  is  to  be  subtracted  from  x  and  z  added 
to  the  result. 

Hence,  the  order  of  operations  in  addition  and  sub- 
traction is  from  left  to  right. 
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GENERAL  DEFINITIONS.  8 

17.  The  product  of  two  quantities  is  the  result  of 
taking  one  of  them,  called  fche  fnultiplicand,  as  many 
times  as  is  indicated  by  the  other,  called  the  multiplier, 
and  the  process  of  finding  the  product  is  Multiplication. 

18.  The  product,  or  continued  product,  of  three  or 
more  quantities  is  the  result  of  multiplying  the  first  by 
the  second,  the  product  by  the  third,  and  so  on  until  all 
the  quantities  have  been  used,  and  the  process  of  finding 
a  continued  product  is  Continued  Multiplication. 

19.  The  quantities  multiplied  together  to  produce  a 
product  are  called  the  Factors  of  the  product. 

20.  A  quantity  that  is  the  product  of  two  or  more  fac- 
tors other  than  itself  and  unity  is  a  Composite  Quantity. 

21.  A  quantity  that  consists  of  no  other  factors  than 
itself  and  unity  is  a  Prims  Quantity. 

22.  The  prime  factors  of  a  quantity  are  the  prime 
quantities  which,  multiplied  together,  will  produce  the 
quantity. 

23.  The  symbol  of  multiplication  is  X  or  . ,  read  into 
or  multiplied  ly,  and  denotes,  primarily,  when  written 
before  a  quantity,  that  what  precedes  it  is  to  be  multi- 
plied by  the  quantity.  Thus,  axi,  or  a.b,  denotes  that 
a  is  to  be  multiplied  by  *,  and  aXiX  c,  or  a.b.c,  that 
fl  is  to  be  multiplied  by  b  and  the  result  by  c. 

24.  The  multiplication  sign  is  usually  omitted  between 
letters,  or  between  a  figure  and  a  letter.  Thus,  abc  means 
the  same  as  axbxc,  and  5x  the  same  as  5  X  x.  This 
sign,  however,  can  not  be  omitted  between  figures,  since 
35  is  not  3X5.  

25.  When  a  product  consists  of  two  or  more  like  fac- 
tors, it  is  called  a  power  of  a  factor.  Thus,  a  a  is  the  sec- 
ond power  of  a;  aaa  the  third  power  of  a;  aaaa.... 
to  n  factors  the  wth  power  of  a.  a  is  sometimes,  but  with 
doubtful  propriety,  called  the  first  power  of  a.  The  second 
jwwer  is  called  the  square  and  the  third  power  the  cube. 

Digitized  by  VjOOQ IC 


4  ADVANCED  ALGEBRA. 

26.  A  power  of  a  quantity  may  be  defined  as  the  result 
of  using  a  quantity  two  or  more  times  as  a  factor. 

27.  The  most  convenient  method  of  denoting  a  power 
of  a  quantity  is  to  write  on  the  right  hand^  aboYe  the 
quantity^  the  number  of  times  it  is  to  be  used  as  a  factor. 
Thus,  the  cube  of  a,  or  a  a  ay  may  be  written  a^ 

28.  The  small  figure  or  letter  used  to  express  how 
many  times  a  quantity  is  used  as  a  factor  is  called  an 
index  or  exponent 

29.  The  quotient  of  two  quantities  is  the  number  of 
times  one  of  them,  called  the  divisor^  must  be  taken  to 
produce  the  other,  called  the  dividend^  and  the  process  of 
finding  the  quotient  is  Division. 

80.  The  symbol  of  division  is  -r- ,  read  divided  ly,  and 
denotes,  when  written  between  two  quantities,  that  the 
first  is  to  be  divided  by  the  second.  Thus,  a-^h  denotes 
that  a  is  to  be  divided  by  h ;  that  is,  the  number  of  times 
the  divisor  h  must  be  taken  to  produce  the  dividend  a  is 
to  be  determined. 

a-^h-T-c  denotes  that  a  is  to  be  divided  by  h  and  the 
quotient  by  c.  axh-r-c  denotes  that  a  is  to  be  multi- 
plied by  h  and  the  product  divided  by  c.  a  H-  J  X  e?  de- 
notes that  a  is  to  be  divided  by  h  and  the  quotient  multi- 
plied by  c. 

Hence,  the  order  of  operations  in  multiplication  and 
division  is  from  left  to  right. 

31.  To  indicate  that  one  quantity  is  to  be  divided  by 
another,  the  dividend  is  sometimes  written  above  and  the 

divisor  below  a  horizontal  line.     Thus,  -r  is  equivalent  to 
a  -^  J.  


32.  A  root  of  a  quantity  is  one  of  the  eqnal  factors  of 
the  quantity,  and  the  process  of  finding  a  root  is  Evolu- 
tion. One  of  the  two  equal  factors  of  a  quantity  is  the 
square  root,  one  of  the  three  equal  factors  the  cube  root, 
and  one  of  the  n  equal  factors  the  wth  root. 
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S3.  The  symbol  of  root  is  V,  called  the  radical  sign. 
A  number^  called  the  index  of  the  root^  is  written  in  the 
angle  of  the  sign  to  denote  what  root  is  to  be  extracted. 
ThaSy  Va  denotes  the  cnbe  root  of  a,  and  Va  the  nth 
root  of  a.  When  no  index  is  expressed,  the  square  root  is 
denoted.    Thus,  Va  is  the  square  root  of  a. 

34.  Any  written  quantity  or  indicated  operation  is 
called  a  mathematical  expressiony  or  simply  an  expression ; 
as,  a  or  a  +  J  —  (?. 

35.  The  value  of  a  mathematical  expression  is  the  quan- 
tity that  will  result  from  performing  all  the  operations 
therein  indicated.     Thus,  the  yalue  of  8  -|-  4  —  3  is  9. 

36.  The  symbol  =  is  read  equals^  or  is  equal  to. 

37.  Two  expressions  are  equal : 

1.  When  they  have  the  same  form  and  value ;  as, 
4a;  =  4a?. 

This  is  known  as  the  law  of  identity, 

2.  When  they  differ  in  form  but  have  the  same  value ; 
as,  3a:  +  4ar  =  5a?  +  2a;. 

This  is  known  as  the  law  of  association. 

38.  An  expression  denoting  that  two  other  expressions 
are  equal  is  an  Equation,  and  the  expressions  which  are 
placed  equal  to  each  other  are  the  members  of  the  equa- 
tion. 

Thus,  7XaJ  =  6a:  +  2a?  is  an  equation,  in  which  7  X  a; 
is  the  first  member,  and  bx-^^x  the  second  member. 

39.  The  symbol  >  is  read  greater  than ;  <  less  than  ; 
4=  not  equal  to ;  >  not  greater  than ;  and  <  not  less  than. 

Thus,  a>b  denotes  that  a  is  greater  than  } ;  a  <b, 
that  a  is  less  than  b;  a  4=  ^9  that  a  is  not  equal  to  b ; 
a>b,  that  a  is  not  greater  than  b ;  and  a<b,  that  a  is 
not  less  than  b. 

40.  An  expression  denoting  that  two  other  expressions 
are  not  equal  is  an  Inequalitf/y  and  the  unequal  expres- 
sions are  the  members  of  the  inequality. 
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41.  The  symbol  /.  denotes  therefore  or  heru:e. 

42.  The  symbol  •.*  denotes  because  or  since. 

43.  To  denote  that  an  expression  is  to  be  treated  as  a 
whole,  it  is  placed  between  a  pair  of  symbols  of  aggregation. 
Thus,  («  +  5)  +  (^  +  d)  denotes  that  the  sum  of  c  and  d 
is  to  be  added  to  the  sum  of  a  and  }  ;  {a-\-i){c-Yd)  de- 
notes that  the  sum  of  a  and  J  is  to  be  multiplied  by  the 
sum  of  c  and  d\  a  -=-  (J  —  e?)  denotes  that  a  is  to  be  di- 
vided by  the  difference  of  h  and  c. 

44.  The  symbols  of  aggregation  are  ( ),  called  a  paren- 
thesis ;  {  } ,  called  Iraces  ;  [  ] ,  called  Irachets ;  and  , 
called  a  vinculum.  The  yinculum  is  drawn  over  the 
expression  that  is  to  be  considered  as  a  whole.  Thus, 
a'\-bxc^{a-\-h)c.  The  term  parenthesis  is  often  made 
to  include  all  symbols  of  aggregation. 


46.  An  expression  of  two  or  more  parts  connected  by  + 
or  separated  by  —  is  called  a  polynomial  or  a  multinomial, 
as,  3  ic^  +  ^  ^  —  7.  The  parts  of  a  polynomial  are  called 
its  term^. 

46.  A  polynomial  of  two  terms  is  a  binomial ;  one  of 
three  terms,  a  trinomial ;  one  of  four  terms,  a  quadri- 
nomial,  etc.  'A  simple  quantity,  or  a  quantity  of  one 
term,  is  a  monomial. 

47.  Terms  containing  the  same  literal  factors  affected 
by  the  same  exponents  are  similar ;  as,  5  a*  }^  c  and  7  a^  b^  c. 

48.  The  coefficient  of  a  term  is  any  factor,  or  group  of 
factors,  belonging  to  it,  and  which  is  assumed  to  show  how 
many  times  the  remaining  factor,  or  group  of  factors,  is  to 
be  taken.  Thus,  in  3  a  (J),  3  a  is  the  coeflBcient ;  in  3  J  {a), 
3 J  is  the  coefficient;  and  in  3(ai),  3  is  the  coefficient. 
The  numerical  factor  is  usually  considered  the  coefficient 
unless  a  special  reason  exists  for  regarding  some  other  as 
the  coefficient.  When  the  term  has  no  numerical  factor 
expressed,  the  factor  1  is  understood  to  be  the  numerical 
coefficient. 
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49.  If  a  term  has  n  literal  factors^  it  is  said  to  be  of  n 
dimensions,  or  of  the  nth  degree.  Thus,  Za^l^  oxZaahhh 
is  of  five  dimensionsy  or  of  the  fifth  degree. 

60.  When  all  the  terms  of  a  polynomial  are  of  the  same 
degree^  the  polynomial  is  said  to  be  homogeneous. 

61.  A  quantity  may  be  in  one  of  two  diametrically  op- 
posite states.  Thns,  a  sum  of  money  may  represent  a  gain 
or  a  loss;  distance  traveled  may  be  in  the  direction  of 
one's  destination  or  in  the  opposite  direction. 

52.  Quantities  in  opposite  states^  and  hence^  too,  the 
number  of  units  they  contain,  are  distinguished  by  the 
terms  positive  and  negative, 

63.  It  is,  generally  speaking,  indifferent  which  of  two 
opposing  quantities  is  considered  positive  and  which  nega- 
tive, if  consistency  is  maintained  throughout  an  investi- 
gation or  a  discussion.  But,  in  certain  of  the  arts  and 
sciences,  a  conventional  usage  has  sprung  up  which  should 
not  be  wholly  disregarded  in  practice.     Thus  : 

1.  In  business,  gains  and  incomes  are  usually  consid- 
ered positive,  and  losses  and  outlays  negative. 

2.  In  meteorology,  rise  above  a  given  temperature  is 
considered  positive,  and  fall  below  it  negative. 

3.  In  mechanics,  accelerating  forces  are  usually  con- 
sidered positive,  and  retarding  forces  negative. 

4.  In  the  sciences  of  space,  distance  rightward  or  up- 
ward from  a  given  line  is  considered  positive,  and  distance 
leftward  or  downward  negative. 

5.  In  general,  quantities  that  tend  to  increase  the  mag- 
nitude of  a  given  quantity  when  combined  with  it  are  con- 
sidered positive,  and  quantities  that  tend  to  diminish  it 
negative. 

54.  A  number  or  an  expression  is  marked  positive  by 
placing  before  it  the  sign  +  (plus),  and  negative  by  placing 
before  it  the  sign  —  (minus). 

For  this  reason,  positive  and  negative  expressions  are 
sometimes  called  Symbolized  Numbers. 
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65.  The  science  which  treats  of  numbers  without  regard 
to  their  character  as  positive  or  negative  is  Arithmetic. 
Arithmetic  based  on  the  literal  notation  is  Literal  Arith- 
metic. 

66.  The  science  which  treats  of  positive  and  negative, 
or  symbolized  numbers,  is  Algebra. 

67.  Literal  arithmetic  and  algebra  are  usually  treated 
together  as  a  single  science  under  the  title  of  Algebra.  In 
this  broader  sense,  algebra  may  be  defined  as  the  science 
of  generalized  and  symbolized  numbers,  or  universalized 
number. 

68.  Symbolized  numbers  are  sometimes  called  algebraic 
quantities,  and  unsymbolized  numbers  arithmetical  quan- 
tities. 

Note. — When  no  sign  is  written  before  an  algebraic  quantity,  +  is 
understood. 

69.  An  Axiom  is  a  self-evident  truth. 

60.  The  following  are  the  principal  axioms  relating  to 
numbers : 

1.  Things  that  are  equal  to  the  same  thing  are  equal  to 
each  other. 

2.  If  equals  are  added  to  equals  the  sums  are  equal. 

3.  If  equals  are  subtracted  from  equals  the  remainders 
are  equal. 

4.  If  equals  are  multii)lied  by  equals  the  products  are 
equal. 

5.  If  equals  are  divided  by  equals  the  quotients  are 
equal. 

6.  Equal  powers  of  equal  quantities  are  equal. 

7.  Equal  roots  of  equal  quantities  are  equal. 

8.  The  whole  is  equal  to  the  sum  of  all  its  parts. 

9.  If  the  same  quantity  be  both  added  to  and  subtracted 
from  a  given  quantity,  its  value  will  not  be  changed. 

61.  A  Theorem  is  a  truth  to  be  proved. 

62.  A  Demonstration  is  the  course  of  reasoning  em- 
ployed in  proving  a  theorem. 
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CONCRETE  EXAMPLES.  9 

63.  A  Problem  is  a  question  proposed  for  solution. 

64.  A  Solution  is  a  description  of  the  method  employed 
in  doing  a  problem. 

EXERCISE    1. 

1.  If  a  men  can  build  a  wall  in  b  days,  how  long  will 
it  take  c  men  to  build  it  P 

Solutioii :  If  a  men  can  build  it  in  (  days,  one  man  can  build  it 

in  ah  days,  and  c  men  can  build  it  in  one  cth  ot  ab  days,  or  —  days. 
Ik  ^ 

Note.— Bead  —  ah  divided  by  c. 

2.  A  can  say  m  words  in  a  minute.  How  long  will  it 
take  him  to  deliver  a  speech  of  n  pages^  each  containing 
a  lines  of  b  woids  ? 

3.  If  a  man  earns  x  dollars  a  year^  and  spends  b  cents 
a  day,  how  much  will  he  save  in  %  of  a  year  ? 

4.  How  many  men  can  do  as  much  work  in  a  +  b  days 
as  c  men  can  do  in  a  —  J  days  ? 

6.  A  farmer  exchanged  m  bushels  of  potatoes  at  n 
cents  a  bushel  for  clover-seed  at  y  dollars  a  bushel.  How 
many  bushels  of  clover-seed  did  he  get  ? 

6.  If  a  pole  c  feet  high  casts  a  shadow  r  feet  long,  what 
is  the  height  of  a  pole  that  casts  a  shadow  m  +  n  feet  long 
at  the  same  time  of  day  ? 

7.  The  circumference  of  a  fore-wheel  of  a  carriage  is  x 
feet,  and  of  a  hind-wheel  y  feet.  How  much  oftener  does 
one  turn  than  the  other  in  going  one  mile  P 

8.  How  many  kegs,  each  containing  a  gal.  a  qt.  a  pt., 
can  be  filled  from  a  hogshead  containing  m  gal.  m  qt.  m  pt.  P 

9.  How  many  square  feet  on  the  surface  of  a  block  a 
feet  long,  b  feet  wide,  and  c  feet  high  P 

10.  How  many  cords  of  wood  in  a  pile  m  feet  long, 
n  feet  wide,  and  a  feet  high  ? 

11.  A  farmer  had  a  acres  of  land  and  sold  x  per  cent 
of  it.     How  many  acres  had  he  remaining  ? 
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10  ADVANCED  ALGEBRA. 

12.  A  man  bought  a  boat-load  of  coal  for  c  dollars, 
and,  by  retailing  it  at  15  Vg  a  ton,  gained  m  dollars.  How 
many  tons  were  in  the  load  ? 

13.  A  clerk  spends  m  dollars  a  year,  which  is  y  per 
cent  of  his  salary.     What  is  his  salary  ? 

14.  A  regiment  went  into  battle  with  x  men  and  came 
out  with  y  men.     What  per  cent  did  it  lose  ? 

16.  The  base  of  a  right-angled  triangle  is  a  and  the 
perpendicular  is  h ;  required  the  hypotenuse. 

16.  The  diagonal  of  a  rectangle  is  x  feet  and  the  length 
y  feet ;  required  the  width. 

17-  What  is  the  interest  of  x  dollars  for  y  years  at  r 
per  cent  ? 

18.  What  principal  will  in  t  years  at  r  i)er  cent  amount 
to  a  dollars  ? 

19.  What  must  be  the  face  of  a  note  which,  when  dis- 
counted at  a  bank  for  d  days  at  6  per  cent  per  annum, 
will  yield  a  proceed  of  p  dollars  ? 

20.  If  a  men  in  b  days  of  c  hours  each  can  dig  a  ditch 
d  rods  long,  e  feet  wide,  and  /  feet  deep,  how  many  men 
will  be  required  to  dig  a  ditch  g  rods  long,  h  feet  wide, 
and  Jc  feet  deep  in  I  days  of  m  hours  each  ? 

If  X  represents  one  quantity  and  y  another,  write  : 

21.  Their  sum ;  their  difference  ;  their  product ;  their 
quotient. 

22.  The  sum  of  their  squares;  the  square  of  their 
sum;  the  square  of  their  difference ;  the  difference  of 
their  squares. 

23.  The  sum  of  their  cubes;  the  cube  of  their  sum; 
the  product  of  their  sum  and  difference ;  the  quotient  of 
their  sum  and  difference. 

24.  Their  product  times  their  sum;  their  quotient 
times  their  difference;  the  sura  of  their  square  roots; 
the  square  root  of  their  sum. 
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26.  Their  product  divided  by  the  sum  of  their  square 
roots;  their  difference  divided  by  the  difference  of  their 
squares;  their  quotient  multiplied  by  the  sum  of  their 
cube  roots. 

Numerical  Values  of  Literal  Expressions. 

EXERCISE    S. 

Find  the  values  of  the  following  expressions  when 
a  =  10,  J  =  8,  c  =  6,  and  rf  =  6  : 

,    (a  +  *)a        _    ,      ^       {a+h)a     (10+8)  x  10      180     „ 

1-  7 — ■ — TT        Explanation:  ) 7-5  =  ^vt-ot 5  =  "Sa  =  ^ 

(a  —  c)d  *^         {a''e)d     (10-6)  x    5      20 

c?  —  V  a  +  d  ab  +  ed 

^^ZTd^  ^'  b{c-d)  ^  ab-cd 

a      c  +  d  C.  a  +  b     c  +  d 

b      c—d  a—b' c—d 


/ad  —  bc\  /ad  +  bc\        ^   Va  +  c 
'  \  abed  )\ab-i-cd)         '  Vc  +  cd 


a  —  b 


Find  the  value  of    the   following  expressions  when 
j9  =  1,  y  =  4,  r  =  9,  and  5  =  16  : 

0.a/^  10.«+i/^  11.^ 

y  r  +  8  y  qs  Vr  +  8 


12.  ^P  +  99  13.  qVs  +  r  j^       Vpqrs 

Vpqrs  pV^  pqV4^r~+~r8 

Find  the  value   of   the   following   expressions  when 

^"2'  *~i'  ^~2'  »^^  ^  =  ^- 

16.  ^-y* ^ y^-g*  jg^  ux  +  yz 

x-\-y    '    y  —  z  '  uy  —  xz 

1^^  (a?  +  y  +  g)t^  j3   ^-^«      (a;--y)» 

xy  —  uy  ^  '    -^  »  — y      2;— w 
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CHAPTER  1. 
IJfTEQBAL   QUANTITIES. 


Addition  and  Subtraction. 

Definitions  and  Principles. 

65.  The  arithmetical  sum  or  difference  of  two  quanti- 
ties is  their  sum  or  difference  when  no  regard  is  had  to 
their  character  as  positiye  or  negative. 

66.  The  algebraic  sum  or  difference  of  two  quantities 
is  their  sum  or  difference  when  regard  is  had  to  their 
character  as  positiye  or  negative. 

67.  If  J  units  bo  combined  with  a  units,  there  will  be 
a  certain  sum.  If,  now,  the  a  units  be  removed,  the  i 
units  will  remain.  If  the  a  units  be  replaced  (added  to 
the  i  units),  there  will  evidently  be  the  same  sum  as 
before.     Therefore,  according  to  the  law  of  association, 

a  -}-  J  =  J  -}-  a. 
In  like  manner,  it  may  be  shown  that  a  +  *  +  ^  = 

and  so  on,  for  any  number  of  quantities.     Therefore, 
Trinciple  1. — The  sum  of  two  or  more  quantities  is 

the  same  in  whatever  order  they  are  combined. 
This  is  the  commutative  law  of  addition. 

68.  The  arithmetical  sum  of  two  or  more  different 
literal  quantities  is  denoted  by  placing  in  parenthesis  the 
expression  that  they  are  to  be  added. 

Thus,  the  sum  of  a,  b,  and  c  is  (a  +  S  +  ^)- 
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AnniTlQM  AND  SUMTMACTMOM.  IB 

69.  The  arithmetical  difference  of  two  different  literal 
quantities  follows  the  same  law  in  its  expression  as  the 
arithmetical  sum. 

Thus,  the  difference  of  a  and  J  is  (a  —  J). 

70.  The  parenthesis  including  a  snm  or  a  difference  is 
often  omitted  in  practice. 

71.  The  snm  of  a  positive  nnits,  h  positiye  nnits,  c 
positiye  units,  etc.,  is  evidently  (a  +  J  +  c  +  etc-)  positiye 
units.    Therefore, 

(+«)  +  (+J)  +  (+^)+etc.  =  +  (a  +  J  +  c+etc.). 

The  sum  of  a  negative  units,  h  negative  units,  c  nega- 
tive units,  etc.,  is  evidently  {a-^-h-^-c-^-  etc.)  negative 
units.    Therefore, 

(«a)  +  (-*)  +  (-^)  +  etc.  =  -(a  +  J  +  c+etc.). 
Hence, 

Prin.  2. — The  algebraic  sum  of  two  or  more  quantities 
with  like  signs  equals  their  arithmetical  sum  with  the 
same  sign. 

72.  11  a>h  and  h  negative  units  be  combined  with  a 
positive  units,  they  will  destroy  h  positive  units,  and 
(a  —  V)  positive  units  will  remain.    Therefore, 

(+  «)  +  (-*)  =  +  («  —  *).  wl^en  a>h. 
11  a<h  and  h negative  units  be  combined  with  a  posi- 
tive units,  the  a  positiye  units  will  destroy  a  negative 
units,  and  h  —  a  negative  units  will  remain.    Therefore, 

(+  a)  +  (—*)  =  —  (*  —  «)>  when  a<l. 
Hence, 

Brin.  S. — The  algebraic  sum  of  two  quantities  with 
unlike  signs  equals  their  arithmetical  difference  with  the 
sign  of  the  greater. 

78.  Principles  2  and  3  together  constitute  the  algebraic 
law  of  addition. 
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14  ADVANCED  ALGEBRA. 

74.  Since  the  difference  of  two  quantities  is  snch  a 
quantity  as  added  to  the  subtrahend  will  produce  the 
minuend^  the  algebraic  difference  of  two  quantities^  what- 
eyer  their  signs  and  relatiye  yalues^  may  readily  be  found 
in  three  steps,  as  follows  : 

1.  Find  what  quantity  must  be  added  to  the  subtra- 
hend to  produce  zero.  This  is  eyidently  the  subtrahend 
with  the  sign  changed. 

2.  Find  what  quantity  must  be  added  to  zero  to  pro- 
duce the  minuend.     This  is  eyidently  the  minuend. 

3.  Find  the  sum  of  the  two  quantities  added.  This  is 
eyidently  the  difference.     Therefore, 

Brin.  4. — The  algebraic  difference  of  two  quantities  is 
the  algebraic  sum  obtained  by  adding  to  the  minuend  the 
subtrahend  with  the  sign  changed. 

This  is  the  algebraic  law  of  subtraction. 

Problems. 

1.  To  add  similar  monomials. 

Illustration..— Find  the  sum  of  +2 a* J,  —3 a' J, 
+  4a«*,  and  -6a»J. 

Solution:  The  sum  of  +2a*6  and  "^ 

+  4a»6   is   +6a»&,  and  the  sum  of  +2a^b         — 3a*J 

-3a»6  and  -6a»6  is  -9a»&  [P.2].  +4:a^b         —6a^b 

The  sum  of  —9 a* 6   and   +6a*&  is  4~Qa^b         —9a^b 

-San  [P.  3].    Therefore,  (+  2a«6)  +  "^                   ^a    2h 

(-3a»6)  +  (+4a«&)  +  (-6a«6)  =  +^^  ^ 

-3a«J.  — 3a*J 

2.  To  add  dissimilar  monomials. 

75.  In  the  addition  of  dissimilar  terms  with  unlike 
signs,  when  the  relatiye  absolute  yalues  of  the  terms  are 
not  known,  precedence  is  giyen  to  the  yalues  of  the  posi- 
tiye  terms,  and  the  real  sign  of  the  sum  is  determined 
afterward,  when  the  relatiye  values  become  known. 
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ADDITION  AND  SUBTRACTION.  15 

ninstration.— Find  the  sum  of  +  2 a,  +33^  and  —  4c. 

Solution:  The  sum  of  +2a  and  +35  is  +  (2a+85)  [P.  2].  The 
sum  of  +(2a+36)  and  —4c  is  +(2a-f36— 4c)  [P.  3].  Therefore, 
(+2a)  +  (+36)  +  (-4c)=  +  (2a+36-4c)  =  2a+36-4c[70,58,n.]. 

76.  Since  (+2a)  +  (+3*)  +  (-.4c)  +  (-rf)  = 
2aH-3J  — 4c  — rf,  by  addition,  2a  +  3J  — 4c  — rf  and 
(+  2  a)  +  (+  3  *)  +  (—  4  c)  +  (—  d)  are  equiyalent  expres- 
sions.   Therefore, 

Brin.  5. — Any  polynomial  may  he  reduced  to  the  form 
o/*  a  +  *  +  ^+  ete**  in  which  a,  6,  c,  c^c,  way  have  any 
values,  positive  or  negative. 

8.  To  add  monomials  with  like  fiactors. 

Fomi. 

ninstration. — Find  the  sum  of  axy 
bxy  and  —car. 

Solution:  b  times  x  added  to  a  times  x 
is  evidentlj  (a  +  b)  x,  and  —  c  times  a;  added 
to  a  +  5  times  x  is  evidently  (a  -f  6  —  c) «. 

4.  To  subtract  monomials. 

ninstration. — 

Find  the  difference  of  +  3  a*  J  and  —  4a?y. 

Solotion :  The  difference  of 
r  +  3a«61  r  +  3a«&1 

^     and     V  =  the  sum  of  -l     and     V  [P.4]  =  3a«6  +  4a;y  [Prob.  2]. 

5.  To  add  polynomials. 

ninstration.  —  Find  the  snm  of  4:Q^ —  Sxy  +  2y^y 
da^  +  Hxy-Sy^,  and  -6a^  +  ^xy-2f. 

PORQ. 

ia^-3xy  +  2f=      4a*4-(-3xy)  +  (+2/)  [P.  5] 

3a^  +  7a;y-3/=      3^  +  i+7xy)  +  {-3f)[P.5] 

—  6a^  +  4:xy-2f=-63^  +  {+4:xy)  +  (-2f)[P.5] 

Sum  =        a^  +  (+8a;y)  +  (-3/),  or 

Sum  =        !B»  +  8a;y-32^«  [P.  5] 


a 

b 

—  c 

z 
x 

(«+* 

'—c)x 
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16  ADVANCED  ALGEBRA. 

Solution:  Since  the  sum  of  two  or  more  terms  is  the  same  in 
whatever  order  they  are  combined  [P.  1],  we  arrange  the  terms  of  the 
polynomials  so  that  like  terms  st^nd  in  the  same  column,  then  add 
the  columns  separately,  and  combine  the  results  according  to  the  law 
of  algebraic  addition. 

In  practice,  it  will  not  be  necessary  to  put  each  polynomial  into 
the  expanded  form,  as  precisely  the  same  result  will  be  reached  if  the 
columns  in  the  original  polynomials  be  added  with  reference  to  their 
signs,  and  the  results  taken  as  the  terms  of  the  sum. 

6.  To  subtract  polynomials. 

ninstration. — ^Find  the  difference  of  4ir*  —  3a:y4-2j^ 
and  3«*+7a:y  — 3y'. 

Fornu 

which  is  «*— 10a?y4-5y* 

Solution:  The  difference  of  4a;'  — 3a;y  +  2y«  and  8aJ»-4-7a;y 
—  3y'  is  such  a  quantity  as  added  to  3a;*  +  7a;y  —  3y*  will  produce 
4a;«-3a;y  +  2y». 

If  —  3a;«  — 7a;y +  3y«  be  added  to  3aJ»  +  7a;y  —  3y*,  the  result 
will  be  zero\  and  if  ^a^  —  Zxy  +  2y*  be  added  to  zerOy  the  result 
will  be  4a;*  — 8a;y +  2y*. 

Therefore,  if  the  sum  of  —  3«*  —  7a;y  +  Sy*  and  4a;*  —  3a;y  + 
2y*  be  added  to  3a;*  +  Ixy  —  3y*,  the  result  will  be  4a;*  —  8a;y  +  2y*. 
Therefore,  tli>e  difference  is  the  minumd  added  to  the  subtrahend  with 
the  signs  of  its  terms  changed, 

EXERCISE    3. 

Find  the  value  of : 

1.  3a:«y  +  (-6a:«y)  +  (+7a:«y)  +  (-2a;«y) 

3.  -7a^S*-(+2fl^J2)  ^  10a:«jy«-(-7«*y«) 

6.  +  «  —  (+  ^)  6.  —  a  —  (—  c) 

7.  ax '\- {—hx)  +  {+  ex) '\- {—  dx) 

8.  6 (a -J) +  [-7 (a -J)] +  8 (a -J) +  [-6 (a -J)] 

+  [-3(a-J)] 
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9.  2a*  +  (— 3cd)  +  4a?  +  (— m») 
10.  a(ic  +  y)  — [— J(a;  +  y)]  ii.  Zp^^ —  {—4:f^s?) 

12.  Collect  3  (a;  +  y)«  +  4  (a;  +  yf  -  6  (a?  +  y)«  - 

13.  Collect  2  7W^  (i^  —  g')  +  3  w^  (i?  —  ?)  — 

6  mjo  ( J^  —  ?)  —  »»jp  (jo  —  y) 

14.  Collect  Za{:x?'\-f)-4:a(p?  +  f)-^a{Q?  +  f) 

16.  Collect  4(a  +  *)-3(a;  +  2^)  +  4(a  +  S)- 

7(a:  +  y)_3(a  +  J) 

16.  Add  5a;3_3aJj^7a.«l^   4a;«- Yrc^  -  3a;  +  6, 

and  8-7a;+6a;«-5ar» 

17.  Add  Vitmnp  —  lOrst  +  ^mty 

3r8t  —  9mnp  —  7mt,   6mnp'-2mt  +  Srst, 
and  2mt''2rst'^6mnp 

18.  Add  4(a  +  *)2-3(a  +  J)  +  10, 

7(a  +  *)«  +  6(a  +  S)-6,    -  9(a  +  J)«- 4(a  +  J) -3, 
and  -2(a  +  J)«-6(a  +  J)  +  9 

19.  Subtract  12a^- 7a;«  +  5a;  +  6  from 

9a;»  +  3a:*-5a;  +  2 
2a  From2a3-3i3Bubtract5a'  +  3a^J-6aJ«  +  2i3 

21.  Prom  (x^  +  l  subtract  3a:*  +  2a:  — 6 

22.  Subtract  5  («  +  *)«  +  3  (a  +  i)  —  5  from 

3(a  +  S)2-4(a  +  J) 

23.  Subtract  l  +  a  +  a^  +  c^  +  a*^  from  1  +  flf^ 

and  add  «  —  a*  to  the  result. 

24.  What  must  be  added  to  3  m*  -  2  J*  +  3  w« 

in  order  that  the  sum  may  be  bn  +  mn  +  bm? 
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Symbols  of  Aggregation. 

Principles. 

77.  The  expression  x  +  {y--z)  denotes  that  y  —  z  is 
to  be  added  to  x.  Performing  the  operation  indicated,  we 
have  x  +  y  —  z.     Therefore, 

Brin.  1. — If  a  number  of  terms  stand  between  a  pair 
of  symbols  of  aggregation  that  are  preceded  by  plus,  the 
symbols  and  the  sign  before  them  may  be  removed  without 
changing  the  value  of  the  expression. 

78.  Since  a;+ (y  — ;?)  =  a:  +  y  —  z  [P.  1],  a;  +  y  — 2; 
=  ^  +  (y  —  ^)«    Therefore, 

Brin.  2. — Any  number  of  terms  may  be  placed  between 
a  pair  of  symbols  of  aggregation,  and  preceded  by  plus, 
without  changing  the  value  of  the  expression. 

79.  The  expression  a  —  (J  —  c)  denotes  that  b  —  c  is  to 
be  subtracted  from  a.  Performing  the  operation  indi- 
cated, we  have  a  —  b  +  c.    Therefore, 

I^rin.  3. — If  a  number  of  terms  stand  between  a  pair 
of  symbols  of  aggregation  that  are  preceded  by  minus,  the 
symbols  and  the  sign  before  them  may  be  removed,  if  the 
sign  of  every  term  be  changed. 

80.  Since  a  —  (S  —  c)  =  «  —  S  +  {?  [P.  3],  a  —  S  +  c?  = 
a  —  (J  —  c).    Therefore, 

Brin.  4. — Any  number  of  terms  may  be  placed  between 
a  pair  of  symbols  of  aggregation,  and  preceded  by  minus, 
if  the  sign  of  every  term  be  changed. 

These  four  principles  constitute  the  law  of  brackets. 

Problems. 
1.  To  simplify  parenthetical  expressions, 
ninstrations.— 1.  Simplify  3a5  +  (4aJ  —  3a*  +  2aJ). 

Sdntion:  3a5  +  (4a&  — 8a&  +  2a&)  = 

3a6  +  4a&-3a6  +  2a6[P.  1]  =6a6. 
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2.  Simplify  6a;y  —  (3icy  —  2a:y  +  4:a:y). 
BohitioA:  6a;y  — (3a;y  — 2ajy  +  4ajy)  = 

6a;y  — 8a?y +  2a;y  — 4a;y  [P.  8]  =xy. 

3.  Simplify  6a*-[3a*  +  {2i:«-(a;«  +  3a:«)  +  5a*}-a;^. 
Bolutlon:  6a^~[3a;»-f  |2iC«-(a;«  +  8a^  +  6a:«J -a;»] 

=  5a;« -  [3a;»  +  i2iC«  - a;« -  8rr«  +  6aJ»}  - rr*], 

remoying  the  parenthesis, 

=  6aJ«  -  [8a;«  +  2a;«  -  a^  -  8aJ»  +  6a;«  -  jc*], 

remoying  the  braces, 

=  6a;*-3ic«-2a;«  +  a;«  +  8aJ»-6a;«  +  a;«  =  0, 

removing  brackets  and  uniting. 

Vote. — ^The  operation  may  often  be  simplified  by  collecting  the 
terms  as  the  symbols  are  removed. 

Thus  5a^-[8a^+  |2a;«-(a;« -f  3a;*)  +  5a;«J  —  «•]  = 
5a^-[8a;«+  J2iC«-4a:«  +  5a;»}-a;«]  = 
5a;*-[3a;«  +  3aJ»-a;«]  =  0. 

EXERCISE    4. 

Simplify : 
1.  2a:3-(3a;»-4a;«  +  2a^) 

3.  3yz-{2y2J  +  (yi?-2y2;)} 
4.4a:8y8+{(_3a:«y«-|-2a:Sy2)_3^y2| 

6.  — {(— a*  +  2aJ)  — (3a*  — 2aJ)} 

7.  ^{l-(-l)-l}-{-l  +  (-l)-l} 

8.  -{4-3-2 -(-2- 3 -4) -4- 3} 

9.  (a;^y)-.(a;  +  y)-(y-.a:)-(a;-y) 

10.  — 7aJc—  [— 3aJc—  {2aJc  — (4aJ(?  — aJc)}] 

11.  (a  +  J  —  c)  —  (2a  +  *  —  c)  —  (a  —  *  —  c) 

12.  (3a  +  7J  +  3c)-(4a  +  2J  +  2c)-(c  +  5*) 

13.  (4a  —  7a)  —  (6a  —  4a)  —  (5a  —  4a)  —  (3a  —  9a) 

14.  6a:  — (3;?;  — 2y)  — (2a;  — 3y  — 42?)  — (2;  — 7a;  — 6y) 
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16.  3a  — [3J+{3a-(3J  +  3a)}] 

16.  a?-{-.(a:»-a:«-a;«)-(:c«-a:2)-««}-(2a;«  +  a:2) 

17.  5-[5-{6-(5-5)-6}-6]-{5  +  5-(5  +  6)} 

18.  4:2;-(12a?-2y)-{2i?-(10ic  +  4y)-(2a:-6y)} 

19.  3aa:»-{2aa:«+(5aa:«-3aa;2)-(4aa;«-2aic«) 

2.  To  affect  terms  by  symbols  of  aggregation. 

Bute. — Prefix  the  pair  of  symbols  by  the  sign  of  the 
first  term  to  be  affected;  if  this  be  plus,  do  not  make  any 
change  in  the  terms  [P.  2],  but  if  it  be  minus,  change  the 
sign  of  every  term  affected  [P.  4]. 

EXERCISE    s. 

Express  in  binomial  and  in  trinomial  terms  : 

1.  3ic  +  4J  —  2c  +  4rf— 5a?  — 3J 

2.  4y  — 2;2  +  3a;  — 6m—  6w  +  2;2 

3.  7a  — 3*-c-2rf-e  — 3/ 

4.  '-5m  +  2n''Smn  +  4:m^'—6n^  +  3am 
6.  «*  — 3a:y  — 2y^  — 7ic^y  +  7icy*  — y* 

6.  -3a»-2a*-3J«  +  4a-2S  +  3c 

Express  a  +  b  —  C'-d  +  e—f+g''h''k  +  l--m  +  n 

7.  In  binomial  terms.  8.  In  trinomial  terms. 
9.  In  qnadrinomial  terms. 

10.  In  trinomial  terms  haying  the  last  two  terms  of 
each  affected  by  a  yincnlum. 

11.  In  qnadrinomial  terms  haying  the  last  two  terms  of 
each  affected  by  a  parenthesis. 

12.  In  qnadrinomial  terms  haying  the  last  three  terms 
of  each  affected  by  a  parenthesis,  and  the  last  two  terms 
of  each  again  affected  by  a  yincnlum. 
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Multiplication. 

Definitions  and  Principles. 

81.  The  arithmetical  product  of  two  or  more  quanti- 
ties is  their  product  when  no  regard  is  had  to  their  char- 
acter as  positiye  or  negatiye,  and  the  algebraic  product 
their  product  when  regard  is  had  to  their  character  as 
positive  or  negative. 

82.  In  algebraic  notation  the  multiplier  denotes  how 
many  times  and  in  what  manner^  whether  additively  or 
subtractively,  the  multiplicand  is  to  be  taken.  The  alge- 
braic multiplication  of  two  quantities  may,  therefore,  be 
defined  as  the  process  of  taking  one  algebraic  quantity  as 
many  times  and  in  such  a  manner  as  is  indicated  by 
another. 

Thus,  (+  i)  X  (+  a)  denotes  that  h  positive  units  are 
to  be  taken  a  times  additively.    That  is, 

(+*)x(+«)  =  (+J)  +  (+J)  +  (+J)+.... 

to  a  terms. 

83.  If  b  units  be  placed  in  a  row  and  a  such  rows  bo 
formed,  the  whole  number  of  units  will  evidently  be  a 
times  b.  If,  now,  one  unit  be  taken  from  each  row,  a 
units  wUl  be  taken ;  and  if  this  be  done  b  times,  b  times  a 
units  will  be  taken,  and  none  will  remain.  Therefore, 
according  to  the  law  of  association, 

bxa  =  axb. 
By  a  continuation  of  this  process  of  reasoning,  it  may 
be  shown  that 

aXbXc=iaXcXb  =  bXaXc  = 
bxcxa=:cxaxb  =  cxbxa, 
and  so  on  for  any  number  of  factors.     Therefore, 
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Frin.  1. — The  product  of  two  or  more  factors  is  the 
same,  in  whatever  order  they  are  taken. 

This  is  the  commutative  law  of  multiplication. 

According  to  this  law,  the  literal  factors  of  a  product 
may  be  arranged  in  alphabetical  order, 

84.  xyz  Xn  :=  xyXnz  =:  xzXny  ^  yzX  nXy  ac- 
cording to  the  commutative  law.     Therefore, 

PH«.  2. — Multiplying  one  factor  of  a  quantity  multi- 
plies the  quantity. 

This  is  the  factorial  law  of  multiplication. 

85.  (a  +  J  +  c)  X  rf,  when  rf  is  a  positive  integer,  and 
a,  i,  and  c  have  any  values,  positive  or  negative,  equals 

(«  +  J  +  c)  +  (a  +  *  +  ^)  +  («  +  *  +  ^) ^  ^  terms 

=:a  +  J  +  c  +  a  +  *  +  c  +  «  +  *  +  c  +  ....   177,P.1] 
=  aH-a4-«+«-.«  to  d  terms  +*+5+*+--*-  to  d  terms 

+  C  +  C  +  C  + to  d  terms  [67,  P.  1] 

=iad'\'hd-{'Cd. 

When  rf  is  a  negative  integer, 

(«  +  S  +  c)  X  (-rf)  =  -(«  +  *  +  c)  -  {a  +  h  +  c)- 
{a-\-h-\-c)-'  ....  to  d  terms 

=  — «  —  J  —  c  —  a  —  J  —  cj  —  a  —  S  —  c—  etc.  [79,  P.  3] 

=  —  a  —  a  —  a to  d  terms  — J  —  J  —  S  — ....  to 

d  terms  —c  —  c  —  C",...  to  d  terms 

=:  —ad  —  id  —  cd.    Therefore, 

Prin.  3. — Multiplying  every  term  of  a  quantity  multi- 
plies the  quantity. 

This  is  the  distributive  law  of  multiplication. 

86.  a'^^aXaXaX....  to  m  factors 
a^'^aXaXaXaX....  to  n  factors 

.'.  a'^Xa''  =  aXaXaXa....  to  m  +  w  factors  =  a"*+\ 
Therefore, 
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Frin.  4. — The  exponent  of  a  factor  in  the  product 
eqiuds  the  sum  of  the  exponents  of  the  same  factor  in  the 
multiplicand  and  the  multiplier. 

This  is  the  exponential  law  of  multiplication,  and  will, 
hereafter,  be  proved  true  for  any  rational  yalues  of  m  and  n. 

87.  1.  '\-a  times  +  J  =  J  positiye  units  taken  a  times 
additively  =zab  positive  units  taken  additi  vely  =  +  (+  a  J) 
=  +  aS  [77,  P.  1]. 

2.  —a  times  —  }  =  J  negative  units  taken  a  times 
suhtractively  =  ab  negative  units  taken  subtract! vely  = 
-(-aJ)  =  +  «*  [79,  P.  3]. 

3.  4~  ^  times  —i  =  b  negative  units  taken  a  times  ad- 
ditively =  a  J  negative  units  taken  additively  =  +  (—«*) 
=  -aS  [77,  P.  1]. 

4.  —  a  times  +  J  =  J  positive  units  taken  a  times 
suhtractively  =  ab  positive  units  taken  suhtractively  = 
-  (+  a  J)  =  -  a  J  [79,  P.  3J.     Therefore, 

JPrin.  5. — The  product  of  two  quantities  with  like 
signs  is  positive,  and  with  unlike  signs  is  negative. 

This  is  the  law  of  signs  in  multiplication,  and  is  in  no 
way  controlled  by  the  numerical  values  of  the  quantities 
multiplied  together. 

Problems. 
1.  To  multiply  a  monomial  by  a  monomial 

Illustration.— Multiply  —  4  a^  J«  c  by  +  3  a*  J  rf. 

Sohition :  Since  multiplying  one  factor  of 
a  quantity   multiplies   the   quantity   [P.  2],  p^j^j^^ 

—4 X a' X  J* X c  is  multiplied  hj  +dxa*xbxd,  a    sjji 

if  -4  is  multiplied  by  +3,  a»  by  a«,  6«  by  6,  ""    ^^  ^^ 

and  c  by  ^.     +3  times  -4  is  - 13  [P.  5];  +    ^a^bd 

a*  times  a'  is  a*,  and  b  times  J*  is  6'  [P.  4],  12a'^Pcd 

and  d  times  c  is  cd;  hence,  the  product  is 
'-12a^b^cd. 
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24  ADVANCED  ALGEBRA. 

2.  To  multiply  a  polynomial  by  a  monomial, 
ninstration.— Multiply  2a*  — 3aJ  +  4:J*  by  — 4:aJ. 


i:  Since  multiply- 
ing every  term  of  a  quantity  Twm. 
multiplies  the  quantity  [P.  3],               2  a*  —  3  a  S  +  4  J* 

we   multiply  every  term   of  4  a  J 

2a«-3a6  +  46*  by  -4a&, 


and  obtain  -8a»6  +  12a«6»  —  8a^ J  + 12a* J*  —  16aA^ 

-lOafe*. 

3.  To  multiply  a  polynomial  by  a  polynomiaL 

Illustration. — Multiply  7?'\-xy-\-'f  by  a*  —  a:y  +  y*. 

Solntioii :  a;*  —  a;y  -f  y*  = 
a*  +  (-a;y)  +  (+y«);  hence,  T* 

ic*— a;y +y»  times  a;«+a;y+y*  ar  +  a?  y  +  JT 

equals  the  sum  of  Q?  —  a;  y  4"  y* 

1.  X*  times  a;'+«y+y*=  jt*  +  a:^ y  +  a:* y* 

2.  —a;y  times  a;*+a;y+y'=  '^Q?y  —  a^y^ --xr^ 

3.  +y«  times  a;»+a;y+y*=         +a:*ff*  +  a;y^4-y* 

which      =  «*  +3.**^*  +y* 

88.  For  conyenience  of  multiplication,  the  terms  of 
both  multiplicand  and  multiplier  should  be  arranged  ac- 
cording to  the  ascending  or  descending  powers  of  some 
letter  assumed  as  the  leading  letter.    Thus, 

{^  '\-  aa?  -{-hx  '\-  c)  {a?  —  aoi?  "  hz  •\'  c) 
is  a  better  form  than 

{a?-\'hX'\-C'\-a7?){c  —  aQ?'\-a?  —  Ix). 

89.  If  the  terms  of  both  multiplier  and  multiplicand 
are  arranged  according  to  the  ascending  or  descending 
powers  of  a  leading  letter,  much  of  the  work  of  multipli- 
cation may  be  avoided  by  using  in  the  operation  only  the 
coefficients,  and  supplying  the  letters  afterward  in  the 
product.    Thus, 
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3 
2 

+  2  +  5 
-4  +  3 

6 

+  4+10 
-12  -  8 

+  9 

-20 

+  6  +15 

MULTIPLICATION. 

2a:8-  4a;  4-  3 

-12  ir^-  %a?'-%Ox 

+  9a^+  6a:+15 

6 a:*-  ^(x?J^\la?'^14:X+lb  6-8  +11  -U  +15 

The  highest  power  of  x  in  the  product  is  {a?  x  a:^),  or 
ic*,  and  the  rest  follow  in  order,  and  may  therefore  be  sup- 
plied without  carrying  them  through  the  partial  products. 

90.  When  some  of  the  powers  of  the  leading  letter  are 
wanting  in  the  polynomials,  their  places  must  be  supplied 
by  O's.     Thus, 

3a^+   2ic  +  4 

2a:»+   3a?  +   2 


6a;»+  4»*+   Sa? 

+  9a;*+  Q3?  +  l%x 

+   6a^+  4a;  +   8 

6ar»  +  13a:*  +  14a!«+   6a!»  +  16a;  +  8 

3     +0     +2     +4 
2     +0     +3     +2 

6     +0     +4     +8 

9+0+6     +12 
6+0+4 

+  8 

6     +0     +13     +14     +6     +16+8 
or,    6a:«  +  0a;»  +  13a:*  +  14ar»  +  6a:»  +  16a?  +  8 

This  process  is  known  as  multiplication  by  detached 
coefficients. 

EXERCISE    6- 

1.  Show  that  the  product  of  any  even  number  of  fac- 
tors with  like  signs  is  positiye. 

2.  Show  that  the  product  of  any  odd  number  of  factors 
with  like  signs  has  the  same  sign  as  the  factors. 


Digitized  by 


Google 


26  ADVANCED  ALGEBRA. 

3.  Show  that  if  the  signs  of  an  even  number  of  factors 
be  changed,  the  sign  of  their  product  will  remain  un- 
changed. 

4.  Show  that  if  the  signs  of  an  odd  number  of  factors 
be  changed,  the  sign  of  their  product  will  be  changed. 

6.  Show  that  changing  the  sign  of  eyery  term  of  a 
polynomial  changes  the  sign  of  the  polynomial. 

6.  Show  that  a*  X  a*  X  a'  =  «*+•+' 

7.  Tell  which  of  the  following  statements  are  true  and 
which  false,  and  why  : 

1.  (w  —  w)  =  —  (ti  —  m) 

2.  {-'x)x{-y)x{-'z)  =  xxyxz 

3.  (y-a;)(a;-y)  =  -(a;-y)» 

4.  {x ^z){z--y)  =  {z-' x) {y - z) 

5.  {m  —  y){y  —  m)  {m^y)  =  {y-'  my 

6.  {X'-yy(x--zy{z--xy{y-'xY=:{x--yy{z--xy 

Find  the  product  of  : 

8.  {—da^ys?)  and  2a^y^z 

9.  —  4  (w  +  ^y  (^  —  yy  aiid  6{in  +  n){x  —  y) 

10.  2a'^{x  +  yY  and  da*{x  +  yy 

11.  {x  +  yy+^  and  (a;  +  y)— * 

12.  Multiply  3 w w j9  —  5 m^p^  —  6/1*^  +  7  by  —6mq 

13.  Multiply  2a^x  +  yy  +  dab {x  +  yy  ^  6b^ {x  +  y) 

+  2  by  -^Sabix  +  yy 

14.  {ar  +  2xy  +  y*)  x3af^=  what? 
16.  {a^  +  aH  +  ab^  +  b^){a--b)=wh€Lt? 

16.  (3a«--4a»J*  +  2*«-)(2a«--3a*5--52*)  =  what? 

17.  {4:a?^-da^py^+6x^y^'  +  2f'){2x^  +  dy') 

=  what  ? 

18.  (16  a*-  -  ^4  a^*  }•  +  36  a«-  &»-  -  64  a-  J^.  ^  31  j4«) 

(2a*  +  3S-)  =  what? 
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19.  Multiply  by  detached  coefficients  a?*-(-3«'  —  2a?  +  6 

and  2r»  — 2a«  +  7a?-3 

20.  Multiply  by  detached  coefficients  nf  +  4t^  —  Z  by 

3«*-2a;«  +  4 

Special  Principles  of  Multiplication. 

91.  The  sum  of  a  and  i  multiplied  by  their  difference, 

or  {a  +  J)  («  —  J)  =  a*  —  i*.     Therefore, 

JPri»,  1. — The  product  of  the  sum  and  difference  of 
two  quantities  eqtuils  the  sqtiare  of  the  first  minus  the 
square  of  the  second. 

92.  {x  +  a){x  +  b)  =2a^  +  {a  +  b)x  +  ab 
{x  +  a)  {x  ^  b)  ==  a^  +  (a  ^  i) X  --  ab 
(a;  —  a)  (a?  —  })  =z  a^ —.  (a  +  b)x  +  ab 

Notice — 1.  That  in  each  of  the  above  examples  we  have  fonnd  the 
product  of  two  binomials  having  a  common  term  x,  and  two  unlike 
terms,  a  and  b,  both  positive  in  the  first,  one  positive  and  one  nega- 
tive in  the  second,  and  both  negative  in  the  third. 

2.  That  thefirst  term  of  each  product  is  the  square  of  the  com- 
mon term  x,  the  second  term  is  the  algebraic  sum  of  the  unlike  terms 
(+  a  and  +  &,  +  a  and  —  6,  —  a  and  —  b)  into  the  common  term  a;, 
and  the  third  term  is  the  algebraic  product  of  the  unlike  terms 
(+  o  X  +  ft),  (a  X  —  ft),  (—ax—  ft).    Therefore, 

JPriw.  2. — TJie  product  of  two  binomials  having  a  com- 
mon term  equals  the  square  of  the  commxm  term  and  the 
algebraic  sum  of  the  unlike  terms  into  the  common  term, 
and  the  algebraic  product  of  the  unlike  terms. 

93.  {a  +  b){x  +  tf)  =:ax  +  {ay  +  bx)  +  by 

ia  —  b){x  +  y)  =  ax  +  {ay--bx)'-by 

{a  —  b){x-'y)  =  ax'-'{ay  +  bx)  +  by 

Notice— 1.  That  in  each  of  these  examples  we  have  found  the 
product  of  two  binomials. 

2.  That  the  first  term  of  each  product  is  the  product  of  the  first 
terms  of  the  binomials. 

3.  That  the  second  term  of  each  product  is  the  algebraic  sum  of  the 
products  obtained  by  a  cross-multiplication  of  the  first  and  second  terms. 
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4.  That  the  third  term  of  each  product  is  the  algebraic  product  of 
the  second  terms.    Therefore, 

rrin.  3. — The  product  of  any  two  binomials  equals  the 
product  of  their  first  terms,  and  the  algebraic  sum  of  tie 
products  obtained  by  a  cross-multiplication  of  the  first  and 
second  terms,  and  the  algebraic  product  of  the  second  terms. 

94.  The  following  conyenient  formulas  may  be  readily 
proved  by  actual  multiplication  : 

1.  {^  —  xy  +  f){x  +  y)  =  a?  +  f 

2.  {^•\-xy  +  f){x-'y)  =  a?-'f 

3.  (a;*"  +  afy*  +  y«")  {t?*  —  a:"y*  +  y«")  = 

4.  {Q?'\'y^-\'Z^-'Xy-'XZ'-yz){x-\'y-\'Z)=i 

^  +  y'  +  ^  — 3a;y2; 

EXBRCISE    7. 

Expand : 

1.  (m«-w«)(w«  +  w«)  6.  («  +  3)(2«  +  l) 

2.  (a?"  +  y)(af-y)  7.  (3a«  +  4)(3a:»-6) 

3.  {x  +  ^y){x  +  y)  8.  (5a:*  +  2J(3a^- 5) 

4.  (a;  — 3a) (a;  — 2a)  9.  (af  +  y) (af  +  y") 

6.  (ar  +  6)(af  —  6)  10.  {ax  +  by){ax  +  cy) 

11.  (a^  +  a?y  +  y«)  (a;«  -  a:y  +  jr«) 

12.  (4a;«-6a;y  +  9y«)(4a;«  +  6a?jr  +  9y«) 

13.  (4a:»-6a;y  +  9y«)(2a;  +  3y) 

14.  (4a;«  +  6a;y  +  9y«)(2a;-3y) 
16.  (a  +  J  +  2c)(a  +  J--2c) 

16.  (a  +  a;  — y)  (a  —  a;  — y) 

17.  {x  +  y){x^y){a?  +  f){a^-^y^) 

18.  (w  +  6)(m-6)(m«+9) 

19.  (r=^+ 7)  (1^=^-6) 

20.  (w*  +  w*  +i^*  -"  ^*  ^^  —  wi*j9*  —  n^p^)  (tw*  +  »*  +  J^*) 
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Division. 

Definitions  and  Principles. 

95.  The  arithfnetical  quotient  of  two  quantities  is  their 
quotient  when  no  regard  is  had  to  their  character  as  posi- 
tiye  or  negative ;  and  the  cUgebraic  quotient  is  their  quo- 
tient when  regard  is  had  to  their  character  as  positive  or 
negative. 

96.  In  algebraic  division^  the  quotient  denotes  how 
many  times  and  in  what  manner  the  divisor  must  be  taken 
to  produce  the  dividend, 

97.  The  general  problem  of  division  is :  **  Given  the 
product  of  two  quantities  and  one  of  theniy  to  find  the 
other:' 

98.  Since  xyz  X  w  =  (a;y)  X  {nz)  =  {xz)  x  {ny)  = 
(yz)  X  (nx)  =  nxyz,  according  to  the  factorial  law  of 
multiplication,  it  follows  that  nxyz-i-n  =  {xy)X 
(nz-i-n)  =  (xz)  X  (ny-r-n)  =  {yz)  X  (nx-^n)  =  xyz. 
Therefore, 

JPr<»,  1. — Dividing  one  factor  of  a  quantity  divides 
the  quantity. 

This  is  the  factorial  law  of  division. 

99.  Since  {a  +  b-'C)xd=:aXd+bXd  —  cXd  = 
ad+bd-'Cd,  according  to  the  distributive  law  of  multi- 
plication, it  follows  that  {ad-\-bd^cd)-7'd  =  ad'T-d  + 
bd-T-d  —  cd-^d^a  +  b  —  c.     Therefore, 

Prin.  2. — Dividing  every  term  of  a  quantity  divides 
the  quantity. 

This  is  the  distributive  law  of  division. 

100.  Since  a*  X  a*  =  a*''''*,  according  to  the  exponential 
law  of  multiplication,  it  follows  that  a*"*"*  -5-  a*  =  a^*"***^"* 
=  a*.    Therefore, 
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BHn.  3. — The  exponent  of  a  factor  in  the  quotient 
equals  the  exponent  of  that  factor  in  the  dividend,  minus 
the  exponent  of  the  same  factor  in  the  divisor. 

This  is  the  exponential  law  of  division,  and  will  here- 
after be  proved  true  for  any  values  of  the  exponents. 

101.  According  to  the  law  of  signs  in  multiplication^ 

1.  {+a)X{+i)  =  +ab,  .-.  {+ab)-i-{+a)  =  +  b 

2.  (-  a)  X  (+  J)  =  -  a},  .-.  (-  a})  -J-  (-  a)  =  +  J 

3.  (+a)X(-*)  =  -aS,  .-.  (-aJ) -f- (+«)=  -  i 

4.  (-a)x(-J)  =  +a5,  .-.  (+aJ)-5-(-a)  =  -J 
Therefore, 

Frin.  4. — The  quotient  of  two  quantities  with  like 
signs  is  positive,  and  with  unlike  signs  negative. 
This  is  the  law  of  signs  in  division. 

102.  «•  -7-  d*  =  a®  [P-  3]  ;  but  «•  -^  a"  =  1 ;  therefore, 
a®  =  1 ;  whence  we  have 

JPHn.  5. — Any  quantity  with  an  exponent  of  zero 
equals  unity. 

Problems. 

1.  To  divide  a  monomial  by  a  monomial. 

Illustration. — Divide  Fomu 

+  16a^Pc  by  -2a«5.         -2a^b)   16a^^c 

Solution:  We  divide  +  16  by  —2,  —Sa^V^C 

a»  by  o«,  ft»  by  ft,  and  c  by  1  [P.  1]. 

+  16  divided  by  —  3  is  —  8  [P.  4] ;  a*  divided  by  a*  is  a»,  and  &»  di- 
vided by  ft  is  &•  [P.  8];  and  c  divided  by  1  is  c.  Therefore,  16  a'^ft'c 
divided  by  —  3a*ft  is  —  8a'ft*c. 

2.  To  divide  a  polynomial  by  a  monomial. 

Illustration. — Divide  ^o™* 

ec^-dan+nab^hjSa.         da)ea^-^9an  +  12aV' 

Solution :     Since     dividing  2  a*  —  3aJ+    ^^ 

every  term  of  a  quantity  divides 

the  quantity  [P.  2],  we  divide  each  term  of  6  a*  —  9  a*  ft  +  12  a  ft»  by 
8a,  and  obtain  2a«  —  8a6  +  4ft». 
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3.  To  divide  a  polynomial  by  a  polynomiaL 
ninrtration.— Divide  ic*  +  a*y*  +  y*  by  »*  +  a:y  +  y'. 

a^f  +  xy^  +  y*' 
a*f  +  xy^  +  y^ 

(Mntion:  x*  -h  xy  -h  y*  is  contained  in  a;*  +  a;*y*  +  y*  as  many 
times  as  it  can  be  taken  out  of  it  a;'  is  contained  in  ^,  x*  times ; 
taking  a^  times  a*  +  jry  +  y*,  or  a;*  +  a;*y  +  a;'y*,  out  of  a;*  +  a;« y«  +  y* 
by  subtraction,  there  remains  ^s^y  +  y^.  a^  is  contained  in  —a^y^ 
—  a;y  times ;  taking  —  xy  times  a;»  +  a;y  +  y*,  or  —  a^'y  —  a* y*  —  a; y», 
out  of  —a^y  +  y*,  there  remains  a;»y*  +  a;y*  +  y*.  a^is  contained  in 
«*y*»  y*  times;  taking  y«  times  «•  +  a;y  +  y«,  or  a^y*  +  a;y»  +  y*,  out 
of  a;»y*  +  a?  y*  +  y*,  nothing  remains.  Therefore,  a;*  +  ajy  +  y*  is  con- 
tained in  a;*  +  a;'y*  +  y*,  a^  —  xy-^i/^  times. 

Hote. — Before  dividing,  arrange  both  dividend  and  divisor  accord- 
ing to  the  ascending  or  descending  powers  of  some  letter  assumed  as 
a  leading  letter. 

103.  When  the  terms  of  the  dividend  and  divisor  are 
arranged  according  to  the  ascending  or  descending  powers 
of  a  leading  letter^  the  method  of  detached  coefficients  may 
often  be  used  with  advantage.     Thus,  to  divide 

aJ>  +  6a?*  +  llar»  +  lla^+7a:-f  20  by«*  +  3a;-f  4, 
do  as  follows : 

1-f  3  +  4)1  +  6  +  11  +  11+   7  +  20(l  +  3-.2  +  5 
1  +  3+   4 


3  + 
3  + 

7  +  11 
9  +  12 

— 

2-   1+   7 
2-   6-   8 

5  +  15  +  20 
5  +  15  +  20 
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32  ADVANCED  ALGEBRA. 

The  first  term  of  the  quotient  is  a^-#-iC'  =  a^,  and  the  other 
powers  of  the  letter  follow  in  order.  Therefore,  the  quotient  is 
a;»  +  8a;»  — 3a;  +  5. 

As  in  multiplication  by  detached  coefficients,  the  places  of  all 
powers  that  are  wanting  must  be  supplied  by  O's. 

104.  When  the  divisor  is  of  the  form  of  a;  ±  a,  the  di- 
vision may  be  still  further  abridged. 

Let  us  first  divide  by  the  method  of  detached  coeffi- 
cients 3a?*  +  4:a:'  +  6a;  — 4  by  x-\-^. 

Fonn. 
1  +  2)3  +  4  +  0  +  6-4(3-2  +  4-2 
3  +  6 

-2 
-2-4 


+  4 
+  4  +  8 

-2 
-2-4 

0 
Notice — 1.  That  the  first  term  of  the  quotient  is  the  same  as  the 
first  term  of  the  dividend,  and  that  the  remaining  terms  are  the  sue- 
cessiye  remainders. 

2.  That  the  first  remainder  is  obtained  by  subtracting  from  the 
second  term  of  the  dividend  the  product  of  the  first  term  of  the  divi- 
dend and  the  second  term  of  the  divisor. 

8.  That  each  subsequent  remainder  is  obtained  by  subtracting 
from  the  next  t«rm  of  the  dividend  the  product  of  the  preceding  re- 
mainder and  the  second  term  of  the  divisor. 

Hence,  the  form  of  work  may  be  placed  as  follows — 
+  3)3  +  4  +  0  +  6-4 
+6-4+8-4 
8-2+4-2 
and  explained  thus :  3  times  +  2  is  +  6 ;  +6  subtracted  from  +  4  is 

—  2 ;  —  2  times  +  2  is  —  4 ;  —  4  subtracted  from  0  is  +  4;  +4  times 
+  2  is  +  8 ;  +8  subtracted  from  +  6  is  —  2 ;  —  2  times  +2  is  —  4 ; 

—  4  subtracted  from  —  4  is  0. 

106.  The  work  may  be  put  in  a  still  more  convenient 
form  by  changing  the  sign  of  the  second  term  of  the  di- 
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yisor  and  adding  the  Buccessive  products  to  the  terms  of 
the  dividend.     Thus, 

-2)3  +  4  +  0  +  6-4 
-6+4-8+4 

3-2+4-2 

The  quotient  is  3a:^  —  2a«  +  4a;  —  2. 

This  shorter  process  is  known  as  Synthetic  Division, 
and  will  be  found  of  great  convenience  in  subsequent  work. 

EXERCISE    8. 

Divide : 
1.  — 42w^<»nV?by  —  7w»w«i?     2.  — 6a?*by  2ar+« 
3.  nm^n'hj  —emn     4.  —  20ar+— »  by  —  8ar— +» 

6.  9a:«-'  +  6a;»"*-12a:*-  by  doT 

by  —  4a;y 

7.  6(a:-y)-«-9(a:-y)-»  +  12(a:-y)* 

l>y3(a:-y)-» 

8.  a*-2a«*«  +  J*  +  4a5c«-«?*bya«-2aJ  +  J»  +  c« 

9.  9a^  +  2^xy  +  12f  +  30xz  +  2^yz  +  9sf 

by  a;  +  2y  +  3;2; 

10.  cfi*  -  J8"  by  «*•  —  »*•  11.  a®"  —  y  by  «•  —  5" 

12.  «•  —  J*  by  a  —  J  to  5  terms 

13.  a*a:*  +  (2a<?  — J*)a*y*  +  c*y*  by  aa^  +  bxy  +  cy^ 

14.  a^- (a  +  J)«a*+2aJa:»+a«J«  by  ic«+(a+ J) a;+a  J 
16.  ar»-(a«  +  aJ  +  J2)a;-a5(a  +  J)  by  «-(«  +  ») 

16.  8a*-22a»J  +  43a«J«-38aS»  +  24J* 

by  2a«-3aJ  +  4*«, 
by  the  method  ol  detached  coefficients. 

17.  2a^i-5a«J«-lla«J»  +  6a*J*-26a»J»  +  7a«J« 

-12aJ'  by  a*-4a»J  +  a«J«-3aJ», 
by  the  method  of  detached  coefficients. 
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34  ADVANCED  ALGEBRA. 

18.  a:»-lla:*  +  282r»  +  3a«-16a:  +  32  by  a:-4, 

by  the  method  of  synthetic  divisioD. 

19.  a;«  +  2a:»-3ic*  +  7ar»-2a:+183  by  a:  +  3, 

by  synthetic  diyision. 

20.  3  «*—  4  a?—  2  a;  —  60  by  a;  —  2,  by  synthetic  division. 


Numerical  Values  of  Algebraic  Expressions. 

EXERCISE    9. 

Find  the  values  of   the  following  expressions  when 
«=— 2,  J=  +3,  c=— 3,  andrf  =  +4: 
ab  —  cd 
'  ab  +  cd 
BdlutiQii :  Substituting  the  values  of  the  letters  for  the  letters, 
a6~cd_(-2)x(+8)~(-3)x(+4)_~6-(--12)_  +  6_      1 
ab  +  cd  "(-2)  X  (+3)  +  (-3)  x  (+4)"  -6  +  (-12)  ~  -18 ""      3 

^  ab  ^  a  +  d  ac  +  bd 

cd  b--c  ac  —  bd 


«•+*•  ,«*x^. 


d  —cd  * 

Find  the  values  of   the  following  expressions  when 
m=-l,  w  =  0,  «=  +  g,  and  y=-^: 

^^m±n  12.5^'  ,3.?*^±M 

14.  (m  +  »)  "s/t^  —  i^  15.  ~  V^+y 


16.     ,  ^   ,  m.  X  A/^y^^  18.  -— = 


-vf^ 


n^  —  y^  '     y  ^       y^  '  Va*  — y* 


'  a;  A/y*  — »*  '  (a^  —  w)  (y  —  m) 
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106.  The  yalue  of  any  polynomial  in  ar,  when  a:  =  a,  is 
the  remainder  left  after  dividing  the  polynomial  by  x  —  a. 

Demonitratioii.— Let  V  stand  for  the  value  of  a  polynomial  (P)  in 
Xy  when  a;  =  a. 

Let  9  be  the  qaotient  and  r  the  remainder  when  the  polynomial 
is  divided  by  x  —  a.    Then 

Pz:zq{X'-a)-^r 
Put  a  for  X  and  V  for  P, 

F  =  ^(a-a)  +  r  =  r.  Q.  E.  D. 

Find   the   yalne    of    a?*  — 3a:'4-2ic*  — 5a?  +  7>   when 
a;  =  —  3. 

Bdlution :  Divide  a;*  —  8a;»  +  2a;»  —  5a;  +  7  byic  +  8  by  synthetic 
division,  and  determine  the  remainder.    Thus : 
-8)1-3+   2-  6+     7 
-8  +  18-60  +  195 

1-6 +  20-65 +  202* 
*  Therefore,  the  value  is  202. 

Find  the  value  of : 

23.  a;*  — 3a:»  +  4a:*  — 3a?  +  2,  when  a;  =  8 

24.  a:'  +  3a?*  +  5a:'  — 3a;+14,  when  a;  =  5 

25.  3a:*  — 2a:'  +  7a;«  — 3a;  — 8,  when  a;  =  3 

26.  2a:'  — 2a?*  +  3ar»  — a;  +  5,  when  a?=  — 2 

27.  4a:«  — 3a?*  +  2a:*  — 20,  when  a:=  —  4 


Involution. 


Definitions  and  Principles. 

107.  An  even  power  is  one  whose  exponent  is  diyisible 
by  2,  and  an  odd  power  one  whose  exponent  is  not  di- 
visible by  2. 
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108.  The  general  form  of  an  even  number  is  2  n,  and 
of  an  odd  number  2  n  —  1,  in  which  n  may  have  any  in- 
tegral numerical  value. 

Thus,  if  n  =  l,  2»  =  2,  and  2»  — 1  =  1;  if  n  =  2, 
2  n  =  4,  and  2  »  —  1  =  3,  etc. 

109.  (a*)"  =  a"Xa*Xflrx to  n  factors  = 

^+»+»-i-....  to»t«ii^  ^^^jl^j^g  ^    j.j^g  exponential  law  of 

multiplication,  =  a"*.     Therefore, 

Brin.  1. — Multiplying  the  eopponent  of  a  factor  by  the 
exponent  of  a  power  raises  the  factor  to  that  power. 
This  is  the  exponential  law  of  involution. 

110.  {ari^c^y^ 

(fyey^ifyey^ifyey, —  to  n  factors  = 
«■  X  a*  X  «•  X  . . . .  to  n  factors  X 

h'Xh'Xl^X to  n  factors  X 

(fXCXCX....  tow  factors, 
according  to  the  commutative  law  of  multiplication, 
=  (a-)*  X  (J^r  X  (C)".     Therefore, 

PHn*  2. — Raising  every  factor  of  a  quantity  to  a 
power  raises  the  quantity  to  the  power. 
This  is  the  distributive  law  of  involution. 

111.  (±a)«=(±fl)  X(±a)  =+a« 
{±af^{±aYx{±a)  =(+a«)x(±a)  =  ±  a' 
{±aY  =  {±ay  X  (±fl)^=  (+«')  X  (+a«)  =  +«* 
(±a)»  =  (±a)*  X  (±a)  =  (+«*)  X  (±a)  =  ±  a* 
(ifl^  =  (±«)*  X  (±a)«  =  (+«*)  X  (+a«)  =  +  a\ 

Therefore,  generally 

(±  a)«-  =  +  a2%  and  (±  a)^— ^  =  ±  ««— *. 
Hence, 

Brin.  3. — All  even  powers  are  positive^  and  all  odd 
powers  have  the  same  sign  as  the  first  power. 
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Problems. 
1.  To  raise  a  monomial  to  any  power. 

ninstration. — 1.  Baise  —  2  to  the  10th  power. 

Bdution :  (~  2)"  =  (-1  x  2)w  =  (-1)"  x  2»  [P.  2]  =  1  x  2"  [P.  8] 
=  2".  2»  =  4;  2»x2«  =  2*  =  4x4  =  16;  2*  x  2*  =  28  =  16  x  16  = 
256;  2«  X  2«  =  2^  =  256  x  4  =  1024. 

2.  Find  the  value  of  (—  2i^»y*z)^ 

Solntion:  (-  2a;»y«^)»  =  (-  2)»  x  (a:»)»  x  (y«)»  x  {zf  [P.  2].  (~  2)» 
=  -32  [P.  3];  (a;»)»  =  a;",  (yV  =  y^  (-&)»  =  2»  [P.  1].  .-.  (-2a;»y«2:)» 
=  - 32  a;«yW2». 

EXERCISE     lO. 

Find  the  value  of  : 
I.  iZc^Wcf  11.  (3 (a -»)«}' 

a-J-c*)-  16.  {(a  +  J)-(a-J)->}" 

-3 «»*)»•  i«.  {3a:y»(a:»-y»)-+«}*" 

^       ^''^  19-  [{(fl-)"}']* 

-gO-J-c*)"  19.  j(ar)-{"  X  [{(a;)-}"]" 

ao.  (ar)'  X  (a;')"  X  x^' 

22.  r{(l  +  l)»H-l}«  +  l]*4-2«{(2  +  2)»  +  2}» 

23.  r|(5»)»+5}*-5]-[{(5)*  +  5}*-5] 

24.  i(a;  +  a:)*  +  a;«}»X  {a:*+(«*)a;}» 
2B.  {(a  +  a;)»}»'*X  {(«  +  «)»}«• -5- {(a  +  a:)«}«" 
26.  Show  that  {(«')»}'=  {(o')'}'=  {(«')'}' 
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Involution  of  Binomials. 

Special  Principles. 

112.  The  square  of  the  sum  of  a  and^i^  or 
(a  +  J)*  =  (a  +  })(a  +  J)  =  a*  +  2a^  +  J*. 
Therefore, 

PHn.  1. — The  square  of  the  sum  of  two  quantities 
equals  the  square  of  the  firsts  plus  twice  the  product  of  the 
two,  plus  the  square  of  the  second. 

118.  The  square  of  the  difference  of  a  and  b,  or 

Therefore, 

JPHw.  2. — TJie  square  of  the  difference  of  two  quanti- 
ties equals  the  sqtuire  of  the  first,  minus  twice  the  product 
of  the  two,  plus  the  square  of  the  second. 

114.  The  cube  of  the  sum  of  a  and  b,  or 
{a  +  bY=z{a  +  b){a  +  b){a  +  b)  =  a^  +  d(^b  +  3ab^  +  b^. 
Therefore, 

JPr<».  3. — The  cube  of  the  sum  of  two  quantities  equals 
the  cube  of  the  first,  plus  three  times  the  sqtuire  of  the  first 
into  the  second,  plus  three  times  the  first  into  the  square 
of  the  second,  plus  the  cube  of  the  second. 

116.  The  cube  of  the  difference  of  a  and  b,  or 

Therefore, 

JPHn.  4. — The  cube  of  the  difference  of  two  quantities 
equals  the  cube  of  the  first,  minus  three  timss  the  square 
of  the  first  into  the  second,  plus  three  times  the  first  into 
the  square  of  the  second,  minus  the  cube  of  the  second. 

Hote. — ^1.  The  square  of  a  binomial  equals  the  sum  of  the  squares 
of  its  terms,  and  twice  the  product  of  the  terms. 

2.  The  cube  of  a  binomial  equals  the  sum  of  the  cubes  of  its  terms, 
and  three  times  the  square  of  each  term  into  the  other. 
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116.  The  Binomial  Theorem. 

(a  +  J)'  =  a«  +  2aJ  +  J» 
(a-5)«  =  a«-.2aJ  +  J« 

(«  -  J)  3  =  a3  _  3  ^2  J  ^  3  ^  J«  _  J3 

(a  +  J)*  =  a*  +  4a?A  +  6a«J»  +  4ay»  +  ft* 

(a  -  ly  zTzal"^  4a?  J  +  6a»  J«  -  4a  J»  +  J* 

(a  +  5)»  =  a*  +  6a*J  +  10a»J«  +  10a«J»  +  6a5*  +  J» 

(a-J)'^  =  a»-5a*J  +  10a5J*-10a«J«  +  5a5*-J'* 

The  above  results  may  all  be  obtained  by  actual  multi- 
plication. By  a  careful  inspection  of  them,  the  following 
laws  irill  appear : 

i.  The  number  of  terms  is  one  greater  than  the  ex- 
ponent of  the  binomial, 

2.  If  the  binomial  represents  the  sum  of  two  quanti- 
ties,  the  sign  of  every  term  in  the  power  is  plus;  if  the 
difference  of  two  quantities,  the  signs  are  alternately  plus 
and  minus. 

5.  The  first  letter  occurs  in  every  term  but  the  last, 
and  the  second  letter  in  every  term  but  the  first. 

4.  The  exponent  of  the  leading  letter  in  the  first  term 
is  the  same  as  the  exponent  of  the  binomial,  and  decreases 
by  unity  in  each  succeeding  term.  The  exponent  of  the 
second  letter  is  unity  in  the  second  term,  and  increases  by 
unity  in  each  succeeding  term. 

6.  The  coefficient  of  the  first  term  is  unity ;  of  the 
second  term,  the  exponent  of  the  binomial;  and  that  of 
each  succeeding  term  may  be  found  by  multiplying  the  co- 
efficient of  the  preceding  term  by  the  exponent  of  the  lead- 
ing letter  in  that  term,  and  dividing  the  product  by  the 
number  of  that  term. 

Hote.— The  coefficients  after  the  middle  term  are  the  same  in  an 
inverse  order  as  those  before  it.  When  the  exponent  of  the  binomial 
is  an  odd  number,  there  are  two  middle  terms  with  like  coefficients. 
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EXERCISE    11. 

Expand : 

1.  {^  +  %ff  6.  {s?y-xfy       11.  (x-^iy 

2.  [l^-lfj  ^-  i^  +  yy  .      12.  (x^yy 

3.  (af—  -  af— )«  8.  {x  -  y)*  13.  (a;  +  y)^ 

4.  (2  ar  -  3  y)3  9.  (a:  + 1)*  14.  (x  -  1)^ 

5.  (2a:»  +  4y)3  lo.  (a:  +  y)»  16.  (x  +  yY 

16.  The  fourth  power  of  the  sum  of  two  quantities  = 
what? 

17.  The  fourth  power  of  the  difference  of  two  quanti- 
ties =  what  ? 

18.  The  fifth  power  of  the  sum  of  two  quantities  = 
what? 

19.  The  fifth  power  of  the  difference  of  two  quantities 
=  what  ? 

20.  {2x!^--3yy  =  what? 

Bdlntion :  Let  m  =  2a;«,  and  n  =  3y ;  then  (3a;«  —  3y)*  =  (w  —  n)* 
=  m*  — 4w»n  +  6w*n«  — 4mn»  +  n*=:(2a:»)<  — 4  x  (2a;»)»  x 
8y  +  6  X  (2xy  X  (3y)«-4  x  {2x*)  x  (3y)»  +  (3y)*  = 
IQQfi-  96a;«y  +  210a;*y«  -  316a;«y»  +  Sly*. 

21.  {a^  +  fY  =         24.  (a«  a;  +  5  fY        27.  {a^  -  1)' 

22.  (2a:-3y)*=      25.  (5a:»-33^)*        29.  {2a^  +  3Y 

23.  (3  a:«  -  fY  =       26.  {ab-cdY  29.  («•  +  2)« 

30.  (-2a;-3y)*={-l(2a;  +  3y)}*  = 

(-  1)*  X  (2  x  +  3  y)*  =  what  ? 

31.  (-~^  +  3/y=?         32.  (-2-5y)«=? 

ZZ.  {''X^-axY=?  34.  (— a;  — 2y)'*=? 

35.  (-2a;«  +  3)'*=?  36.  (-2bd  +  SacY=? 

37.  {or  +  b*Y  =  ?  38.  (a-+i  -  a'-^Y  =  ? 

39.  (a:'-a^)«=  ?  40.  (aaf +  *y)*=  ? 
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Involution  of  Polynomials. 

117.  (a  +  J-c  +  rf)«  = 

(a-l- J- c  +  rf)(a  +  *-c  + rf)  =  «*  + **  +  «•  +  (?•  + 
2ab''2ac  +  2ad  —  2bc  +  2bd  —  2cd.  Therefore, 
jPrln.  J. — The  square  of  any  polynomial  equals  the 

sum  of  the  squares  of  its  terms,  and  twice  the  product  of 

each  term  into  all  the  follomng  terms, 

118.  {a  +  b-c  +  dy  = 

(^a  +  b'-c  +  d){a  +  b-c  +  d){a  +  b'-c  +  d)  = 
^c^^p^(^  +  cl^)  +  (San'-Sa*c  +  da^d)  + 
{dVa-Sb^c  +  dVd)  +  {3c^a  +  dc^b  +  dc^d)  + 
{3d*a  +  ddn-dd*c)  + 
{—eabc  +  eabd  —  eacd  —  ebcd).    Therefore, 
jPHn.  2. — The  cube  of  any  polynomial  equals  the  sum 
of  the  cubes  of  its  terms,  and  three  times  the  square  of  each 
term  into  all  the  other  term^,  and  six  times  the  product  of 
every  three  terms. 

Froblem.    To  raise  a  polynomial  to  any  power. 

ninstrations. — 1.  Expand  {^  +  xy  +  y^y. 

Solutioa:  (x^  +  xy  +  y»)«  =  (x^*  +  (a:y)«  +  (y«)«  +  2x''(xy  +  y«)  + 
2xy  X  y»  [P.  1]  =  ic«  +  a;«y«  +  y*  +  2x*y  +  2a;«y«  + 
2xy*  =  a:*  4-  2x^y  4-  3a;«y«  +  2a: y*  +  y*. 

2.  Expand  {^  —  xy  +  y^y. 

Solution :  (a;*  -  a;y  +  y')'  =  (a;«)»  +  (-  a:y)»  +  (y«)»  + 

d(xy(-xy  +  y«)  +  3(^xyy(x^  +  y«)  +  3(y«)»(^*-».y)  + 
6  X  a:«  X  (- xy)  x  y^  [P.  2]  =  a;* - x^y*  +  y« -  3a*y  + 
3a;*  y«  +  3a:*y«  +  3a;V  +  3a;V-  3a;y»  -  6a;«y»  = 
a:«  — 3a;»y +  6a:*y«— 7a"».?/»  +  «-«»'^  -3;r.7*  +  y«. 

EXERCISE     12. 

Expand : 
2.  (a:«  +  2a;-l)8  4.  (2a:-3y  +  4«)« 
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6.  {a?^x-lf  11.  {a?  +  xy  +  y^f 

7.  («« -  2  a;  -  4)3  12.  {tT  +  ar-i  +  ar-«)« 

8.  (2a?  +  3a:-2)3  13.  (fl  +  *-c-rf)« 

9.  {^-\-x^lf  14.  («»-««  +  a;-l)3 


Evolution. 

Definition. 


119.  Evolution  is  the  process  of  findiDg  a  root  of  a 
quantity. 

Evolution  of  Monomials. 

Principles. 

120.  Since  (a")»  =  a""  [109,  P.  1],  Va^=a"'. 
Therefore, 

jPrin.  Jf. — Dividing  the  exponent  of  a  factor  hy  the 
index  of  a  root  takes  that  root  of  a  factor. 
This  is  the  exponential  law  of  evolution, 

121.  Since  {(fl^^Y  =  {a')*  X  (&")*  X  {(ff  [110,  P.  2]  = 

Therefore, 

Prin,  J^, — Talcing  a  root  of  every  factor  of  a  quantity 
takes  the  root  of  the  quantity. 

This  is  the  distributive  law  of  evolution* 

1.  Since  (±  a)^"  =  +  ««•  and  never  —  ««•  [111,  P.  3], 

2«/ 


^V^  =  ±  «,  and  ^V—  a^"  is  impossible.     Therefore, 

^Hn.  3. — An  even  root  of  a  positive  quantity  may  he 
either  positive  or  negative^  and  an  even  root  of  a  negative 
quantity  is  impossible. 
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128.  Since  (±g)»"-^=  ±a«-^  [111,  P.  3],  •-V+a«-» 
=  +  a,  and  •""V-  a«— *  =  -  a.    Therefore, 

PH».  -#. — -4/^y  orfd  root  of  a  quantity  has  the  same 
sign  as  the  quantity. 

Prins.  3  and  4  constitute  the  law  of  signs  in  evolution. 

**/ — y^ 
124.  V  Va  =  one  of  the  m  eqnal  factors  of  one  of  the 

n  equal  factors  of  a,  which  is  one  of  the  m  n  equal  factors 

of  a,  or  *Va.    Therefore, 

Prin»  5. — Wany  quantity  =  the  "^Vthat  quantity. 

Problem.    To  extract  any  root  of  a  monomiaL 

nioitrationfl.— 1.  Extract  the  cube  root  of  1728. 

Solution:  1728  =  2x2x2x2x2x2x3x3x3.  Since  the  cube  root 
of  a  quantity  is  one  of  the  tliree  equal  factors  of  the  quantity  [Bef.], 
we  take  every  third  equal  factor  as  a  factor  of  the  cube  root.  There- 
fore, Vl728  =  2x2x3  =  12. 


2.  Find  the  value  of  V- 32a:"y*««*. 

Solution:  V-32a;»yW2»=  V-32  x  V^  x  Vv^^  x  V^  lP-2]. 
V^=^32  =  -^2_[R  4J.  V«"  =  ^*,  Vy*  =  y'.  and  i/^^z  [P.  1]. 
•••  V-  32  a;"  y»o  -s*  =  -  2  a;»  y«  2f. 


EXERCISE    18. 

Find  the  value  of  : 


1.  V6561        2.  V5832  3.  Vl096        4.  V7776 

6.  Vielc^v^  "•  V^FM-yP 

6.  V-27a3J6c»  12.  V~a:^j^(a?-y)» 

7.  V-32a'^*^"c«>  13.  \/9««*(a;  +  a)* 

8.  V243^2V^  1*-  ^{a  +  hY{a-hf 

9.  Veia^^^  16.  \/4(a  +  J)(a  +  S)» 
la  VliikcFW^  16.  Var**(:2;y  +  y«)«* 
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17.  V^^WcFV^  2X.  ••+Va;**+V^*^"^^ 


18.  Vl6  «»•**•£?*  22.  —VS'— «  X  7—^  X  3^— » 


19.  VcFV*^  23.  V3«'  X  4-  X  5^' 

20.  /V^F+yF        2^  /vSp^J^yF 


Evolution  of  Polynomials. 

Problems. 
1.  To  extract  a  root  of  a  polynomial  by  inBpection. 

Sometimes  the  terms  of  a  polynomial  may  be  so  ar- 
ranged as  to  conform  to  the  laws  enunciated  in  Art.  116, 
117,  or  118,  in  which  case  the  root  may  be  determined  by 
inspection. 

ninstrations. — 

1.  a*  +  4a»J  +  6a«*«  +  4aJ3  +  **=(a  +  J)*  [116]. 

...  ;«/(^  +  4a3*  +  6a'J*  +  4flJ'  +  *')=±(«  +  *)[P.3]. 

2.  a«  +  J«  +  c«-2aJ  +  2ac-2Jc  =  (a-J  +  c)« 

[117,  P.  1]. 
...  y^(a«  +  J«  +  c«-2aJ  +  2ac-2Jc)  =  ±(a-*  +  e?) 

[P.  3]. 

3.  a»-J2  +  c3-3a«J  +  3a«c  +  3aS2  +  3J«c  + 

3ac«-3Jc«-6aJc=(a-J  +  c)»  [118,  P.  2]. 
.-.  V(a'-J3  +  c8-3a«i  +  3a*c  +  3a*«  +  3J^c  + 

3ac«-3ic2-6a*c)  =  +  (a-J  +  c)  [P.  4]. 

126.  To  determine  whether  a  polynomial  is  a  perfect 
power  of  a  binomial,  arrange  the  terms  according  to  the 
ascending  or  descending  powers  of  some  letter  assumed  as 
a  leading  letter;  then  extract  the  root  of  the  first  and  last 
terms,  and  see  whether  the  corresponding  power  of  the  sum 
or  difference  of  these  results  will  produce  the  polynomial. 
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EXERCISE    14. 

Find  the  yalne  of : 
1.  V(^  +  2a;y  +  y«)  2.  y/{7^  +  lOx  +  %S) 

3,  V(^  +  3aj«y  +  3a?y«  +  j^) 

4.  V(^-9aj«  +  27a;-27) 

6.  V(9a^-12a?y  +  4y«) 

7.  V(27a;»-54aj*y  +  36a:«y«-8j^) 

8.  V(«*-8a?  +  24a:*-32a?+16) 

9.  V(««-5aj*y  +  10ar^y«-10««y»  +  6a?y*-y») 

10.  v(^+y*+^  — ^^y  — 2^«+^y«) 

XI.  V(aj'-y'-«'-3ic*y-3a;«2?  +  3a;y«-3y«z4- 

3a;«*  — 3y;»*  +  6a:y2;) 

12.  ^{a^  +  V-^-tf  +  d^  +  ^ai  —  ^ac  —  ^ad  — 

2Jc-2Jrf  +  2crf) 


2.  To  extract  the  square  root  of  any  polynomiaL 

ninstratioii. — Extract  the  square  root  of 

««  -  4a;y«  + 4y*  +  6a;z  -  12y«i?  + Q;?*. 


FoniL 
(m+»)*  =  m«+(2m4-n)n 


w  +  n 
a;  — 2y»+32 


2  a;— 2y» 


— 4a;y*+4y* 
— 4a;y'4-4y* 


2a:— 4y'+3;e 


Gxz—12y^z  +  9z* 


Solution :  A  quantity  whose  square  is  equal  to  the  given  polyno- 
mial is  required.  Having  arranged  the  terms  according  to  the  de- 
scending powers  of  x  and  the  ascending  powers  of  y  and  z,  we  will 
first  endeavor  to  take  from  the  polynomial  the  square  of  the  first  two 
terms  of  the  root.  For  this  purpose,  let  m  repi-esent  the  first  term 
and  n  the  second  term  of  the  root    Now,  (w  +  w)'  =  w*  +  2 »in  +  n*, 


Digitized  by 


Google 


46  ADVANCED  ALGEBRA. 

or  m'  +  (2  m  +  n)  n.  m*  obviously  equals  x\  whence  m^x,  the  first 
term  of  the  root.  Subtracting  a^  from  the  polynomial,  and  bringing 
down  the  next  two  terms,  we  have  —  4a:y*  +  4y*.  This  remainder 
consists  mainly  or  entirely  of  (2  m  +  n)  n ;  hence,  if  we  use  2  m,  or  2  x, 
as  a  tricU  divisor,  we  shall  obtain  the  value  of  n,  which  is  —  4a;y'  ■+- 
2  a;,  or  —  2y»;  adding  this  value  of  n  to  2  m,  we  have  2  a;  — 2y»,  /^ 
complete  divisor;  multiplying  the  value  of  2m  +  n,  or  2a;  — 2 y',  by 
the  value  of  n,  or  —  2y*,  we  have  —  4a;y»  +  4y*.  Subtracting  this 
product  from  —  4a;y*  +  4y*,  and  bringing  down  the  remaining  terms, 
we  have  6  a;  2?  — 12  y»  2  +  9  2*.  Having  now  taken  from  the  polynomial 
the  square  of  a;  —  2  y',  we  let  m  represent  a;  —  2  y»,  and  n  the  next  term 
of  the  root,  and  proceed  as  before  to  take  from  the  polynomial  the 
square  of  m  4-  n,  or  m*  +  (2  m  4-  »)n.  m',  or  (x  —  2y*)*,  has  already 
been  subtracted;  hence,  6a;«  —  12y';2  +  92'  consists  mainly  or  wholly 
of  (2  m  +  n)n.  Using  2  m,  or  2  a;  —  4  y',  as  a  trial  divisor ,  we  obtain 
Sz  for  n;  adding  this  to  the  value  of  2  m,  or  2  a;  — 4  y',  we  have 
2  a;  —  4y*  +  3  2  for  <Ac  complete  divisor.  Multiplying  the  complete  di- 
visor by  Sz,  and  subtracting,  nothing  remains.  Therefore,  the  given 
polynomial  is  the  square  of  a;  — 2y*  +  80;  whence  a;  — 2y'  +  32?  is 
the  square  root  of  the  polynomial 

Hence  the  following 

BtOe. — 1.  Arrange  the  terms  of  the  polynomial  accord- 
huf  to  the  ascending  or  descending  powers  of  some  letter 
assumed  as  a  leading  letter. 

2.  Take  the  square  root  of  the  first  term  of  the  polyno- 
mial  for  the  first  term  of  the  root.  Subtract  the  square 
of  this  term  of  the  root  from  the  polynomial. 

S.  Double  the  root  already  found  for  a  trial  divisor. 
Divide  the  first  term  of  the  remainder  by  the  trial  divisor 
for  the  next  term  of  the  root. 

4.  Add  the  last  term  of  the  root  found  to  the  trial 
divisor  for  the  complete  divisor.  Multiply  the  complete 
divisor  by  the  last  term  of  the  root  found,  and  subtract  the 
product  from  the  remainder ,  and  bring  down  such  terms 
as  are  needed. 

5.  If  the  root  has  more  than  two  terms,  double  the  root 
already  found  for  a  new  trial  divisor,  and  proceed  as 
before  to  obtain  the  next  term  of  the  root  and  the  complete 
divisor.  Continue  this  process  until  all  the  terms  of  the 
polynomial  have  been  used. 


Digitized  by 


Google 


EVOLUTION  OF  POLYNOMIALS. 


47 


Vote.— In  the  formula  m'  +  (2m  +  n)n,  m  represents  the  root 
already  found,  2  m  the  trial  divisor,  n  the  next  term  of  the  root  and 
also  the  correction,  and  2m  +  n  the  complete  divisor. 

EXERCISE    IB. 

Extract  the  gqaare  root  of : 

1.  4ifc8-8ic«  +  16aJ*-12««  +  9 

2.  4a:*-12a;»y  +  13a;»y«-6a;y»  +  y* 

3.  ar*-4a:«^«  +  4y*  +  6a*«-12y««  +  9«» 

4.  16a:**-24a?"y  — 7ic*-y«*  +  12a:»j^«  +  4y** 

5.  4a*-.12a«J«  +  9J*  +  16a«c«--248«c«  +  16c* 

6.  9ic«  +  52a:*y*+44a?y*-24a:»y-54ar»y»- 

nxf  +  j/^ 

7.  a:»-8ar^y  +  28a;»y«-66a:«jr^  +  70a:*jr*- 


d.  To  extract  the  cube  root  of  any  polynomial, 
ninstration.— Extract  the  cube  root  of  ofi^ZQfy'\- 

Focni* 
(m+n)*  =  f?i»+(3m«+3mn+n')n 

T.D.     =8a;* 


m  +  n 


1st  Cor.  =       — 8a:«y 

2d  Cor.  =  jcy 


a  D.     =:=3a^--3a;»y+a:»y» 


— 3  ic»y + 6  ic*y«— 7  a^y« 


— 3ic*y+3«*y«-a;»y» 


T.  D.     =  3a;*-6a;»y + 8a;V 

1st  Cor.  =  3a^y*— 3a;y» 

2d  Cor.  =  +j^ 


CD.     =  3ic«-6a;«y4-6a;V-3rcy»+y* 


3  ic*y«-6  T^y* + 6  a;V~3  a^ + y« 


3ic^«— 6a:»y»4-6a;V— 3a:y»+y* 
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Solution:  A  quantity  whose  cube  is  equal  to  the  given  polynomial 
is  required.  Having  arranged  the  terms  according  to  the  descending 
powers  of  x  and  the  ascending  powers  of  y,  we  will  first  endeavor  to 
take  from  it  the  cube  of  the  first  two  terms  of  the  root  For  this  pur- 
pose, we  let  m  represent  the  first  and  n  the  second  term  of  the  root. 
Now,  (w  4-  «)•  =  «i»+8m*n+3wn*+n*,  or  m*  +  (3m»+3mn+n')n. 
m*  is  obviously  ic*,  whence  m  =  a:*.  Subtracting  (a;*)*,  or  a^,  from  a^, 
and  bringing  down  the  next  three  terms,  we  have  — 8a;*y  +  6a:♦y'  — 
7a;•y^  This  remainder  consists  mainly  of  (3m*  +  3 win  +  ri?)n\ 
hence,  if  we  use  3  m*,  or  3  a:^,  as  a  trial  divisor,  we  will  obtain  the  value 
of  n,  which  is  — 3a:'y-+-3a;*,  or  — a;y.  Substituting  the  values  of 
m  and  n  in  3mn  and  w',  we  have  —  3a;' y  for  the  first  correction,  and 
x^y^  for  the  second  correction;  adding  the  two  corrections  to  the  trial 
divisor,  we  have  3a:*  — 3a;'y  +  a;*y'  for  3«»*  +  3mn  +  n*,  the  com- 
plete divisor;  multiplying  the  complete  divisor  by  —  a;y,  we  have 
—  3a;*y  4-  3a^y'  —  «»y*,  which  we  subtract  from  —  3a;'y  +  6a:*^'  — 
7a^y*,  and  bring  down  the  remaining  terms. 

Having  now  taken  from  the  polynomial  the  cube  of  x^  —  xy,  we 
let  m  represent  x*  —  xy,  and  n  the  next  term  of  the  root,  and  pro- 
ceed as  before  to  take  from  the  polynomial  the  cube  of  m  +  n,  or 
w*  +  (3w'  4-  3m»  +  w*)w.  w*,  or  {x*  —  xy)^y  has  already  been  sub- 
tracted ;  hence,  3a^y*  —  6a^y*  +  6a;*y*  —  3a:y*  +  y«  consists  of 
(3m*  +  3m»  +  »*)».  Using  3m*,  or  3a;*  —  6a;*y  +  3a;*y*  as  a  trial 
divuoTf  we  obtain  y'  for  n;  substituting  the  values  of  m  and  n  in 
3m»  and  n*,  we  have  3a;*y*  — 3a;y'  for  the  first  correction  and  y* 
for  the  second  correction,  and  3a;*  —  6a;*y  +  6a:* y*  —  3a:y*  +  y*  for 
the  complete  divisor.  Multiplying  the  complete  divisor  by  y*,  and 
subtracting  the  product  from  the  last  remainder,  nothing  remains. 
Therefore,  x^  —  xy  -^y^  is  the  cube  root  of  the  polynomiaL 

Kote.— In  the  formula  m*  4-  (3  m*  4-  3  m  n  4-  n*) «,  m  represents  the 
root  already  found,  3m*  the  trial  divisor,  8m»  the  first  correction, 
n*  the  second  correction,  3m*  4-  3m n  4-  w*  the  complete  divisor,  and 
n  the  next  term  of  the  root. 

From  an  inspection  of  the  above  solution  the  following 
rule  will  appear : 

i.  Arrange  the  tenns  of  the  polynomial  according  to 
the  ascending  or  descending  powers  of  some  letter  assumed 
as  a  leading  letter, 

2.  Take  the  cube  root  of  the  first  term  of  the  polynomial 
for  the  first  term  of  the  root.  Subtract  the  cube  of  this 
term  of  the  root  from  the  polynomiaL 
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S.  Take  three  times  the  square  of  the  root  already  found 
for  a  trial  divisor.  Divide  the  first  term  of  the  remainder 
by  the  first  term  of  the  trial  divisor  for  the  next  term  of 
the  root. 

4.  Add  to  the  trial  divisor  three  times  the  last  term  of 
the  root  multiplied  by  the  preceding  terms,  and  the  square 
4tf  the  last  term,  for  a  complete  divisor.  Multiply  the  com" 
plete  divisor  by  the  last  term  of  the  root,  and  subtract  the 
result  from  the  remainder,  bringing  down  only  the  terms 
needed. 

5.  If  the  root  has  more  than  two  terms,  take  three  times 
the  square  of  the  root  already  found  for  a  new  trial  divi- 
sor, and  proceed  as  before  to  obtain  the  next  term  of  the 
root  and  the  new  complete  divisor.  Continue  the  process 
until  all  the  term^  of  the  polynomial  have  been  used. 

EXERCISE    la 

Find  the  cube  root  of  : 
1.  8a'-36a«+54a-27        4.  a?-  +  6a:«-  +  12ar+8 

3.  1000a;*  -  600 a:*  + 120 ar^  -  8 

6.  afi  +  dafi  +  Qa^  +  lla?  +  6x^  +  Sx  +  l 

6.  a;«-6a;»  +  6a:*  +  16a?-12a:«-24a:-8 

7.  8a;«»-36a;»-  +  66a?*»-63ar»«  +  33a:«"-9af+l 

8.  x^*  +  9x'''y  +  2^Q?y^  +  9af^f-'Ma^f  + 

9^f-f 

9.  ar*-6a;»y4.12ajy*-8y»-3a;«;2?  +  3a?;»«  + 

l^xyz  —  Vitfz'-Qysf-'S? 
XO.  8a;«-24a;*y«  +  24a;«y*-8y«  +  24a:*2;«  + 

XI.  27fl*  +  54a«*  +  27a«c  +  36a*«  +  36aSc  + 

8S»  +  9ac«  +  12J«c+6Jc«  +  c» 

X2.  a»--3a«-*  +  6a"*-10a«-  +  12a''-*-12a*'"  + 

10a3-*-6a^"'  +  3a"'-l 
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4.  To  extract  the  square  root  of  decimal  nnmbera. 

126.  E?ery  decimal  number  of  two  or  more  figures  may 
be  regarded  a  polynomial.  Thus,  14376  =  1  ten-thousand 
+  43  hundred  +  76,  or  14  thousand  +  376. 

Principles.   • 

127.  The  square  of  a  unit  is  a  unit,  the  square  of  a 
ten  is  a  hundred,  the  square  of  a  hundred  is  a  ten-thou- 
sand, the  square  of  a  thousand  is  a  million,  etc. 

Therefore, 

128.  The  square  root  of  a  unit  is  a  unit,  the  square 
root  of  a  hundred  is  a  ten,  the  square  root  of  a  ten-thou- 
sand  is  a  hundred,  the  square  root  of  a  million  is  a  thou- 
sand, etc. 

Vote. — ^The  square  decimal  units  in  order  are  the  tmi7,  the  hufi- 
dred,  the  tenrtJumsandy  the  miUion,  the  hundred-milliony  the  ten- 
billion,  etc. 

Example. — ^Extract  the  square  root  of  54756. 

Solution:  We  point  the  number  off 
into  terms  of  two  figures  each  to  keep  Focm. 

the  unit  of  each  term  a  perfect  square  5'4  7'5  6  1234 

[128,  n.].    54756  =  5  ten-thousands  +  47  ^  

hundreds  +  56  units.    The  square  root 

of  5  ten-thousands  is  2  hundreds,  the         ^3* 

first  term  of  the  root.    Squaring  2  hun- 


147 
129 


1856 
1856 


dreds,  we  have  4  ten-thousands;   sub-  464 

tracting  4  ten-thousands  from  5  ten- 
thousands,  and  bringing  down  the  next 
term,  we  have  147  hundreds.    Doubling 

the  root  already  found  for  a  trial  divisor,  we  have  4  hundreds ;  divid- 
ing 14  thousand  by  4  hundred,  we  have  3  tens  for  the  next  term  of 
the  root ;  adding  3  tens  to  the  trial  divisor,  we  have  43  tens  for  the 
complete  divisor ;  multiplying  43  tens  by  3  tens,  we  have  129  hun- 
dreds; subtracting  129  hundreds  from  147  hundreds,  and  bringing 
down  the  next  term,  we  have  1856  imits.  Doubling  23  tens,  we  have 
46  tens  for  a  trial  divisor ;  dividing  185  tens  by  46  tens,  we  have  4 
units  for  the  next  term  of  the  root ;  adding  4  units  to  46  tens,  we  have 
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464  units  for  the  complete  divisor ;  multiplying  464  units  by  4,  we 
have  1856  units ;  subtracting  this  product  from  the  remainder,  nothing 
remains.    Therefore,  234  is  the  square  root  of  54756. 

EXERCISE    17. 

Extract  the  square  root  of : 

X.  3136  4.  42436  7.  603729  XO,  1809025 

2.  6561  6.  105625         8.  978121  XI.  36072036 

3.  15376        6.  258064         9.  1048576  12.  60855601 


6.  To  extract  the  cube  nxrt  of  a  decixnal  number. 

Principles. 

129.  The  cube  of  a  unit  is  a  unit,  the  cube  of  a  ten  is 
a  thousand,  the  cube  of  a  hundred  is  a  million,  etc. 

Therefore, 

130.  The  cube  root  of  a  unit  is  a  unit,  the  cube  root  of 
a  thousand  i^  a  ten,  the  cube  root  of  a  million  is  a  hun- 
dredj  etc. 

Vote. — The  cubic  decimal  units  in  regular  order  are  the  unit,  the 
thaustmd,  the  million,  the  billion,  etc 

Example. — ^Extract  the  cube  root  of  14706125. 

Fonn. 

(m  +  w)'  =  «»'  +  (3  m*  +  3  «i  w  +  »*)  n 

14'706'ia5 
m'  =      _8 

3»i»   =3X(2..)*      =12.-..         6706 
3»J»  =  3X2..X4.  =    24.  . 
=       16. 


tn+n 

m+n 
2  4  5 


n*    =(4.)«  

3m*  +  3mn  +  n*      =  1456. 

3m»   =3X(24.)» 
3mn  =  3X24. X  5 


=  1728. 
=       360 
= 25 

3m*  +  3mn  +  n*       =176425 


5824 
882125 


n' 


5« 


882125 


Digitized  by 


Google 


52  ADVANCED  ALGEBRA. 

Sdlutioii :  We  point  off  the  number  into  terms  of  three  figures  each 
to  keep  the  unit  of  each  term  a  perfect  cube  [190,  n],  14,706,125  = 
14  million  +  706  thousand  +  125  units.  The  cube  root  of  14  million 
is  2  hundred.  Cubing  2  hundred,  we  have  8  million ;  subtracting  8 
million  from  14  million,  and  bringing  down  the  next  term,  we  have 
6706  thousand.  Taking  three  times  the  square  of  the  root  already 
found  (3m*)  for  a  trial  divisor,  we  have  12  ten-thousands;  dividing 
67  hundred-thousands  by  12  ten-thousands,  we  have  4  tens  (n) ;  taking 
3  times  the  root  previously  found  (3  m),  and  multiplying  it  by  the  last 
term  of  the  root  (n),  we  have  24  thousand  for  the  first  correction,  and, 
squaring  the  last  term  of  the  root  (n'),  we  have  16  hundred  for  the 
second  correction;  adding  the  trial  divisor  and  the  two  corrections, 
we  have  1456  hundred  for  the  complete  divisor  (3m'  +  3mn  +  n'); 
multiplying  the  complete  divisor  by  the  last  term  of  the  root  (n),  we 
have  5824  thousand;  subtracting  5824  thousand  from  6706  thousand, 
and  bringing  down  the  next  term,  we  have  882125  units. 

Taking  3  times  the  square  of  24  tens  (the  new  value  of  m),  we 
have  1728  hundred  (the  new  trial  divisor) ;  dividing  8821  hundred  by 
1728  hundred,  we  have  5  (n);  finding  as  before  the  values  of  3 mn 
and  n',  we  have  for  the  first  correction  360  tens,  for  the  second  cor- 
rection 25  unit-s,  and  for  the  complete  divisor  176425  units ;  multiply- 
ing by  5,  or  n,  we  have  882125,  which,  subtracted  from  882125,  leaves 
no  remainder.    Therefore,  ^/ 14706125  =  245. 

Abbreviated  Rule. 

1.  Point  off  the  number  into  terms  of  three  figures  each. 

2.  The  cube  root  of  the  first  term  gives  the  first  figure 
of  the.  root. 

S.  Three  times  the  square  of  the  root  already  found 
always  gives  the  trial  divisor. 

-J.  The  remainder,  eocclusive  of  the  two  right-hand  fig- 
ures, divided  iy  the  trial  divisor,  gives  the  next  figure  of 
the  root. 

5.  Three  times  the  root  previously  found  multiplied  by 
the  last  figure  found  gives  the  first  correction,  and  the 
square  of  the  last  figure  found  the  second  correction. 

6.  The  right-hand  figure  of  the  first  correction  is  placed 
one  order  to  the  right  of  the  trial  divisor,  and  that  of  the 
second  correction  one  order  to  the  right  of  the  first  correction. 

7.  The  sum  of  the  trial  divisor  and  the  two  corrections 
gives  the  complete  divisor. 
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EXERCISE    la 

Extract  the  cube  root  of : 

1.  1728       5.  1953125 

2.  39304       6.  8242408 

3.  531441      7.  15625000 

4.  857375      8.  48627125 


9.  64481201 
la  144703125 
XI.  1879080904 
12.  216648648216 


6.  To  extract  higher  roots, 
niiurtration.— Find  the  value  of  V4096. 
Solution:  V^W96  =  V' V4096  [124,  P.],  =  V^  =  4. 


EXERCISE     19. 


Find  the  value  of  : 

1.  V65536     3.  V390625 

2.  V2985984 


6.  V68719476736 


4.  V40353607        6.  a/262144  a»»  J^* 

8.  V(^--122;»  +  60aJ*-160a:3  4.240a:«-l?2;c  +  64) 

9.  V(^-Sa;''y  +  28a;«y«-56a:«jr^  +  70a:*y*- 

56 ar»y»  +  28 a^y«  -  8 a;/ +  y») 

10.  V(^'--^^y  +  36a;V-84a:»jr^+126a:»y*-. 

126a:*y»  +  84ar»y«  -  36a;*y»  +  9a;  y»  -  y*) 


Exact  Division. 

Definitions  and  Principles. 

131.  A  divisor  of  a  quantity  is  a  quantity  that  will 
exactly  divide  it.     Thus,  a  is  a  divisor  of  ah, 

132.  The  divisors  of  a  quantity  are  all  the  different 
quantities  that  will  exactly  divide  it  Thus,  the  divisors 
of  24  are  1,  2,  3,  4,  6,  8,  12,  and  24. 
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133.  The  continued  divisors  of  a  quantity  are  the 
qaantities  that  will  successively  divide  it  Thus^  the  con- 
tinued divisors  of  24  are  2,  2,  2,  and  3,  since  24  -j-  2  =  12, 
12  -;-  2  =  6,  6-1-2  =  3,  and  3  -^  3  =  1. 

Kote. — The  continued  divisors  of  a  quantity  are  the  factors  of  the 
quantity. 

134.  Let  us  determine  whether  a*  —  J*  is  divisible  by 

a  — hi 

a  -  J)  a«  -  j«  ( a"-i  +  a— «  J  +  a^-^V+  etc. 


or 

-a- 

-*A 

1st  Bern. 

-1*- 
"^*- 

■a— 

8J8 

2d  Bern. 

=  a- 

-*• 

-3J3 

3dRem.  =  a— 3S»-S* 
.-.  wth  Eem.  =  a"— J»  —  J*  =  «<>  J»  -  J*  =  J«  —  *•  =  0 

Since  the  T^th  remainder  reduces  to  zero,  the  division  is 
complete.  Now,  a  —  J  is  the  difference  of  two  quantities, 
and  a"  —  J*  is  the  difference  of  the  equal  even  or  odd 
powers  of  those  quantities.     Therefore, 

Brin.  1. — The  difference  of  the  equal  even  or  odd  pow- 
ers of  two  quantities  is  divisible  by  the  difference  of  the 


136.  Let  us  determine  whether  a*  +  J*  is  divisible  by 
a  +  b: 

1st  Eem.  =  -  a— ^  b  +  b* 

2d  Eem.  =      «—«*«  +  *• 

3d  Eem.  =  -a— ^J^^j. 

4th  Eem.  =      a— *J*-|-J* 
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Since  the  second  term  of  each  remainder  is  +  ^9  ^^^ 
first  term  of  some  remainder  must  become  —  i*  for  the 
division  to  terminate.  This  can  only  occur  when  a  obtains 
an  exponent  of  zero  and  i  an  exponent  of  »,  which  will 
evidently  be  in  the  wth  remaindtii*.  We  observe,  more- 
over, that  the  first  term  of  the  odd  remainders  is  negative, 
and  the  first  term  of  the  even  remainders  positive.  There- 
fore, when  n  is  an  odd  number,  the 

wth  Rem.  =  -a—  J"+ J*  =  -a!'  J-+S"  =  -J-+J*  =  0 ; 
but,  when  n  is  an  even  number,  the 

wth  Kem.  =  a— "*•  +  J"  =  a^S*  +  J"  =  J"  +  *"  =  2  b\ 
Therefore, 

Brin.  2. — 1.  Hie  sum  of  the  equal  odd  powers  of  two 
quantities  is  divisible  by  the  sum  of  the  quantities  j  but, 
2.  The  sum  of  the  equal  even  powers  of  two  quantities  is 
not  divisible  by  the  sum  of  the  quantities, 

186.  Let  us  determine  whether  a*  —  S*  is  divisible  by 
a  +  b: 

or  +  a— 1  b 

1st  Rem.  =  —  a"-^  b  —  h^ 

-a*-'^b^a''-^l^ 


2d  Rem.  =      a— «^-S" 

3d  Rem.  =  -^a^'H^^b* 

4th  Rem.  =  a^-^b'-b'' 
Since  the  second  term  of  each  remainder  is  —  b*,  the 
first  term  of  some  remainder  must  become  +  b*,  for  the 
division  to  terminate.  This  can  occur  only  when  a  ob- 
tains an  exponent  of  zero  and  b  an  exponent  of  w,  which 
will  evidently  be  in  the  nth  remainder.  We  observe,  more- 
over, that  the  first  term  of  the  odd  remainders  is  negative. 
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and  the  first  term  of  the  even  remainders  positiye.    There- 
fore,  when  n  is  an  odd  nnmber,  the 

«th  Eem.=  —a— *•  —  *•= —fl° *•  —  *•=  -J*  — J*  = 

but,  when  n  is  an  even  number,  the 

nth  Bern.  =  +  a"— J»  —  J«  =  a®  J*?  —  J"  =  J"  —  J-  =  0. 
Therefore, 

Brin.  3. — 1.  The  difference  of  the  equal  even  powers 
of  two  quantities  is  divisible  by  the  sum  of  the  quantities  j 
but, 

2.  The  difference  of  the  equal  odd  powers  of  two  quan- 
tities is  not  divisible  by  the  sum  of  the  quantities. 

187.  Let  us  determine  whether  a*  +  J*  is  divisible  by 
a-i: 

g*  —  g*-^  b 
1st  Eem.  =  a—*  b  +  ir 


2d  Hem.  =  «—«*«  +  *• 

3dEem.  =  a— »J»  +  J* 

Since  each  remainder  is  the  sum  of  two  positive  quanti- 
ties, no  remainder  can  reduce  to  zero ;  therefore,  the  divis- 
ion can  not  terminate.     Therefore, 

Prin.  4. — The  sum  of  the  equal  even  or  odd  powers 
of  two  quantities  is  not  divisible  by  the  difference  of  the 
quantities. 

138.  The  Laws  of  the  Quotient. 

(aH^-.32y*)-^(a?-2y)  =  a:*  +  2ar»y4-4a;»y»  + 

8rry»  +  16/[P.  1]. 
(32a:»-|-y*) -^  (2rr-|-y)  =  16a?*- 8a:'y-|-4a:«y« - 

2fl;j^  +  /[R2]. 
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(81a?*-16y*)-s-(3a:-2y)  =  27ar»4.18a:«y  + 

Uxf  +  iflV.ll 

(81a:*-16y*)-f-(3a;  +  2y)  =  27a,-»-18a:«y  + 

12xy«-8y*[P.  3]. 

By  a  carefnl  inspection  of  the  aboye  quotients  the  fol- 
lowing laws  will  appear : 

1.  The  number  of  terms  equals  the  exponent  of  the 
power  involved  in  the  dividend. 

2.  The  terms  are  all  positive  when  the  divisor  is  the 
difference  of  the  quantities,  and  alternately  positive  and 
negative  when  it  is  the  sum  of  the  quantities. 

3.  The  first  term  of  the  quotient  is  obtained  by  dividing 
the  first  term  of  the  dividend  by  the  first  term  of  the  divisor. 

4.  ^ach  subsequent  term  of  the  quotient  may  be  found 
by  dividing  the  preceding  term  by  the  first  term  of  the  divi- 
sor  and  multiplying  the  quotient  by  the  second  term  of  the 
divisor,  disregarding  the  sign. 

ITota. — The  last  term  of  the  quotient  equals  the  last  term  of  the 
dividend  divided  by  the  last  term  of  the  divisor,  which  fact  will  serve 
as  a  check  on  the  preceding  operations. 

EXERCISE    £0. 

Four  of  the  following  examples  will  not  produce  entire 
quotients.     Let  the  pupil  point  them  out  and  give  reasons. 

Write  the  quotients  of  the  following  examples  at  sight, 
telling  each  time  why  the  dividend  is  divisible  by  the 
divisor : 


l.ia?  +  f)^(x  +  y)=      4. 

{a?- 

-y*)- 

{X- 

y)  = 

X(^-t/')-i-{x  +  y)=      6. 

(a»- 

-8J»)-^ 

h(a- 

-25)  = 

3.  {3^  -  f) -i- {x  -  y)  =       6. 

(^- 

-iQy*) 

^{x 

-2y)  = 

1.ia*-16y')^{x  +  2y)  = 

8.  (8a?-27f)^(2x~3y) 

= 

9.  {8a?  +  27f)-i-{2x  +  3y) 

=        ■ 

10.{2*  +  16y*)-^{x  +  2y)  = 
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11.  (27  «»  -  64n»)  -J-  (3f»  -  4n)  = 
la.  (27»»»-64n»)-i-(3f»  +  4«)  = 
13.(a:»  +  32y»)-i-(a;  +  2y)  = 
14.  (a:»-32y»)-j-(ar-2y)  = 
16.  (32o»-243J»)-f-(2o-3J)  = 

16.  (32o»  +  243i»)-i-(2o-3>)  = 

17.  (256  TO*  -  625  n«) -*•  (4  «t  -  6  n)  = 

18.  (266 TO«  -  625  n«)  -5-  (4to  +  6 «)  = 

19.  (a:»  +  y»)-!-(a:  +  y)=        aa  (a^  -  y«)  ^  (a;  +  y)  = 
81.  (64o«-729>«)^(2o-3J)  = 

2a.(a!»  +  128y^)^(aj  +  2y)  = 

83.  (a!'"  +  y»")-5-(a!-  +  xr)  = 

84.  (a!*--y«-)-^(af-y)  = 

EXERCISE    SI. 

Divide  Jt'  +  y*  by  a?-\-y*. 

Matin !  a*  =  («*)•  and  y'  =  (y^ ;  therefore,  a*  +  y*  is  divisible 
by  SB*  +  y»  [P.  2],    The  quotient  ia  x«  -  a*  y'  +  y*  [138]. 

Among  the  following  examples  are  four  that  will  not 
giye  entire  qnotients.    Point  them  out,  and  divide  the  rest : 

1.  (o«-5»)H-(a*-5)=         a.  (a»  +  J«)-5-(a  +  i«)  = 

3.  (8«»-27y*)-5-(2«»-3.y«)  = 

4.  (8«»4-27y)-5-(2.i:»  +  3y«)  = 
6.  (a;»  +  8y)-=-(a^  +  2y»)  = 

6.  (a:»-8y»)^(a^-2y»)  = 

7.  (o"  +  32J»)-5-(a«  +  25)  = 

8.  (16  o» -81  J*) -5- (2  a* +  3  J)  = 

9.  (16a»-81J*)-^(2a''-3J)  = 
10.  (16a«4-81J*)-5-(2a*4-3J)  = 
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11.  (16a«  +  81J*)-^(2a«-3J)  = 

12.  {a^ x^'' -\-h^'' y^)  -^  {aa? -\-V y)  - 

13.  {m^p^^  +  w«  ?*)  -^  0/i'y  +  »*  ?')  = 

14.  (32a;*«y'^  +  243a:«y^<*)-^(2a:«y  +  3a;y«)  = 
16.  (8  a;«-  +  27  y*")  -5-  (2  a:^-  +  3  y^-)  = 

16.  {{a  +  ir  +  <^\^{{a  +  iy  +  c]  = 

Since  (ar»  — j^) -5- (a;  — y)  =  a:«  +  a:y  +  y«, 
(ar»  -  y«) -^  (a:«  +  a;  y  +  y«)  =  a:  -  y 

17.  (a^-S3)-^(a»  +  «5  +  J«)  = 

18.  (a3  +  y)-j-(a»-a5  +  J«)  = 

19.  (a:3_8y3)^(^  +  2a:y  +  4y«)  = 

20.  (a;»  +  8y3)-^(a;2-2a^y  +  4/)  = 

21.  (a;«-y^)-^(a^  +  a;«/  +  y*)  = 

22.  (a*-5*)--(a^  +  a8S  +  «5*  +  *')  = 

23.  (a»a^  +  JV)-^(«*^-«*^y  +  **/)  = 

24.  (16a;*-81y*)-T-(8ar»  +  12a:«y  +  18ajy«  +  27y^)  = 
26.  (a:*  +  /)-^(a^-a:^y  +  a,'«y«-a,y  +  y*)  = 

26.  (a;«-y«)^(a:«  +  a;*y  +  a;V  +  ^»'  +  a^»*  +  y')  = 


Factoring. 

Definition  and  Principles. 

139.  Factoring  is  the  process  of  finding  the  factors  of 
a  quantity. 

Since  the  quotient  times  the  divisor  equals  the  divi- 
dend, the  quotient  and  divisor  are  the  two  factors  of  the 
dividend.     Therefore, 

Prin.  1. — A  divisor  of  a  quantity  is  one  factor  of  the 
quantity  and  the  quotient  is  the  other. 
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140.  Since  dividing  every  tenn  of  a  quantity  divides 
the  quantity  [99,  P.],  a  divisor  of  every  term  of  a  qoan- 
tity  is  a  divisor  of  the  quantity,  and  heuce  a  factor  of  the 
quantity.     Therefore, 

Priiu  2. — A  divisor  of  every  term  of  a  quantity  is  a 
factor  of  the  quantity. 

Problems. 
1.  To  fiactor  a  polynomial  containing:  a  monomial  fiactor. 

ninstration.— Factor  a*  J  +  a  J*  —  «*  *•. 

flolntign :  a  5  is  a  divisor  of  every  term  of  a*  5  +  a  6'  —  a*  6* ;  it  is, 
therefore, one  factor  of  it,  and  (a'ft  +  a&*  —  a*6*)-i-a6  is  the  other 
factor[P.  1].    Therefore,  a*6  +  o6«  —  a«&»=;o6(a  + ft  — 0&). 

EXERCISE    22. 

Factor : 

1.  ax  +  l^z  4.  da?y  +  da?i^+Gxy^ 

2.  6a*  — 3aa:  6.  2a?Z'-4:xyz  +  Qxsf 

3.  2fl«J-4aS«  +  2«Jc  6.  aa^'  +  bsT  +  car^^ 

7.  12awi*  — 18am*»4-3am*n* 

8.  6ar+«-12ar+i  +  18ar 

9.  10a^bc  +  16ab^c-'10ab(^ 

10.  Sa?y'-12xy^  +  20xyz 

11.  20a^b  —  d0ac  +  20ab'-10(^ 

12.  30acx  —  15acy'\'10acz  +  6ac 

13.  21c  — 6o*  — ISac  +  Scw* 

14.  10xy-\-26a?y —  '65cxy  +  6a^xy 

16.  10a-J--15a«-J«-^-6flrJ*-'  +  20a«"^5- 

16.  6a-+»+12a-+«-18«-^+*-24flr 

17.  a"ar»"  +  a«"a:2"-a3-^a-»-|.a*"^ir«"^ 

18.  a'+V"*-«'^V"^  +  «"'^V"* 
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2.  To  factor  bmomiala. 

ninstrations.— 1.  Factor  cfi  —  *•. 

Solntien:  a« - 6«  =  (a«  +  &») (a« -  6«)  [91,  P.  1] 

o«  +  J«  =  (o  +  6)(a«-a6  +  6«)  [135,  P.  2] 
a«-6«  =  (a-ft)(a«  +  oft  +  6«)  [134,  P.  1] 
.%     a«-  6«  =  (a  +  6)(a*- o6  +  6«)(a--  ft)(a*  +  a&  +  ft^ 

2.  Factor  a* +  4.         

floliitioA:  a*  +  4  =  a*  +  4a«  +  4-4a«  [Ax.  9] 

=  (o*  +  4o«  +  4)~4a«  =  (o«  +  2)«-(2a)« 
=  (an^+2a)(H»T^-2a)  [91,  P.  1] 
=  (a*  +  2a  +  2)(o«-2o  +  2). 

EXERCISE    Sa 

Factor : 

1.  4:3?  —  y*  9.  a:*  +  4y*  17.  («  +  *)*  —  c* 

2.9a:*  — 16y*  10.4ar*  +  l  18.  (a:  — y)«  — «« 

3.  16a*-81J*  11.  a?*"--y*«  19.  32a:»-243 

4.  fl»  -  J8  12.  ic«  +  y«  20.  a:^  + 128 
b.ix?  +  f  13.  a:«  -  y«  21.  a?*  +  2500  y* 

6.  ar»-8y»  I4.a*a?*-1  22.  a8  +  4J* 

7.  64ar^  + 1  16.  a?*  +  G4  23.  a:®  +  64 y* 

8.  a;«  +  l  16.  64a*  +  J*  24.  8a?*  +  27y»« 

26.  a*ar*  +  64&*  26.  a*a:5»  +  i*^' 

8.  To  factor  trinomials. 

ninstrations. — 1.  Factor  a:*  +  2  a;  y  +  y*  and 

a*  — 2a:y  +  y*. 

Solution:  1.  x*  +  2a?y  +  y«  =  (a;  +  y)(x  +  y),  since  (x  +  y)«  = 

(a;»  +  2a;y  +  y«)  [112,  P.  1]. 
2.  a:*  —  2a;y  +  y«  =  («  —  y)(a;  —  y),  since  (x  —  y)*  = 

a;»-^2a;y4-y«  [113,  P.  2], 
Vote. — A  trinomial  is  a  square  when  two  of  its  terms  are  positive 
squares,  and  the  other  term  is  ±  twice  the  product  of  their  square 
roots. 
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2.  Factor  a:«  +  5a;+6,  a:*+2a:  — 15,  and  ««  — 2a:  — 16. 
Sdliition:  1.  aJ«  +  5a;  +    6  =  (a:  +  3)(a;  +  2)  [92,  P.  2]. 

2.  a;«  +  2a;-  15  =  (a;  +  5)(a;-3)  [92,  P.  2]. 

3.  a;«-2a;-15  =  (a;-5)(a;  +  3)  [92,  P.  2J. 

Kote. — A  trinomial  is  the  product  of  two  binomials  having  a  com- 
mon term  if  the  first  term  is  a  perfect  square,  and  the  last  term  is  the 
algebraic  product  of  two  factors  whose  sum  into  the  square  root  of 
the  first  term  will  give  the  middle  term. 


3.  Factor  6a^  +  13a;+6  and  3a:*  + 16a:  —  36. 
8dliiti0n:  1.  6a;«  +  13a;  +    6  =  (2a;  +  3)(3a:  +  2)  [93,  P.  3], 

2.  3a;«  +  16a;  -  35  =  (3a;  -  5)  (a;  +  7)  [93,  P.  3]. 

Kotice. — The  first  terms  of  the  factors  are  the  factors  of  the  first 
term  of  the  trinomial ;  the  last  terms  of  the  factors  are  the  factors  of 
the  last  term  of  the  trinomial ;  and  the  last  terms  of  the  factors  are  so 
arranged  with  the  first  terms  that  the  algebraic  sum  of  the  products 
obtained  by  a  cross-multiplication  of  the  terms  wUl  give  the  middle 
term  of  the  trinomial. 

4.  Factor  a,**  +  ir*y*  +  y*. 

Bolatlon:  a;*  +  a;' y*  +  y*  =  aJ*  +  2 a;« y«  +  y* - a;« y*  [Ax.  9] 

=  (a;«  +  y^f  -  (xy)^  =  (x^  +  xy  +  y^ (a;«  -xy  +  y^  [91,  P.  1} 

EXERCISE    24. 

Factor : 

1.  a^^^x  +  4:  7.  2a:«  +  lla:-21 

2.  9a«-24fl5  +  16J2  8.  x^'f  +  x^y^  +  l 

3.  16x'  +  4:0x^f  +  25y*  9.  16a:*  +  36a:2  +  81 

4.  a:2-f  a:-132  10.  10 a:*  +  31  a:* -- 14 
6.  a:«-3a;-18  11.  16a^  +  Sxy -^Sy^ 
6.  2a:2  +  13a:  +  21  12.  a^a^  +  lOOax  +  dO 

13.  121a:*  +  1443(*  +  264a;*y«      14.  a^' +  2itrt/^  +  f 

16.  a'^f  +  dabyz  +  21^^         16.  6x'^  +  7ax  +  2a^ 

17.  10a:*-19  5a:  +  6J«  18.  a?  +  a^y^  +  f 

19.  64a:«  +  128a:*3^«  +  81/         20.  a:*"  +  a:8*y«-  +  y*» 
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21.  (a  +  i)«  +  5(a  +  *)  +  6  22.  27a«-66(r»  +  7 

23.  31?  +  {y  +  zf  +  1lx{y  +  z)  24.  10a««*-aa:*-21 

4.  To  factor  polTiiomiali. 

ninstrationi. — L  Factor  aa;  —  cy  —  ^a; +  «y- 
Coliitioii:  aa;  — cy  — ca;  +  ay  =  aa;  +  ay  — caj  —  cy 

=  a(a;  +  y)-c(a;  +  y)  [P.  2]  =  {fl-c)(x  +  y)  [P,  1]. 

2.  Factor  a«  +  *«  +  c*  +  2a5  +  2ac  +  2J£?. 
8dliiti0n:  o«  +  &«+c«+2a6  +  2oc+2Ac  =  (a+5  +  c)«  [117,  P.  1]. 

3.  Factor  ar»  +  y^  +  5r'  +  3ic»y  +  3a:«2;  +  3a;y»  + 

3  y*«  +  3  a;2;«  +  3  y  «•  +  6a:y  «. 
Sdlntion:  aj»  +  y»  +  2«  +  3x»y  +  3iC*^  +  3a;y*  +  3y»«  +  Sa;^;* + 

3y^  +  ^xyz  =  (a;  +  y  +  «)•  [118,  P.  2\ 

4.  Factor  a*-4fl3j-|-6fl«J«-4aJ*  +  i*. 
Solution:  o*-  4o«6  +  Ca»6» -  4a6»  +  &*  =  (a-  6)«  [116]. 

5.  Factor  7?  —  y*  —  ^yz—%^. 

Solution :  a;'  —  y«  —  2y «  —  a*  =  a;*  —  (y*  +  2y «  +  «*) 
=  a;«  —  (y  +  2;)»  =  (a;  +  y +  2)(x  — y +  ^) 
=  (a;  +  y  +  ^)(a;  —  y  —  £). 

6.  Factor  a:* +  3  a:*y  + 3 ajy^  +  y^  +  ar*. 
Solntion:  a;*  +  3a;«y  +  3a; y*  +  y»  +  «»  =  (a;  +  y)*  +  «» 

=  (FTy  +  ^)  \(x  +  y)»  -  (a;  +  y)«  +  ««}  [135,  P.  2]. 

7.  Factor  a?  +  2xy  +  4:X  +  %y. 

Fomu 


aa;  +  y 


2xi/-\-ix 
2xy+    y» 


2X  +  21/+2 


ix—    .y*  +  8y 
ix-\-iy  +4 


-y«  +  4y-4=-(2r-2)» 
Solution :  By  extracting  the  square  root,  we  find  that  the  polyno- 
mial lacks  (y  —  2)*  of  being  the  square  of  x  +  y  +  2.     Therefore, 
a^  +  2a;y-f  4 x  +  Sy  =  (a;  +  y  +  2)« -  (y - 2)«  =  (a;  +  y  +  2  +  y"^^ 
X  (a;  +  y  +  a-y^^^)  =  (x  +  2y)(«  +  4). 
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8.  Factor  64  +  48  a;  + 12  a;*  -  7  a:». 

Foniia 

64 
3X4«=        48 
3xa;x4=        12a; 


13?{4:-\'X 


A^+Vitz  +  a? 


^x+VZq^-Tt? 


48a?+12a;»+    7? 


■  8r» 


Ckdatioa:  By  extracting  the  cube  root  of  the  polynomial  we  ob- 
serve that  it  lacks  8a;»  of  being  (4  +  xf.  Therefore,  64  +  48  a;  +  12  a;* 
—  lix*  =  (4  +  a;)*  —  Sa;*,  which  is  divisible  by  4  +  a;  —  2a;,  or  4  —  a; 
[134,  P.  1].  The  other  factor  may  be  obtained  by  dividing  64  +  48  a; 
+  12aJ»  —  Ta?  by  4  —  x.    It  is  found  to  be  16  +  16a;  +  la?. 

9.  Factor  4a:«  +  12ajy  +  9y«  +  12a;+18y  +  8. 
Ckaatlon:  4a;*  +  12a;y  +  9y*  +  12a;  +  18y  +  8  = 

(4a;*  +  12a;y  +  9^;^  +  (12a;  +  18y)  +  8  = 
(2a;  +  3y)*  +  6(2a;  +  3y)  +  8  = 
(2a;  +  3y  +  4)(2a;  +  3y  +  2)  [92,  P.  2]  = 
(2a;  +  3y  +  4)(2a;  +  3y  +  2). 

10.  Factor  6a;*  — 2;y  -  2y«  — 8a;  +  17y  -  30. 
Ckaation:  6a;*-a;y-2y*-8a;  +  17y-30  = 

(6a;*  -  a;y  -  2y*)  +  (-  8a;  +  17  y)  -  30  = 
(2a;  +  y)(3a;-2y)  +  (-8a;4-17y)-30  = 
(2a;  +  y-6)(3a;-2y  +  5)  [93,  P.  3]. 


EXERCISE    26. 


Factor : 

1.  ax  —  ay -\-hx^ly 

2.  coi?-\-c-'da?  —  d 

3.  a;*  — 2a;y  +  y*  — ^ 

4.  y^^a?  —  i?  —  ^xz 
9.  aa?-\-axy  —  hoi?  —  hxy 

10.  Q!?-\'ZQ?y  +  Zxf  +  y^'-^ 

11.    iK?-\-4:a?'\-Qa?-\'^X-\'l 


6.  25m*--»*  +  4w  — 4 

6.  x'  +  Zj^'^'^x  +  I 

7.  8ar»-36a;«  +  64a:-27 

8.  1-r*  — 2r5-5* 
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12.  a:8  +  8a;»  +  24a?*  +  32a;«  +  16 

13.  l~5a?  +  10a:*-10ar»  +  5«*-iC» 

16.  9a«*«--9tt«  +  12aJ-4*« 

16.  fl«  +  2aJ  +  J«-c«-2crf-rf« 

17.  4a;«+6y2?--6a:*  — 9a;y 

18.  3a*  — 15fly  — 2aJ  +  10Jy 

19.  3ac  — 18Jc  —  2ax4-12Ja: 

20.  a:*  +  6««  +  a;»  — 12a?+4 

21.  a^  +  4:y^  +  ^xff  +  exz  +  12yz 

22.  8a:^  +  8a»-12a«  +  6a-l 

23.  a:*  — 2a?y  +  y'  +  9a?— 9y  +  18 

24.  6a:*  — 6a;y  — 6/  — 4rr  — 20y  — 16 
26.  2a;*-5a;y  — 3y«  — a?  +  17y  — 10 


Miscellaneous  Examples. 

EXGRCISB    26. 
(Remove  monomial  factors  first.) 

Factor  : 

1.  6(^b-'6a^i^  +  2abc  10.  6a:*- 5a;y- 21y« 

2.  6a2^  +  10ax  +  6a  ll.  (a  —  a;)*  —  (S  +  y)* 

3.  3  a*  a:  —  3  a  i*  a;  12.  (a;  +  y)*  —  (a:  —  y)* 

4.  3a:*  +  3o*a:*  +  3a*  13.  27  +  (2a;  +  y)3 

6.  6a:*  +  20a;-105  14.  {2a  +  3by  +  21[c^ 

6.  a'^-a?-2xz-z^  16.  4a:»  +  loar*y»  +  9y« 

7.  2 a:*  —  7 a;y  —  15 y*  16.  ac —  ic  +  a^  —  ab 

8.  a:*  +  2a:y  +  y*  — «*  17.  a*  — (5  +  c  — e?)* 

9.  a:*  +  26a;*  +  25  18.  a;*-4y*  +  7a:+ 14y 
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19.  a:®  +  a?*y*  +  y«  29.  a^^a^y +  Qfif 

20.  27a?  +  27a^+9x  +  l  30.  a^^-a 

21.  a;^-9ic«y  +  27a:y»-27y»  31.  df-aV 

22.  l-4ic«+12ary-9y»  32.  a;«-«« 

23.  (a;  +  y)«-4(a;  +  y)  +  4  33.  a;«  +  «^ 

24.  a^oi?-'V7^''a^f  +  Vf  34.  8a;«  +  27y* 
26.  a?*  +  7a:*  +  l  — 6ar»  +  6a;  36.  a;®  +  a;y^ 

26.  a^T?  +  aV  -  **a^  -  *V  36.  «•  +  y» 

27.  ar*  +  6a:3  +  5a,'«-12a;  +  3  37.  32a;*«-l 

28.  3a;«  +  fl/  +  aa;«  +  3y*  38.  1  — (aj-y)^ 

39.  216a3-216fl«  +  72a-7 

40.  x^'-'^7?y-\-Zxy^-'f  +  Uz^ 

41.  ar*  +  4a:2  +  y»  +  4a:^  +  2a;»yH-4a;y 

42.  6a;*  — ojy  — 2y*  +  a;  +  lly  — 15 

43.  3aa;  +  3Ja;  +  3ca;  — 2y(a  +  J  +  c) 

44.  (a;  +  y)3  +  3(a;  +  y)«  +  3(a;  +  y)  +  l 
46.  5ir*  — 342;y  — 7y*  — 9a:  — 45y  — 18 

46.  3a:«  +  14a;y-5y«  +  28a;  +  28y  +  49 

47.  4a:*  — 12a:y  +  9y»  +  28a;-42y  +  24 

48.  256 a:*  + 128 a:'- 944 ar*- 240 a? +  900 


Cancellation. 

Definitions  and  Principles. 

141.  Multiplying  a  quantity  by  a  factor  is  called  in- 
serting  a  factor. 

14S!.  Dividing  a  quantity  by  a  factor  is  called  eliminat- 
ing a  factor. 
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143.  Crossing  oat  a  qnantity,  and  writing  in  its  stead 
the  resnlt  obtained  by  inserting  or  eliminating  a  factor^  is 
Cancellation. 

144.  Let  p=:xxy,  and  y  =  r  X  « ; 
then  pq  =  rXsXxXy  [Ax.  4]. 
Now,  j3  -J-  a:  =  y,  and  qx=:r8x; 
therefore,  {p'i'X)xqx=:rX8XxXy. 

Therefore, 

Prin.  1. — Dividing  one  quantity  and  multiplying  an- 
other by  the  same  factor  does  not  change  their  product. 

146.  Let  Z>  =  a  dividend,  rf  =  a  divisor,  q  =  the  quo- 
tient of  D  and  d,  and  n  =  any  quantity. 

Now,       D-7-d=^q;  whence  D  =  q  x  d, 
and  nD^nqxd  [Ax.  4]  ; 

or         nD-T-d^nq         [Ax.  6].     (A) 
Again,  D  =  q  X  d  =  nq  X  (d-i-n)  [P.  1]  ; 

or  J9  -$-  (rf  -^  »)  =  n  y  [Ax.  5].     (B).    Therefore, 

PWn.  2» — Multiplying  the  dividend  or  dividing  the 
divisor  multiplies  the  quotient. 

148.  Since        D  =  qXd, 

D-i'n=z(q^n)Xd  [Ax.  5] ; 
and  (Z>-T-»)-T-rf  =  5^-T-»  [Ax.  6].     (A) 
Again,  Dz=Lq  xd={q-^n)Xnd  [P.  1], 

and         D-^nd  =  q-7-n  [Ax.  6].     (B).     Therefore, 
PWn.  3. — Dividing  the  dividend  or  multiplying  the 
divisor  divides  the  quotient. 

147.  Since  D=:qXd,nD=:  qXnd  [Ax.  4]  ; 
and                «Z>-T-»d  =  g  [Ax.  6].     (A) 

Also,  D-^n^qXid-T-n)  [Ax.  5]  ; 

and  (Z?  4- «)  -^  (d  -^  «)  =  y  [Ax.  6].     (B).    Therefore, 
Prin.  4. — Multiplying  or  dividing  both  dividend  and 
divisor  by  the  same  quantity  does  not  alter  the  quotient. 
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Problem.    To  miQtiply  or  divide  by  cancellationL 
niofltrationg. — 1.  Multiply  {a  +  *)*  by  a —  I. 

Solution :  Since  dividing  one  quantity  and  multiplying  another  by 
the  same  factor  does  not  change  their  product  [P.  1],  we  divide  the 
first  quantity  by  a  +  6  and  multiply  the  second  by  a  +  &,  and  obtain 
(a  +  6)  X  (a« -  6«)  =  a»  +  a«6 -  o6« -  6«. 

2.  Multiply  {7?  +  f)^{a?--f)  by  (x^y). 

Foniia 

Solution :  Since  dividing  the  divisor  multiplies  the  quotient  [P.  2], 

we  divide  the  divisor  by  a?  — y  and  obtain  ^,  which  equals 

J  ^  x  +  y  ^  ^ 

«»-iry  +  y«[135,P.2]. 

3.  Find  the  value  of  ^,y+/Vlt?J:<^ 
{^  +  ^y^  +  y')(x  +  y) 


=  a;[P.4]. 
EXERCISE    £7. 

Find  the  value  of : 

1.  (a«  +  «*  +  *')(«'-*') 

2.  {x^  —  f){^  +  xy  +  y^){a?'-xy  +  y^) 

(a^  +  y»)(a-'-y»)  (a;*  +  ff«)  (a:»  -  y*) 
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^'^^^^(^—y+f) 


10. 


11. 


12. 


13. 


14. 


16. 


16. 


17. 


(aX'\-lx  +  ay'\'ly){aX''ay''lX'\-ly) 

(a:»  +  2a;»~24a;)(a:«  +  a:-6) 
(»«  + 9a?  + 18)  (ic«  -  6a  + 8) 

(3a;»--3a:-36)(2a;»--98) 
(a;«  +  10a?  +  21)  (a;«  -  11  a?+  28) 

(6a;«--a;~2)(15a;»-16a;-15) 
(10»«  +  lla;  +  3)(9ic«-21a?+10) 

(a:*  -  a?)  (6  a;^- 10  a; -24) 
(3a;  +  4)(a;«  +  a;  +  l)(2a;«-8a;  +  6) 

(ga?  +  »y)*(aa;  — »y)^ 
{y?  +  'itxy  +  f){Q?^Z7^y  +  Zxf^f) 


(a«-.y)(a3-y)(a4^y)  (a+t)»      (n-t)* 

"•  (J2- a«) (J3- a») (**- a*)  (a-i)»  ^  (a+i)« 


20. 


4a»S« 


Highest  Common  Divisor. 

Definitions  and  Principles. 

148.  A  Common  Divisor  of  two  or  more  quantities  is 
an  exact  divisor  of  each  of  them. 

149.  The  Highest  Common  Divisor  of  two  or  more 
quantities  is  that  common  divisor  which  is  of  the  highest 
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degree — ^that  is^  which  contains  the  greatest  number  of 
prime  factors. 

150.  Quantities  are  prime  to  each  other  when  they  con- 
tain no  common  diyisor^  except  unity. 

151.  The  product  of  two  or  more  common  factors  is  a 
common  divisor.  Thus,  a  X  $>  or  a  2,  is  a  common  divisor 
of  ale  and  abd. 

152.  No  common  divisor  can  contain  factors  not  com- 
mon to  the  quantities,  since  it  contains  its  own  factors  and 
is  itself  contained  in  each  of  the  quantities. 

153.  Since  the  product  of  two  of  more  common  factors 
is  a  common  divisor  [151J,  and  no  common  divisor  can 
contain  factors  not  common  to  the  quantities  [152],  it 
follows  that — 

Prin.  1. — The  highest  common  divisor  equals  the  prod- 
uct  of  all  the  common  factors. 

154.  The  abbreviation  H.  C.  D.  stands  for  highest  com- 
mon divisor. 

Problem.    To  find  the  highest  common  divisor  of  quanti- 
ties whose  common  factors  may  be  readily  obtained. 

niustrationi.— 1.  Find  the  H.  0.  D.  of 

3a«J^,  %c?Vc,  and  ^c^¥c. 
Solution:  The  common  factors  are  3,  a',  and  &*;  therefore,  the 
H.  C.  D.  is  3  X  a«  X  &«  =  3a»&«  [P.  1]. 

2.  Find  the  H.  C.  D.  of 

c^  —  ofy  a*  — ar*,  and  c^  +  a^x  —  aof-^oi?. 

Fflonn. 
a^^a?  =  {a-\-x){a  —  x) 
a*  —  a?*  =  {a^'\'^){a-\-x){a  —  x) 
c^  +  a* X  —  aa?  —  a?  =  a^  {a  +  x)  —  of  {a  +  x) 
=  (a*  —  a?){a-\-x)  =  (a  +  x)  {a  —  x){a-\-  x) 

H.C.D.  =  {a  +  x){a-x)  z^a^'-a*. 
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Soliitioii:  Resolving  the  quantities  into  their  prime  factors,  we 
observe  that  a-\-x  and  a  —  x  are  the  only  common  factors ;  hence 
their  product,  o»  -  x\  is  the  H.  C.  D.  [P.  1], 

EXERCISE    28. 

Find  the  H.  C.  D.  of  : 

1.  %oi?fZy  \%7f'f^y  and  l^^f^? 

2.  4:a*h^(?dy  %a^VcXy  and  16a*iVy 

3.  16m«(j9  +  j),  30m»(;?  +  g)»,  and  45m*(j94-y)' 

4.  ^{p  +  qY{p-q)\  ^{p  +  qYip-qy.  and 

^{p  +  qTip-qY 

b.  a^-V  and  a«4-2aJ  +  J» 

6.  a*-J»  and  («-*)»  7.  a^  + J^  and  a«- J» 

8.  a*  —  S*  and  a'  —  J''  9.  {x  —  y)*  and  a?*  —  y* 

10.  a^^  +  y*  and  a?  —  xy'\-t^ 

11.  aJ*  +  a:*y*  +  y*  and  aj^  +  y' 

12.  ahx  —  aby  and  m^x  —  m^y 

13.  a;«  +  5a:  +  6,  a;*  +  7 a;  + 10,  and  a:*  — ar  — 6 

14.  a:^  +  y^>  ^  +  a^y*  +  y*5  aiid  a:*  — a:y  +  y* 

16.  9a;»-3a:~2,  3a:«-17ar+10,  and  6a:«+17a;-14 

16.  2a^-3a:-35,  6a;«  +  19ar-7,  and  4a:«+22a:+28 

17.  ax-^-ay  +  lx-^ly  and  cx  +  cy  +  dx-^dy 

18.  9a«-6aS-6ac  +  4Jc  and  9a»  — 12aJ4-4J» 

19.  a;^  +  3a:*y  +  3a-^  +  y'  and 

aix'\'ahy--acx  —  acy 

20.  (a  +  i)*  — (c  +  rf)*  and  aa?  + Ja;  +  <Jar  +  c?a? 

21.  a:^«4-y^^  ^-^f  +  fy  and  a;^»  +  a:* y»  +  ^^^^ 

22.  4a;«  +  12a:y4-9y»  —16  and 

4a:«+12a:2^4-9y«  +  14a:  +  21y  +  12 

23.  a?*  +  4/,  a;2  +  2ary  +  2y*,  and 

a?'\-2a?y  +  'itxy^'^a?z  +  ^xyz  +  'iti^z 
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24.  iB«  +  6ary4-9y*  +  2a;4-6y  — 24  and 

26.  ic*  +  2a:y  +  ^  — ^  a^d 

7?  +  j^  +  7?:\-2xy  +  %xZ'\-%yz 

26.  a*af  4- cry"  — flTiJ* +  *•«•  + J»y*  —  J»i8*  and 

27.  (i>  +  y)*-2(i?  +  y)V4-r*  and 

28.  a;^*  — 4096y^«  and  ic^^y  —  4ar»y»  +  8a?y» 


Highest  Common  Divisor  by  Successive  Division. 

Definitions  and  Principles. 

166.  If  one  qnantity  be  divided  by  another^  then  the 
divisor  by  the  remainder^  then  the  next  divisor  by  the 
next  remainder^  and  so  on^  until  the  division  terminates, 
the  process  is  Successive  Division, 

166.  Let  df  be  a  divisor  of  a,  and  -5  =  9f 

then  a  =  q  Xd,  and  na  =  nqd  [Ax.  4]  ; 

whence  -^  =  qn,  a,  whole  quantity.     Therefore, 

JPHn.  1. — A  divisor  of  a  quantity  is  also  a  divisor 
of  any  number  of  times  the  quantity. 

167.  Let  df  be  a  common  divisor  of  a  and  b, 

and        I  =  gr,  and  ^  =  r ; 

then       a  =  qd,  and  b^rd  [Ax,  4]. 

.%     a±b  =  qd±rd  [Ax.  2  and  S]  =  {q  ±r)d; 

and      ,     =  g  ±  r,  a  whole  quantity.     Therefore, 
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Prin.  2. — A  common  divisor  of  two  quantities  is  also 
a  divisor  of  tJieir  sum  and  of  their  difference. 

168.  Theorem. — The  last  divisor  obtained  by  the  suc- 
cessive division  of  two  quantities  is  their  highest  common 
divisor. 

BeoumitzfttioiL—Let  A   and  B         A)  B  (q 
represent  any  two  quantities.     Di-  ^  ^ 

vide  B  by  A,  and  let  the  quotient  .  , 

be  q  and  the  remainder  B;  divide  •^)  A  (q 

A  by  By  and  let  the  quotient  be  ^  R(^ 

and  the  remainder  B ;  divide  i?  by  R'\  R  (  n" 

B'j  and  let  the  quotient  be  gf'  and  nt    ft 

the  remainder  zero.     Prove  B'  the  ±_ 

H.  C.  D.  of  A  and  B.  0 

1.  ^'  is  a  divisor  of  B,  since  the 

division  has  terminated;  hence  it  is  also  a  divisor  of  Bq'  [P.  1]  and 
of  B  +  Bq\  or  A  [P.  2],  and  therefore  ot  Aq  [P.  1]  and  of  i?  +  -4  g, 
or  B  [P.  2] ;  therefore,  i^  is  a  common  divisor  of  A  and  JS. 

2.  There  can  be  no  higher  common  divisor  of  A  and  B  than  B' ; 
for,  if  there  could  be,  it  would  be  a  divisor  of  A  and  B,  and  hence, 
too,  of  ui g  [P.  1]  and  ot  B  —  Aq,  or  B  [P.  2],  and  therefore  of  Bq' 
[P.  1]  and  ot  A^B q\  or  B  [P.  2] ;  that  is,  a  quantity  of  a  higher 
degree  than  B  would  be  a  divisor  of  B\  which  is  impossible.  There- 
fore, B  is  the  H.  C.  D.  of  A  and  B. 

159.  Hither  of  two  quantities  may  be  multiplied  by  a 
factor  not  found  in  the  other  without  changing  their 
highest  common  divisor  [163,  P.  1]. 

160.  Either  of  two  quantities  may  be  divided  by  a  fac- 
tor not  common  to  both  without  changing  their  highest 
common  divisor  [153,  P.  1]. 

161.  Quantities  have  two  highest  common  divisors,  a 
positive  one  and  a  negative  one. 

Thus,  a  —  b  and  J  —  a  are  both  highest  common  divi- 
sors of  a*  —  J*  and  a*  —  2  a  J  +  ^'  It  a  >b,  a  —  b  is 
positive  and  J  —  a  negative ;  if  S  >  a,  a  —  J  is  negative 
and  b  —  a  positive. 
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Problem.    To  find  the  liigheet  common  divisor  by 
sncceisiTe  division* 

niuitration.— Find  the  H.  0.  D.  of 

2aJ*  — 9a?  — 14ar4-3  and  3a:*  — 14a?- 9a:  +  2. 

2a?-9a?-14a:  +  3)3ar*-14a?-   9a:  +  2 

2 

6a?-28a?-18a;  +  4[3 
6a?-27a?-42ar  +  9 

a?-24a;  +  6 

a?-24ar  +  5)2a?-   9a?- 14a;  +  3(2a;- 9 
2a?-48a?4-10a; 


-  9a?  +  48a?-    24a:+  3 

-  9a? +216a;-45 

48)48  a?-240a;  +  ^ 
a?-     5a;+   1 

a?-6a:  +  l)a?-24a;  +6(a:  +  5 
a?—   6a?  +  ^ 

6a?-25a;  +  5 
5a?-25a;  +  5 

.-.     H.C.D.  =    a?-   bx  +  l  [168,  T.] 

Eiplsnation. — Assame  2a;*  —  92^  —  14a;  +  3  as  the  diyisor.  Mul- 
tiply the  dividend  by  2  to  make  the  first  term  of  it  divisible  by  the 
first  term  of  the  divisor  [159].  Divide  until  the  remainder  is  of  lower 
degree  than  the  divisor.  Remove  the  factor  ~  1  from  the  remainder 
to  make  the  first  term  positive.  This  will  not  change  the  numerical 
value  of  the  H.  C.  D.  [160].  Use  the  remainder  as  a  second  divisor, 
and  the  first  divisor  as  a  second  dividend.  Divide  again  until  the 
remainder  is  of  lower  degree  than  the  divisor.  Remove  the  factor  48 
from  the  remainder  to  make  it  as  simple  as  possible.  This  will  not 
affect  the  H.  C.  D.  [160].  Use  the  second  remainder  as  a  third  divisor, 
and  the  second  divisor  as  a  third  dividend.  The  division  terminates 
without  a  remainder.  Therefore,  a;'  —  5  a;  +  1,  the  last  divisor,  is  the 
H.  C.  D.  [158]. 
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162.  The  highest  common  divisor  of  two  quantities 
may  also  be  found  by  the  alternate  destmction  of  the 
highest  and  lowest  terms^  as  follows : 

^-Hs^^IuillSI  {^;[  to  find  their  H.  CD. 

SolQtioii:  Multiply  (A)  by  3,  and  (B)  by  %,  then 

(1)  6a;*-27a^-42a;  +  9  =  anumberof  timestheH.C.D. 

(2)  6a;*-28a;»-18a;  +  4=         "  «  « 
Subtract  (2)  from  (1),  then 

(8)  jc»-24a;  +  5=         "  "  « 

Multiply  (A)  by  2  and  (B)  by  8,  then 

(4)  4a;*-18a:»-28aj  +  6=         "  "  « 

(5)  9iB*-42a;«-27a;  +  6=         "  "  « 
Subtract  (4)  from  (5),  then 

(6)  5a;*-24a;»  +  a;=         •«  «  a 
Divide  (6)  by  x,  then 

(7)  5a;«-24a;«  +  l  =         "  «  « 
Multiply  (3)  by  5,  then 

(8)  5ic»-120a;  +  25=  "  «  " 
Subtract  (7)  from  (8),  then 

(9)  24a;»-120a;  +  24=:  *•  «  *« 
Divide  (9)  by  24,  then 

(10)  a;«-5a;  +  l=         "  "  " 
Multiply  (7)  by  5,  then 

(11)  25a^-120a;«-f  5=         "  "  « 
Subtract  (3)  from  (11),  then 

(12)  24a^-120a;»  +  24a;=  «  «  « 
Divide  (12)  by  24  a;,  then 

(13)  a;»-5a;  +  l=         «  «  « 

Now,  (10)  and  (13)  are  independent  of  each  other,  and  their  H.  C.  D. 
is  evidently  »•  —  5ic  +  1, 

.-.    H.  C.  D.  of  (A)  and  (B)  is  a;*-5a;  +  1. 

163.  Sometimes  one  of  two  polynomials  may  be  fac- 
tored, and  factors  not  common  discovered  by  the  principle 
that  the  first  and  hat  terms  of  a  factor  are  divisors  of  the 
first  and  last  terms  of  a  polynomial.  These  factors  may 
then  be  rejected  [160]. 
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nimtratioit— Find  the  H.  C,  D.  of  a?  +  2a^  -  5a:  — 10 

and  a:»-7a;'  +  3a:«  +  10a:  — 15. 

SdlntioB;  jc»+2a;«-5ic-10  =  iE*(x+2)-5(x+2)  =  (a;«-5)(a;+2). 

Now,  X  +  2  is  not  a  factor  of  ic*  —  7a:*  +  8a;»  +  10a;  —  15,  since  2  is 

not  a  factor  of  15.    So  we  proceed  to  find  the  H.  C.  D.  of  2*  —  5  and 

«» —  ?«•  +  3a;»  +  10a;  -  15.    This  we  find  by  division  to  be  a;»  —  5. 

164.  Sometimes  a  remainder  can  be  factored  and  fac- 
tors not  common  rejected. 

ninitratioiL— Find  the  H.  G.  D.  of 

a?  +  l0a^  +  31ar  +  30  and  a:5  +  12a^  +  44a;4-48. 
Form. 
a:«  +  10a:«  +  31a:  +  30)«5  +  12a^  +  44a;  +  48(l 
ar>  +  10g«4-31a?  +  30 

2a^4-13a:4-18 
=  (a;  +  2)(2a:  +  9) 

Now,  2  a;  +  9  is  not  a  factor  of  either  polynomial,  since  2  a;  is  not 
a  factor  of  a;*,  nor  9  a  factor  of  30  or  48. 

Dividing  7^  +  10a;*  +  31a;  +  30  by  a;  +  2  we  find  that  the  divi- 
sion is  complete.    Therefore,  a;  +  2  is  the  H.  C.  D. 

EXERCISE    29. 

Find  the  H.  0.  D.  of : 

1.  a:^-19a;-30  and  a:3  +  10a:*  +  31a:  +  30 

2.  ar»-2a^-15a:  +  36  and  a?- lliB«-f  39a;-45 

3.  a?  +  2iB«  +  ar  +  2  and  2a?*- 8a:«-2ar-4 

4.  a;*  +  2a?*— iB*— 2a:  and  fla:*—aar* 4"^^^4"«^+3a 

6.  ar*-4a;»-16a;«  +  7a;  +  24  and 

2a:^-16a;*4-9a;  +  40 

6.  2a;*  — 5a?y  — 3a;*y*  +  7a;y»  +  3y*  and 

8ar»  —  4a;«y  —  8a?^  —  6y* 

7.  a?*  +  2a^  +  9  and  Ta;^- lla^  +  16a;-f  9 

8.  7fl«-23aJ-f  6J»and  6fl»- 18a»i  +  llflJ»- 6*^ 

9.  Ga;*  — 21««  — 138a;  — 63  and 

6a:*  +  33a;3_39a;«_297^_135 
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10.  6a:*4-15a;*y  — 4a^«*— 10a;*y«*  and 

11.  6a^  +  a;-2  and  9ar»  +  48a^  +  62a:  +  16 

12.  a^  — 9a^  — 30a;  — 25  and  o^^  +  a;*  — 7a:*  +  5« 

13.  35a?  +  47a:«  +  13a;+l  and 

42a;*  +  41a?-9««-9a;-l 

14.  2a;*  — 6ar^  +  3a:*  — 3a:  +  l  and 

a;T  _  3a;«  +  a;»  -  4a:«+ 12  a;  -  4 

166.  If  X  is  the  H.  0.  D.  of  A  and  By  and  y  is  the 
H.  C.  D.  of  X  and  (7,  then  will  y  be  the  H.  0.  D.  of  A,  By 
and  C.    For, 

Let  A  :=^  mx  and  £  =  nx,  then  m  and  n  are  prime 
to  each  other. 

Let  X  =  py  and  (7  =  qy,  then  p  and  q  are  prime  to 
each  other. 

Now,  A  =  ma;  =  mptf 
B  =:  nx  =:  npy 
C=  qy 

.-.     y  =  H.  0.  D.  of  Ay  By  and  CI    Therefore, 

-PHn.  5. — ?%«  highest  common  divisor  of  three  quanti- 
ties  may  be  obtained  by  finding  the  highest  common  divisor 
of  two  of  themy  then  the  highest  common  divisor  of  that 
and  the  third  qtiantity. 

Vote. — ^This  principle  may  be  extended  so  as  to  apply  to  any  num- 
ber of  quantities. 

Find  the  H.  0.  D.  of  : 

16.  a;^-f  6a;«-f  lla;  +  6,  ar^  +  7a:«  +  14a;  +  8, 

a;3^8a;«  +  17a;  +  10 

16.  ar^  +  9a;«  +  26a;  +  24,  a;^  +  a;«- 14a;- 24, 

aJ»-.6a;«-2a;4- 24 

17.  a;«-lla;  +  30,  a;»- 12a;«  +  41a;-30, 

a;*^  12a;^  +  47a;«  -  72a;  +  36 
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18.  iB«4-lla?  +  30,  2a:«H-21a;  +  64, 

9r»  +  63a:«-9a;-18 

19.  7^  +  7? f  +  fy  ^  +  a^f  +  fy  a;«  +  a;»y»  +  y^» 

and  a«S  +  3aJ»-3o'-J3 
21.  ar»  +  lla^4-40a;4-48,  a? +  10 a:* +  33 a: +  36, 

a;S  +  a;«_21a:-.45,  ar»  +  2a^-23a;- 60, 
and  a?-6a:«-7«  +  60 


Lowest  Common  Multiple. 

Definitions  and  Principles. 

166.  A  Multiple  of  a  quantity  is  an  entire  number  of 
times  the  quantity. 

Vote. — A  maltiple  of  a  quantity  contains  the  quantity  as  a  divisor. 

167.  A  Common  Multiple  of  two  or  more  quantities  is 

an  entire  number  of  times  each  of  them. 

Vote. — A  common  multiple  of  two  or  more  quantities  contains 
each  of  them  as  a  divisor. 

168.  The  Lowest  Common  Multiple  is  the  common 
multiple  which  is  of  the  lowest  degree. 

169.  It  is  obyious  that,  to  contain  each  of  two  or  more 
quantities,  a  common  multiple  must  contain  all  the  differ- 
ent prime  factors  of  those  quantities.  It  must,  moreoyer, 
contain  each  prime  factor  the  greatest  number  of  times  it 
occurs  in  any  of  the  quantities,  for  the  same  reason.  It 
need,  however,  contain  no  other  prime  factors  than  these 
to  contain  each  of  the  quantities.     Therefore, 

JPrin.  1. — The  lowest  common  multiple  equals  the  prod- 
uct of  all  the  different  prims  factors,  each  taken  the  great- 
est number  of  times  it  occurs  in  any  quantity. 
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Problems. 

1.  To  find  the  lowest  common  mnltiple  of  quantities 

readily  factored. 

niustrations.— 1.  Find  the  L.  C.  M.  of 

a  +  ft,  a  —  J,  and  a*  —  V. 

Solvtioii :  a'  —  &'  is  the  lowest  quantity  that  contains  a'  —  &' ;  it, 
moreover,  contains  a  +  d  and  a  —  & ;  it  is,  therefore,  the  L.  C.  M.  of 
the  three  quantities. 

2.  Find  the  L.  C.  M.  of 

a«-J»,  a^  +  Zab  +  V,  and  c?  +  V^. 
Solntimi:  a*-d*  =:(a  +  &)(a  — &) 
a«  +  2ah  +  &«  =  (a  +  h){a  +  h) 

o«  +  J«  =  (a  +  ft)(a»  -.  oft  +  6«) 
.-.     L,  C.  M.  =  (o  +  ft)»(a« ft)(a« -  06  +  ft«)  [P.  1]. 

EXERCISE    80. 

Find  the  K  C.  M.  of : 

1.  4i7?y^y  6a?y*Zy  and  ^xy^T? 

2.  12a»J»c,  16a«J3^,  and  24a»J»c» 

3.  eOa^ys^y  80x fz^,  and  90a:»^« 

4.  ic*  + 1  aiid  a;*  —  1  6.  aJ  +  flc  and  ab  —  ac 

6.  a«i  +  a«  and  J»  +  2i  +  l 

7.  2(a-l),  4(a«-l),  and  6(a-l)» 

8.  a(a;  +  y),  ab{x  —  y),  and  abcipf  —  if) 

9.  a«  +  J»,  (a  +  S)2,  and  (a-S)* 

10.  (a  +  y)*,  oi?  +  y^y  and  a?*  — y* 

11.  a:*  +  a;y  +  ^>  ^  —  ^y-^l^y  a^d  a:*  +  ^y*  +  y* 

12.  a^'^  +  y**  ^  — y^  a^d  7^  —  a?y^-\-y^ 

13.  16(a:»-y»),  24  (a:* -y*),  and  36(a:3_^y3) 

14.  (a;  +  y)^  (a;-y)«,  and  /-a;^ 

16.  aa;  — Ja;,  ay  —  byy  and  cPxy  —  Vxy 

16.  a?+7a^  +  12,  a;8  +  a:-12,  and  a:2  4.3a;_4 
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17.  a»-10z  +  25,  j*-x  — 20,  and  a*+x-12 

18.  2j*+11«+12,  2a*-7x-15,  and  4a?+13x  +  9 

lA.  6a*  +  10x-24^  8j*  +  30x  +  18,  and 

8a*-Ux-16 

aa  a*-f»  f»-a*,  «*-»»,  and  j»-a:» 

21.  a:»  +  2a?3r  +  x3f»  x^y  +  x/,  and 

ac  — arf  — Jc  +  ft^ 

23.  2a*  +  5a»  +  3«',  2ii'  +  a}-'3«',  and 

2a«-5aJ  +  3J« 

24.  a»  +  a«J  +  fl*tf,  a^  +  hif'-f?,  and 

a»+2a*  +  **-c* 

26.  (af  +  y)«-2«,  {z«y)«-2«,  (x  +  «)«-y«,  and 

(a;  — ^)«  — y* 


2.  To  find  the  lowest  ^^i?"»w»*f"  multiple  of  qiiaatities 
not  readily  fiMtored. 

170.  V.  A  =  mx  and  B  =  nx,  and  m  and  n  are  prime 
to  each  other, 

the  H.  G.  D.  of  A  and  S  =  x,  and 

the  L.O.  M.  of  A  and  B  =  mnx  =  mXB  = 

:^XJ5  =  ^^-^.    Therefore, 

X  X 

THn.  2. — The  lowest  common  multiple  of  two  quanti- 
ties equals  their  product  divided  iy  their  highest  common 
divisor. 

ninitrative  Example.— Find  the  L.  C.  M.  of 

aJ»-.i9a;-30  and  a?  +  107?  +  Zlx  +  ^0. 
MtttiOB:  The  H.  C.  D.  of  the  two  polynomials,  as  found  by  suc- 
oossiv©  division,  is  «•  +  5ic  +  6, 

.%    L.  0.  M.  =  (^  "  ^^  ^  -  ^)  (^  +  ^0  ^  +  3^  a^  +  ^)  _ 
«*  +  5  a;  +  6 
(x  —  5)(a;»  +  lOic*  +  31+30)  by  cancellation. 
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EXERCISE    81. 

Find  the  L.  C.  M,  of  : 

1.  3a:*-Uaa;  +  16a»  and  ar'  — 6aa:«+10a«a;-3a» 

2.  4a«-7aS  +  3S«  and  Za^ -^aH  +  ZaV -%V 

3.  2y»-15y«+9y+40  and  y*-4y*-16^+7y+24 

4.  a*  — a»  +  2a*  +  a  +  3  and  a*  +  2a3  — a  — 2 
6.  3a«S  +  2aJ2-S»  and  2a34.a«J-aJ» 

6.  if«4.12a?-28  and  a:^  +  9a;»  +  27a:- 98 

7.  2a:3  +  5-8a;4-a:«  and  42a:«  +  30- 72« 

8.  a:«~3a;-70  and  a:^-. 39a; 4. 70 

9.  ar»  — 2a;  — 1  and  a?  +  2««  +  2a;4-l 

10.  4a:*  — 6a:y  +  y*  ^^^  3ar^  — 3a;*y +  a;y*  — y' 

11.  2a:^-16a;  +  6  and  6a:«  +  16«»  +  6a;  +  15 

12.  a;*  — 2a:^y  +  ^a?y'  — y*  and 

a:*  -  2a;»y  +  2a:«y» -  2a:y»  +  y* 

171.  If  X  is  the  L.  C.  M.  of  A  and  B, 
and  y  is  the  L.  G.  M.  of  x  and  (7, 
then  a:  =  the  lowest  quantity  that  contains       A  and  By 
and  y  =        «  "  "  a:  and  C. 

.-.    y=        "  "  "  ^,J5,andC; 

or,    y  =  L.  0.  M.  of  -4,  5,  and  (7.     Therefore, 

Prin.  3. — The  lowest  common  multiple  of  three  quanti- 
ties  may  be  obtained  ly  finding  the  lowest  common  multiple 
of  two  of  them,  then  the  lowest  common  multiple  of  that 
and  the  third  quantity,  etc. 

Find  the  L.  0.  M.  of  : 

13.  o^  +  ly  a;^  +  2a:«  +  2a;  +  l,  and 

a:*-2a:3  +  3a:«-2a;  +  l 

14.  2a?  +  7a!?  +  2x-3,  6a?  +  7a:*-a; -2,  and 

8a;^  +  6a;«-3a;-l 
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16.  a^  +  5a;  +  6,  a:«  +  6a;  +  8,  and  a:*  — 3a:  — 10 

16.  3a;»  +  2a;«-5a;-4,  3r»- 10a:«  +  llar-4,  and 
3a;»-4ar*-6ar»  +  8a;2  +  3a?-4 

17-  a;*  +  4:a;*y  +  4fl;y*  +  3y',  ar*  — 4a:*y4"4ar^  — Sy*, 
and  a;*  — 8a:*y*  — 8ic*y*— 9y« 

18.  2a:»-a;«-2a;  +  l,  2a:*- 3a:»  +  3a:«~  3a:+l, 

and  2a:*^-3ar*4.a;3^2a;«-3a:4.1 

19.  a'-7a*  +  16a-12,  Sa'- 14a«  +  16a,  and 

6a'-10a»  +  7a-14 

20.  a:^  — 6a:^  +  lla;  — 15,  a:*  — a:*4-3a;  +  5,  and 

2ar»-7a:«+16a:-15 

21.  The  H.  C.  D.  of  two  quantities  is  a:*  —  a:y  +  ^  and 
their  L.  0.  M.  is  a:*  +  a:*y  +  a?y^ '\-<x?y^  +  xil^-\'y^.  One 
of  the  quantities  is  ^  +  J^9  what  is  the  other  ? 

22.  Show  that  the  H.  C.  D.  of  two  quantities  is  the 
L.  G.  M.  of  all  their  common  divisors. 

23.  The  sum  of  two  polynomials  is  2  a;^  + 1^  ^  + 19  a; 
+  3,  their  H.  0.  D.  is  a;  +  3,  and  the  difference  of  the 
other  two  factors  is  10  a; +  31.     Find  the  polynomials. 

24.  Find  the  lowest  polynomial  which,  when  divided  by 
a:* +  5  a; +  6,  a;* +  7  a: +12,  or  a:* +  9  a; +  20,  gives  in  each 
case  a  remainder  of  4  a:*  —  150  a:  —  100. 

26.  Show  that  the  product  of  the  H.  C.  D.  and  L.  0.  M. 
of  two  quantities  equals  the  product  of  the  quantities. 

26.  The  product  of  the  H.  0.  D.  and  L.  C.  M.  of  two 
quantities  is  x^  +  2a:*y  +  2a:*y*  —  2a:* y*  —  2a: y^  —  y*. 
One  of  the  quantities  is  a?  —  y',  what  is  the  other  ? 

27.  The  quotient  of  two  quantities  is  (a  +  a:)  -r-  (a  —  a:), 
and  their  L.  0.  M.  is  a*  —  a:*.     Eequired  the  quantities. 

28.  The  product  of  two  polynomials  is  a:*  + 12  ar*  + 
51a;«  +  92a:  +  60,  their  L.  0.  M.  is  ar»  +  10a:«  +  31a:  +  30, 
and  their  unlike  factors  are  a: +  3  and  a: +  5.  What  are 
the  polynomials  ? 
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ALGEBRAIC  FRACTIOJ^S. 


Preliminary  Definitions. 

172.  An  algebraic  fraction^  in  the  most  general  sense^  is 
an  expression  denoting  that  one  algebraic  quantity  is  to  be 
divided  by  another.  The  dividend,  called  the  Numerator, 
is  written  above,  and  the  divisor,  called  the  Denominator, 
below,  a  horizontal  line. 

Thus,      "7  ,,  read  a  —  i  divided  by  c  +  d,  in  which 
'   c  +  d  ^ 

a,  6,  c,  and  d  may  have  any  values,  positive  or  negative, 
integral  or  fractional,  rational  or  irrational,  is  an  algebraic 
fraction. 

173.  The  numerator  and  denominator  are  called  the 
terms  of  the  fraction. 

174.  An  algebraic  fraction  is  usually  preceded  by  the 
positive  or  negative  sign,  to  denote  whether  it  is  to  be 
taken  additively  or  suhtr actively. 

175.  The  value  of  a  fraction  is  the  result  of  performing 
all  the  operations  indicated. 

Thus,  the  value  of r-^  when  a;  =  —  4  and  v  =  +  6 

^+y 

i«--4  +  (+6)-      31+6"      qr^-"^    5)-+5. 

176.  The  apparent  sign  of  a  fraction  is  the  sign  pre- 
ceding it ;  the  real  sign  the  sign  of  its  value. 
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177.  An  Integral  Quantity ^  in  the  literal  notation^  is  a 
quantity  that  has  the  form  of  an  entire  quantity.    In  value 

7 
it  may  be  integral  or  fractional ;  as,  a  =  8,  or  a  =  ^. 

178.  A  Mixed  Quantity  is  one  that  is  partly  integral 
aud  partly  fractional  in  form ;  as,  x±^. 

179.  A  Proper  Fraction  is  one  that  can  not  be  reduced 

OJ        I        Ml 

to  the  integral  or  mixed  form ;  as, 


z 

180.  An  Improper  Fraction  is  one  that  can  be  reduced 

to  the  integral  or  mixed  form ;  as,  — -^-^  =  a;-f  ^. 

X  X 

181.  In  a  very  limited  sense,  in  which  the  terms  are 
restricted  to  arithmetical  integers,  an  algebraic  fraction 
may  denote  "a  number  of  equal  parts  of  a  unif 

Thus,  if  a  =  3  and  J  =  5,  -^  may  denote  a  of  the  b 

equal  parts  of  a  unit,  and  may  be  read  abth.     But  as  a 
of  the  b  equal  parts  of  a  unit  is  equivalent  to  one  of  the  b 

equal  parts  of  a  units,  j  in  the  more  restricted  sense  may 

still  be  read  a  divided  by  b. 

182.  A  Compound  Fraction  is  a  fractional  part  of  an 

integral  or  fractional  quantity ;  as,  -roi  c  (read  a  bih  of  c)^ 

a       c 
or  -^  of  ^  (read  a  bih  of  c  divided  by  d). 

183.  A  Complex  Fraction  is  a  fraction  one  or  both  of 
whose  terms  are  fractional  in  form. 

184.  The  inverse  of  a  fraction  is  the  fraction  resulting 

7%  n 

from  an  interchange  of  its  terms.    —  is  the  inverse  of  -^ . 

186.  The  reciprocal  of  a  quantity  is  unity  divided  by 
the  quantity. 
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Reduction  of  Fractions. 

Definition. 

186.  Bednction  is  the  process  of  changing  the  form  of 
an  expression  without  altering  its  yalae. 

Principles. 

187.  Let  -  be  any  fraction,  v  its  yalne,  and  n  any 
quantity,  then 

-  =  t;  (1) 

y  ^  ' 

Kow,  since  the  dividend  equals  the  product  of  the  divi- 
sor and  quotient, 

x^vy         (2) 
and  nx  =  nvy  [Ax.  4]  ; 

whence       —  =  nv     [Ax.  5].    Therefore, 

JPrin.  1* — Multiplying  the  numerator  multiplies  the 
value  of  a  fraction. 


188.  Let      -  =  » 

then             X  =  vy 

and              a;  =  «»Xy-^«  [144,  P.  1]  ; 

X 

whence  =  » v                [Ax.  51.    Therefore, 

Prin.  2. — Dividing  the  denominator   multiplies 

the 

value  of  a  fraction. 

189.  Let      -  =  t; 

then             X  =  vy 

and        a;  -5-  n  =  (v  -5-  n)  X  y  [Ax.  6],  [98,  P.  1]  ; 

whence  — - —  =z  v-r-n           [Ax.  51.    Therefore, 

Prin.  3.     Dividing  the  numerator  divides  the  value 
of  a  fraction. 
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190.  Let  -  =  r 

y 

then  »  =  vy 

and  a;  =  (v  ^  n)  X  »y  [144,  P.  1]  ; 

whence  —  =  r  -M»  [Ax.  61.     Therefore, 

ny 

JPrin.  4. — Multiplying  the   denominator   divides  the 

value  of  a  fraction. 

191.  Let  -  =  v 

y 

then       —  =:  nv  [P.  1], 

y 

and         —  =  nv-7-n  =  V  [P.  41. 
ny  "■ 

-  =  —  [Ax.  11.     Therefore, 

y      ny  "■         ■• 

Fi'in.  5* — Multiplying  both  terms  of  a  fraction  by  the 
same  quantity  does  not  alter  its  value. 


192.  Let  -  =  v 

y 

then  ^±^  =  t;^w  [P.  3], 

•f 

and       "^     =  (v  -5-  w)  X  w  =  V  [P.  21     Therefore, 
y-i-n      ^         ^  ^       ■■ 

Prin.  6. — Dividing  both  terms  of  a  fraction  by  the 
same  quantity  does  not  alter  its  value. 


198.  Multiplying  both  terms  of  a  fraction  by  —  1 
changes  the  signs  of  both  terms,  bat  does  not  alter  the 
value  of  a  fraction  [P.  6] ;  therefore, 

JPrin*  7. — Changing  the  signs  of  both  terms  of  a  frac- 
tion does  not  alter  the  value  of  a  fraction. 

niTurtaration.— Thus, =  p (-— ) — -{  = . 

'a  — y      {«-y)X(-l)      y-a 
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194.  Let  ^P^  =  V 

then  a  —  a;  =  V  (J  —  y) 

and  —  1  (a  —  a:)  =  —  1  X  » (J  —  y)  [Ax.  4], 

or  —  (a  —  »)  =  —  t?  (ft  —  y) 

and  ^  h^      =  —V  [Ax.  5], 

*-y 

a  —  x  _  ^  —  (fl  —  g) 

i  — y  "~  J  — y  ' 

In  a  similar  manner  it  may  be  shown  that : 
a  —  x_  a—  X  a-^x  _       —  (a  —  a:)         , 

a  —  x            a  —  x       -^-       - 
—  T =  — 77 r.     Therefore, 

JPrin.  8. — Changing  the  apparent  sign  and  the  sign  of 
either  term  of  a  fraction  does  not  change  the  value  of  tlie 
fraction. 

Problems. 

1.  To  reduce  a  fraction  to  its  lowest  terms. 

196.  Definition. — A  fraction  is  in  its  lowest  terms  when 
the  numerator  and  denominator  are  prime  to  each  other. 

196.  Since  a  fraction  is  in  its  lowest  terms  when  the 
numerator  and  denominator  are  prime  to  each  other  [195], 
and  two  quantities  are  prime  to  each  other  when  they  haye 
no  common  factor  [150],  and  the  highest  common  divisor 
of  two  quantities  is  the  product  of  all  their  common  fac- 
tors [153,  P.  1],  it  follows  that,  if  both  terms  of  a  fraction 
be  divided  by  their  highest  common  divisor,  the  fraction 
will  be  reduced  to  its  lowest  terms,  and  its  value  will  not 
be  changed  [192,  P.  6].     Therefore, 
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Buie. — Divide  both  terms  of  the  fraction  by  their  high- 
est cmnmon  divisor. 

niustration. — Beduce  — ^^ — i?—  to  its  lowest  terms. 

a  —  tr 

fli^        a«  +  2a6  +  6»      (a  +  &)(a  +  &)      a  +  h 
Solntion:  -—^-^—  =  ^-—^^^--^  =  _^. 

2.  To  reduce  a  mixed  quantity  to  an  improper  fraction, 
niustration. — 
Reduce  a  —  a; ^ —  to  an  improper  fraction. 

^  ,  ^  a*  +  a?'       a  —  x      a^  +  a^ 

Solutioxi :  a--x : —  =  — = ; — 

a  +  x  1  a  +  X 

a'  —  a;'       a?  +  x*  1 


a  +  a;        a  +  a;        a  +  a;^  /l>        j 


:  {a«  -  a;«  -  a«  -  a;«)  =  -—-{- 2  a:«)  =  • 


a-¥x^  '      a-^x^  '       a  +  aj 

=  -  -?^  [194,  P.  8]. 

a  +  x  ^  ■* 

8.  To  reduce  improper  fractions  to  integral  or  mixed 

quantities, 
niustration. — 

Reduce  —      _i. to  a  mixed  quantity. 

^   _, =  (a*  +  aJ  — 4J*)-5-(a  — J)  = 

Solutioxi:  Since  a  fraction  indicates  division,  and  the  numerator 
is  partly  divisible  by  the  denominator,  we  perform  the  division  and 
obtain  a  quotient  of  a  -\-2b  and  a  remainder  of  —  3  bK  As  —  3  6'  is 
not  divisible  by  a  —  J,  we  simply  indicate  the  division  and  add  the 
result  to  a  +  2bf  then  change  the  apparent  sign  and  the  sign  of  the 
numerator  of  the  fractional  part. 

4.  To  reduce  fractions  to  similar  forms. 

197.  Definition. — Fractions  are  similar  when  they  have 
a  common  denominator. 
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Let  %9  ^9  and  ^  be  any  three  fractions. 

Suppose  m  any  common  multiple  of  h,  d,  and  f,  and 
let  m  =  bxx  =  dxy=fxz. 

a       aXx  p^Q     T>  Ki       ^x 

^'"''  *  =  ft><i  t^^^'  ^-  ^^  =  ■^' 

^  =  ixy  [191,  p.  5]  =  ^, 

Here  we  obserre  that  m,  a  common  multiple  of  the 
denominators  of  the  fractions,  forms  a  common  denomina- 
tor of  the  fractions.    Therefore, 

Prin.  1. — Any  common  multiple  of  the  denominators 
of  two  or  more  fractions  may  be  taken  as  a  common  de- 
nominator of  the  fractions. 

198.  If  dissimilar  fractions  are  in  their  lowest  terms, 
it  is  evident  that  they  must  be  reduced  to  higher  terms  to 
hare  a  common  denominator,  and  this  can  only  be  done 
by  inserting  a  common  factor  in  both  terms  of  each  frac- 
tion ;  hence,  every  common  denominator  must  be  a  com- 
mon multiple  of  the  denominators,  and  the  lowest  common 
multiple  of  the  denominators  will  be  the  lowest  common 
denominator.     Therefore, 

JPrin.  2. — The  lowest  common  multiple  of  the  denomi- 
nators of  two  or  more  fractions  in  their  lowest  terms  is 
their  lowest  common  denominator. 

SchoUwin. — Fractions  not  in  their  lowest  terms  may 
sometimes  be  reduced  to  similar  forms  by  reducing  them  to 
lower  terms,  in  which  case  their  common  denominator  is 
not  a  common  multiple  of  the  denominators.    Thus, 

a*— a;*       ,  a^-^-Qi?  .    i     i  j.    a+x      ,  a^—ax+Q? 

7 w  and    o      o  are  equivalent  to  — '—  and  ' — . 

{a^xy         a^—QT         ^  a—x  a—x 


Digitized  by 


Google 


90  ADVANCED  ALGEBRA. 

BlnstratiYe  Example. — 

Eeduce  — ; — ,  9   and     g       >  to  their  lowest 

a  +  ic     a  — a?  ar^ar 

similar  forms. 

Sdutioii :  The  L.  C.  M.  of  a  +  «,  a  —  rr,  and  a*  —  x\  is  a»  —  a:*, 

which  is  the  L.  G,  D.  of  the  fractions  [P.  2]. 

a--x  ^  (a  —  g) (g  —  a;)  _  a'-"2oa;  +  a;* 

a  +  a; ""  (a  ■{■  x)(a  --  x)  ^       a^  —  x* 

a  +  x  __  (g  +  a;) (g  +  x)  _  g*  +  2ga;  +  g* 

g  — a?  ""  (g  —  a;)  (g  +  a;)  ""        g'  —  «*       ' 

,  g*  — a;*  g'  — ai* 

and  -« 5     =:     —5 «• 

a^  —  x^  g'  —  a;* 

Vote.— To  determine  the  factor  to  be  inserted  in  both  terms  of 
any  fraction,  divide  the  L.  C.  D.  by  the  denominator  of  that  fraction. 

EXBHCISB    8S2L 

1.  Eeduce  ., ^   ,^  ^  .  and  ^^..  ,^  .  to  lowest  terms, 

p  /I        a^-^  +  5  a?  +  6       ,   g^  +  g'y'  +  y*  to  lowest 
a:*-|-6a:  +  9  a:*  — ic*y +  a;y*       terms. 

o   -D  ^  6a:«+13a:+6       ,16a^  +  4a*+l 

3.  Eeduce  ^^  o      ..o — —n  ai^d     .    o  '    Hr 

to  lowest  terms. 

4.  Eeduce  2  a:  +  7  —  ^ — ^75  to  an  improper  fraction. 

Rpd  —  2  4-     11  ^  +  ^^     to  an  improper 

'  a*  +  7  a;  +  10       fraction. 

6.  Eeduce  — ^  »  ,  <> —  to  a  mixed  quantity. 

7.  Eeduce  — '-s-; — '     .      ' —  to  a  mixed  quantity. 

8.  Eeduce TZTRt *^  *  mixed  quantity. 

^  .  X  y  -      «      to  lowest  simi- 

9.  Eeduce  3 ,  ^  ^    «,  and  :; -3       ,     . 

1— a;'l--ar^'  1  — ar*        lar  forms. 
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to  lowest  similar  forms. 

11.  Show  that  changing  the  signs  of  an  even  number 
of  factors  in  either  term  of  a  fraction  does  not  change  the 
real  sign  of  the  fraction. 

12.  Show  that  changing  the  signs  of  an  odd  number  of 
factors  in  either  term  of  a  fraction  changes  the  real  sign  of 
the  fraction. 

13.  Boduoe  K — s— 5*  s — ;r-i>  and 


-27?'  3-3««'  3a;-3 

to  lowest  similar  forms. 

14.  Reduce  ^  ttT^     n — -'-s  to  its  lowest  terms. 
3flr4"^  —  9a;  —  o 

16.  Reduce  ^— i — T^r-^ — ^^^ ^^  to  its  lowest  terms. 

6  fl'  —  11  a*  —  37  a  —  20 

16.  Reduce 

^  +  y x  +  z  ^^^  y  +  z 

(x-y){Z'-xy  {y'-x){x-zy  {X'^y){z-y) 

to  lowest  similar  forms. 

17.  Eeduce  a^-'  +  ary  +  y*"- ^,f  ^^y,, 

to  an  improi)er  fraction. 
fl*c*  +  flrd*  +  S*c*  +  8*rf*  to  its  lowest 


18.  Reduce 


a»c»  —  a"d*  +  J"c*  —  S*d»       terms. 


Addition  and  Subtraction  of  Fractions. 

Principles. 

Therefore, 

JPrin.  1. — The  sum  of  two  or  more  similar  fractions 
equals  the  sum  of  their  numerators  divided  by  their  com- 
mon denominator. 
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a  ,  a      ay  ,  ax        1   ,       ,       .       a(a:  +  y) 

~  +  -  =  -^4 =  —  (ay  +  ax)  =     ^   ^^'. 

X  '  y      xy  ^  xy      xy^  ^  ^       '  xy 

Therefore, 

Trin.  2. — The  sum  of  two  fractions  having  a  common 
numerator  equals  the  common  numerator  into  the  sum  of 
the  denominators^  divided  by  the  product  of  the  denomi- 
nators. 

201.  f^-*=l(a-})  =  ?^^.     Therefore, 

X  X  X  ^  ^  X  ^ 

JPrin.  3. — The  difference  of  two  similar  fractions  equals 
the  difference  of  their  numerators  divided  by  their  common 
denominator. 

202. =  -^ =  — (ay —  ax)  =  -^ '-. 

X      y       xy      xy      xy^  ^  '  xy 

Therefore, 

Trin.  4* — The  difference  of  two  fractions  having  a 

common  numerator  equals  the  common  numerator  into  the 

difference  between  the  second  and  first  denominators^  di" 

vided  by  the  product  of  the  denominators. 

Problem.    To  add  and  subtract  fractions. 
Illustrations. — 
1.  Find  the  Talue  of  ^  +  ^  -  *         ^^* 


a^b^a  +  b      a^'-V' 
Solution :  L.  C.  D.  =  a«  -  &«. 

a  +  6  _(a  +  6)(a  +  &)  _  o»  -f  2a6  +  &« 


a  —  6  ""  (a  — 

b)(a  +  b) 

a«-6« 

a  —  h      (a  — 

b)(a-b) 

a«-2aJ  +  &« 

a  +  6  ""  (a  + 

b){a-b) 

~        a«~6« 

4ab 

-4a& 

a«+2a6+6« 

2(a«~2a&+ft«) 

_2(a-b) 
""     a+6 

Therefore,  ^_^  +  ^^^ 

4ab        2(a-ft) 
a«-68-    a  +  6 

• 
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2.  Find  the  yalue  of 

1       I       1 I       1 

{x-z)(z-y)^  {x-y){!n-z)^  {y-x)(t-x)' 
1  -1 


ftdntioii : 


1  _  1 

{y  —  x){z  —  x)      (a;  —  y)  {x  —  z) 
111 


(x^z){z^y)      (a;-y)(y-^)      (y-a:)(«-a;) 

-1  1  1 

{X''Z){y-z)  "^  (a;-y)(y-2)  "*■  (x-'y){x-z)' 
-1  (a;-y)        ^  «—«  ^  y-r  _  2(y-g) 


(«— y)(a;— ;e)(y--«)      c.d      c.d       (x-y){x-'Z)i^—z)      (x—y){x—z) 

Votes. — 1.  Sometimes  it  is  better  to  combine  two  fractions  and  the 
sum  with  the  third,  etc. 

2.  Mixed  quantities  are  most  readily  added  by  adding  first  the 
integral  parts,  then  the  fractions. 

EXERCISE    SSi 

Find  the  value  of : 

7a:-5       6a;-4       10-3a; 
3a?     "^      4a;     "•"       Qx 

aS^p  +  2ab  +  aV      g-y      a^  +  V 
aW  ah  W 


2. 


3. 


5.2  5 


"^a:  —  3"*"a,-«  —  a?— 6 


a;  +  2  ^a:  — 3  ^a,-*  — a:— 6  a;  — 1       1— a^ 


^       1       .       2       ,       3a:  +  7 


a:-2^a?-3^a:«-5a;  +  6 

1  a;-2 3_ 

•a:  +  l       a:«-a?  +  l       ar^^i 

„       3       ,       7  9a:-13 


a;  — l^a;  — 3       a;«  — 4a;  +  3 
„       5,6-      4a:-2 

8-  :r3^  + 


9. 


a:-2^a:~5       a;«-7a:+10 
111 


4(a-l)       4(a  +  l)       2(a«  +  l) 

Google 
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la 

x  +  2 

1 

3         .2 
2{x-l)^  X 

%(x  +  \) 

11. 

1 
l  +  » 

-ih-^ 

1        1        1 

l  +  2»   '   l-2« 

12. 

1        2 

+      '      - 

4 

/^     1      l\2 

2  3 5__  4 


16. 


b-ba?^  2z-2       Sa?  —  3^6x  +  5 
a  +  b  b  +  c  c  +  a 


{c  —  b){a  —  c)       {b  —  a){c  —  a)       {a  —  J)  (e?  —  b) 


^^'  ai'  +  a^  +  l      a^-x  +  l'^  a?  +  x  +  l 

17.  7- JSTT. -\  +  7 


18. 


(a  —  S)  (c  —  a)   *   (c  —  b)  (S  —  a)       {a  —  c)  {c  —  b) 
1  1  1 


(a  —  a;)  (a;  —  J)       (c  —  a;)  (*  —  a;)       {x  —  a)  (6-  —  x) 

1 

{b  —  x){x  —  c) 

4:0?  1 2^ 1 

a;  ,  a; 


a  —  *  —  (a  —  J)a;^a  +  J  +  (a  +  J)a; 
1  1 , 


2  a  (c-a)  (a-x)       (a*-c^)  (c + a;)  ^  2  a  (a  +  a?)  (c + a) 

Google 
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Multiplication  and  Division  of  Fractions. 

Definition  and  Principles. 
203.  To  multiply  or  divide  by  a  fraction  is  to  multiply 
or  divide  by  the  quotient  of  two  quantities. 

^  X  c  [190,  P.  4],  [188,  P.  2]  =  fl  [187,  P.  1]. 

Similarly,  t^  X  -^  =  Ydf^  ^^'    Therefore, 

Prin.  1. — The  product  of  two  or  more  fractions  equ^ah 
the  product  of  their  numerators  divided  by  the  product  of 
their  denominators. 

20S.  Since  dividing  the  numerator  of  one  fraction 
divides  that  fraction,  and  dividing  the  denominator  of 
another  fraction  multiplies  that  fraction,  dividing  the  nu- 
merator of  one  fraction  and  the  denominator  of  another 
fraction  hy  the  same  quantity  does  not  alter  their  product 
[144,  P.  1].    Therefore, 

Prin.  2. — Canceling  a  factor  common  to  the  numerator 
of  one  fraction  and  the  denominator  of  another  does  not 
alter  their  product. 

(^Xd\-^c  [188,  P.  2]  =  I  X  ^  [98,  P.  1]. 

Therefore, 

JPrin,  3. — The  quotient  of  two  fractions  equals  the 
dividend  multiplied  hy  the  inverse  of  the  divisor. 

207.  Since  dividing  the  numerators  of  two  fractions  by 
any  quantity  divides  the  values  of  the  fractions  by  that 
quantity  [189,  P.  3],  and  dividing  the  denominators  of  two 
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fractions  by  any  quantity  multiplies  the  values  of  the  frac- 
tions by  that  quantity  [188,  P.  2],  and  neither  of  these 
operations  changes  the  yalue  of  the  quotient  of  the  frac- 
tions [147,  P.  4],  it  follows  that, 

Brin.  4* — Canceling  a  factor  common  to  the  numera- 
tors or  the  denominators  of  two  fractions  does  not  alter 
their  quotient. 

Problems. 

1.  To  find  the  product  of  two  quantities,  one  or  both 

of  which  are  fractions. 

niustrations. — 1.  Multiply     ""  ,  by  ^^^-r. 
solution:  ^  ^  oj^  ^  (a -- x)(a  ^  ^)  ^p  ^  ^  ^ 

2.  Multiply  — r-Y"  by  — 7 ^ — • 

^^    a  +  b     ^        (a  —  xf 

*'^***^--STF''       (a-a;)« ^^k^.  (a-a;)Gt-^ 

^  (g+a;)  ^  a+&  .p  g,  ^  o«+a&+aa;+6a;  _  rp  ^i 
1  a—x  L  •    J  a  — ic  L  •    > 

3.  Multiply  ^  +  ii  by  ^-^. 

Ford* 

aa"^  3J 
2»  _  3y 
3a        2} 


^  ,     2a;y 


9a;y  _  ^ 
4aJ       25* 


^      73a;y      ^^ 
^      36aft       aF 
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2.  To  find  the  quotient  of  two  quAntities,  one  or  toCli 
of  which  are  Ihictione. 

ninrtratioM.— 1.  Divide  ^^i^  by  5^^. 

Bolvtion:  h ; —  = x [P.  81  = 

a  —  x      a  +  x      a  —  x      a  —  x*-      -* 

(a  -^  x)*    p  ^  _  o»  +  2aa;4-a;» 
(a-x)*  ^^'^^  ""a»-2oa;  +  aJ»* 

2.  Divide  ?L±^by  a«-a^. 
a^x    •' 


Miitioii: 


a  -{-x      a^  —  x*         1  a  —  x 

a  —  x  1 


a  —  x         1      *-       -^ 


— ^  X  -i—  [R 81  =  -r-o-^^ 15  [P.  11 

a  —  x      a  —  x*-       •■       a*  — 2ax  +  x**-       -^ 

2!^  X 

3.  Divide  -5  —  «*  by z. 

Mutioa:  g  -  ^.)  ^.  (|  -  ^)  =  ^  +  ^  +  ..  [184,  P.  1]. 

4.  Find  the  value  of  P^.  X  ;?^-^  ^  ^^. 

m  m  ^  x*  —  ifl  a*  —  b*  X  ■{■  y 
(a  —  by  {x  —  yy  x  —  y 
0>-^QXr+^      (a  +  h)Qsr^^      lt>>v3^  _  g  +  6 

EXERCISE    84. 

Find  the  value  of : 

3.  (a-_^^^___  _______ 

01?  — y^  d?-\-V  \«       */ \^      y/ 

a^  +  y*  _^  a:^— gy+y* 
■  01?  — f  '  3?+xy+y* 


M)' 
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ie«  +  7a!  +  12  .  ig*  +  6a!  +  8 
■•  3»-    x-n  '  a»-2z-8 

-(^:-«^)x(«'-^ 

a;»  +  3a;y  +  2y»  ^  3i?-xy-2y* 

^^'  a«-2a  +  4  ^  a«  +  3a  +   9 

a?  —  {y  —  zY  ^  ay  —  ax'-az 
■y*  —  (aj  +  z)*  *  bx'\-by'\-lz 

■  \«+y    ^-y/  *  \«-y    «+y/ 

a:»-y»       (a?  +  y)*  ^  a^  +  a?y  +  y« 
a^'  +  y'^Ci^^-y)*  •  7?^xy  +  f 

ac  +  ad  +  hc-^-bd      ax  +  ay  +  bx  +  by 
■  aa;  +  ay  —  Sa;  — iy  ac  +  ad  —  bc  —  bd 

(—  ^  —  ^  —  M^  —  ^\  _j^  /£  _  A 
yz   a  "•"  Ay  "*"  a«  "  oJ/  '^  \y  "  a) 


Reduction  of  Complex  Fractions. 

208.  A  complex  fraction  may  be  reduced  to  a  simple 
fraction  by  dividing  the  numerator  by  the  denominator, 
or  by  multiplying  both  terms  by  the  L.  0.  D.  of  the  par- 
tial fractions  it  contains. 
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ninstratioii. — Simplify  , 

a+  —      I  a+  —  \cd  ,     .  , 

"»*«•• ^  =  -? ^-^ =  6cd  +  c«  • 


*  +  3      (*  +  ^)^'^ 


EXERCISE    88. 

Bednoe  to  simplest  forms  : 


g'  +  a^y  +  y'  ■  a;  +  y   .   a!«  +  y« 

ic  — y  x  — y"^a;«-y» 

«  +  l    ,  gft  +  g      ^    , 


gft  +  l^gt  +  l 
g  +  1       gft  +  g  ,  J 


aJ  +  1      ab  +  1 

11 

a       5 


9. 


^^-ft  +  ^  +  ^j^y  +  ^-^j 
l-ui  1  —  1 

1-1        1  j-1 

u 
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Highest  Common  Divisor  and  Lowest  Common 
Muitlple  of  Fractions. 

Definitions  and  Principles 

209.  A  Divisor  of  a  fraction  is  a  fraction  that  is  con- 
tained in  the  fraction  an  integral  number  of  tiroes. 

a      h 

Thus,  Tg  IS  a  divisor  of  ^,  since  t^m=3:X  —  =  «*. 

210.  A  Multiple  of  a  fraction  is  any  integral  number 
of  times  the  fraction,  and,  therefore,  contains  the  fraction 
an  integral  number  of  times. 

Thus,  T-  is  a  multiple  of  t^,  since  -^  ^  ^  =  a& 

211.  The  terms  common  divisor,  common  multiple, 
highest  common  divisor,  and  highest  common  multiple, 
have  the  same  general  meaning  when  applied  to  fractions 
as  when  applied  to  integral  quantities. 

212.  Let  -Ty  -^9  a^d  -u  be  any  three  fractions  in  their 
lowest  terms,  and  —  any  common  divisor  of  them  in  its 

y 

lowest  terms;  then 

--?--,  or  -tX^  =  an  integer, 
y  b       X  °    ' 


d 


^       X  c       y 

3  -7-  -,  or  -3  X  -  =  an  integer. 


P  X  6  li 

and  -z  -i — ,  or  -^  X  -  =  an  integer. 

Since  all  the  fractions  are  in  their  lowest  terms,  it  is 
evident  that  the  results  can  be  integral  only,  if  a;  is  a  divi- 
sor of  a,  Cy  and  0,  and  9  is  a  multiple  of  &,  dy  and  /; 
therefore. 
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PHn,  1. — Any  common  divisor  of  two  or  more  frac- 
tions in  their  lowest  terms  is  a  fraction  whose  numerator 
is  a  common  divisor  of  their  numerators,  and  whose  de- 
nominator is  a  common  multiple  of  their  denominators. 

213.  K  —  is  to  be  the  H.  C.  D.  of  the  fractions,  it  is 

y 

CTident  that  x  must  be  taken  of  as  high  a  degree  as  pos- 
sible, and  y  of  as  low  a  degree  as  possible ;  therefore, 

:Prin.  2. — The  highest  common  divisor  of  two  or  more 
fractions  in  their  lowest  terms  equals  the  highest  common 
divisor  of  their  numerators  divided  ty  the  lowest  common 
multiple  of  their  denominators. 


a     c  e 

214.  Let  jy  -^y  and  -^  be  three  fractions  in  their  low- 

est  terms,  and  —  be  any  common  multiple  of  them  in  its 

lowest  terms ;  then 

X       a  X       b  .  , 

— '-  -T,  or  -  X  -  =  an  integer, 
y       b  y       a  ^    ' 

X       c  X       d 

— r-  J,  or  —  X  —  =  an  integer, 

y       d'        y       c  ^    ' 

X  6  X  "f 

and  — 5-  -2;,  or  -  x  —  =  an  integer. 
y     f        y      e 

These  integral  results  are  possible  only,  if  x  is  a  com- 
mon multiple  of  a,  c,  and  e,  and  y  is  a  common  diyisor 
of  ty  dy  and  /.     Therefore, 

JPrin.  3. — Any  common  multiple  of  two  or  more  frac- 
tions in  their  lowest  terms  is  a  common  multiple  of  their 
numerators  divided  by  a  common  divisor  of  their  denomi- 
nators. 

X 

215.  If  —  is  to  be  the  L.  C.  M.,  x  must  be  made  of  as 

y 

low  a  degree  as  possible,  and  y  of  as  high  a  degree  as  pos- 
sible.   Therefore, 
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PHm.  4. — The  lowest  common  multiple  of  two  or  more 
fractions  in  their  lowest  terms  is  the  lowest  common  mul- 
tiple of  their  numerators  divided  by  the  highest  common 
divisor  of  their  denominators. 

EXERCISE    86. 

Find  the  H.  0.  D.  and  L.  C.  M.  of : 

1  ?•    ?!   and  -     a.  <^""'^^'    <^-^)'    and  ^^^"^^^ 
1.  ^,  ^,  ana  ^,      x  {a  +  x^'  (a  +  x)^'  ^^"^  (a  +  x)^ 

a^  —  a*    «■  —  2aa?  +  a*        ,         a?  —  c? 
*  - — -,  and  


x  +  y'        a;^  +  y»       '"       ^^^xy  +  f 

ac—ad'-bc-\'bd^  a*— J*'  am  —  bm 

6.  The  product  of  the  H.  0.  D.  and  K  C.  M.  of  two 

fractions  is  \ 4,  and  one  of  them  is  .    What 

{x-yf  x-y 

is  the  other? 

a 

6.  The  L.  C.  M.  of  two  fractions  is  ^ ,  and  their  H.  0.  D. 

is  -J ;  one  of  the  fractions  is  —  •    What  is  the  other  f rac- 
d  n 

tion? 

7.  The  sum  of  two  n  ambers  is  ay  their  H.  C.  D.  is  Cy 
the  difference  between  the  other  two  factors  is  rf.  What 
are  the  numbers? 


Involution  and  Evolution  of  Fractions. 

Principles. 

216.  1^1  =^x^X^X tow  factors  =  ^. 

Therefore, 

Trin.  1. — Any  power  of  a  fraction  equals  that  potoer 
of  the  numerator  divided  by  that  power  of  the  denomina- 
tor.    Or, 
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:Prin.  2. — Any  power  of  the  quotient  of  two  quantities 
eqtMls  the  quotient  of  the  like  powers  of  the  quantities. 


217.  Since  y=LL  =  ^,y-  =  ^  =  ^. 

Therefore, 

Prill.  3, — Any  root  of  a  fraction  equals  that  root  of  the 
numerator  divided  by  that  root  of  the  denominator.    Or, 

Prin.  4, — Any  root  of  the  quotient  of  two  quantities 
equals  the  quotient  of  the  like  roots  of  the  quantities. 

218.  Any  quantity  that  may  be  obtained  by  raising 
some  other  quantity  to  a  power  of  a  given  degree  is  a 
perfect  power  of  that  degree. 

219.  A  quantity  that  can  not  be  obtained  by  raising 
some  other  qnantity  to  a  power  of  a  given  degree  is  an 
imperfect  power  of  that  degree. 

EXERCISE    87. 

Find  the  value  of  : 
^-  V"  ^  ^  \4.d*(^-f)  ^  [ay  +  byj 


8. 


,^     ?  /1738  ,,     ,/ 653536 


"•//^ 


4096  T  5764801 

12. 


j /127263527  ^3     «/ 

y  403583419  '  T  ' 


2985984 


11390625 
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14. 


-xf 


/(a:  +  2)(x  +  5)(a:«+7a;+10) 
T   (a?-2)(a?-5)(a;«-7a;  +  10) 

19.  4/  -f  H — 2  H 2  n  H-  w*  —  2 


^1-  /i/  1 Tii  to  four  terms. 


Evolution  of  Decimals. 

220.  The  square  of  a  tenth  is  a  hundredth,  the  square 
of  a  hundredth  is  a  ten-thousandth,  the  square  of  a  thou- 
sandth is  a  millionth,  etc.     Therefore, 

221.  The  square  root  of  a  hundredth  is  a  tenth,  the 
square  root  of  a  ten-thousandth  is  a  hundredth,  the  sqiuire 
root  of  a  millionth  is  a  thousandth,  etc. 

Hate.— The  square  decimal  units  below  one  are  the  h/undredthf  the 
ten-tJunuurndth,  the  millionth^  the  hu/ndredth-miUumih,  etc 

222.  The  cube  of  a  tenth  is  a  thousandth,  the  cube  of  a 
hundredth  is  a  millionth,  the  cube  of  a  thousandth  is  a 
billionth^  etc.     Therefore, 

223.  The  cube  root  of  a  thousandth  is  a  tenth,  the  cube 
root  of  a  millionth  is  a  hundredth,  the  cube  root  of  a  bill- 
ionth is  a  thousandth,  etc. 

Kote. — The  cubic  decimal  units  below  one  are  the  tJumsandth,  the 
millionth,  the  billionth,  the  trillionth,  etc 
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nimtratioiii. — ^1.  Extract  the  square  root  of  -015376. 

Bolntlaii:    \/^0i5376  =  ^\^1%  x  1  millionth  =  124  x  1  thou- 
sandth =  -124. 

2.  Extract  the  cube  root  of  *015625. 


Solution:  V^015^  =  1/1^21^  x  1  millionth  =  25  x  1  hundredth 
=  •25. 

3.  Extract  the  square  root  of  '3  to  within  a  thousandth. 
Bdhition:  Since  the  square  of  a  thousandth  is  a  millionth,  we 

reduce  -3  to  millionths.    V-3  =  V*300000  =  V^OOOOO  x  1  millionth 
=  (547+)  X 1  thousandth,  oif  (548-)  x  1  thousandth  =  -547+  or  *548— . 

7 

4.  Extract  the  cube  root  of  ^  to  within  a  hundredth. 

o 
Solution :  Since  the  cube  of  a  hundredth  is  a  millionth,  we  reduce 

^  to  millionths.     ^  =  V'875000  =  ^/875000  x  1  millionth  = 

95+  X  1  hundredth  or  96—  x  1  hundredth  =  -95+  or  •96—. 

Vote.— If  a  decimal  contains  2,  4,  6,  8,  etc.,  figures,  the  unit  ol 
its  denomination  is  a  perfect  square.  If  it  contains  8,  6,  9,  12,  etc, 
figures,  the  unit  of  its  denomination  is  a  perfect  cube. 

EXERCISE    88. 

1.  Extract  the  square  root  of  -0576,  5-6644,  1190.25. 
a.  Extract  the  cube  root  of  -000008,  300-763,  66-923416. 

3.  Extract  the  square  root  of  -2,  '35,  5,  -4,  1-06  to 
thousandths. 

4.  Extract  the  cube  root  of  -8,  -08,  -3,  5,  7  to  thou- 
sandths. 

6.  Find  the  valne  of  V2  and  V3  to  within  a  hundredth. 
6.  Find  the  value  of  \/  -^  to  within  a  thousandth. 

.  224.  If  r  figures  of  a  square  root  have  been  obtained 

by  the  usual  method,  r  —  1  more  figures  may  be  obtained 

by  simply  dividing  the  remainder  by  the  next  trial  divisor. 

This  may  be  proved  as  follows :  Let  it  be  required  to 

extract  the  square  root  of  4023456789. 
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Bdhitioii:  We  find  the  Fom. 

first  three  figures  of  the  40'23'45'6  7'8  9  (  63  43  0 

root  by  the  usual  method.  q  g 

They    represent    63400. 
The  remainder  is  8896789.  1^3 

Let  n  represent  the  num- 
ber expressed  by  the  12  64 
next  two  figures  of  the 
root.  Now,  (63400  +  n)* 
=:63400*  +  2x  68400  X  1268. 
t»  +  n*  =  4028456789. 
The  square  of  68400  has 
already  been  taken  from 
the  number ;  hence, 
8896789  =  2  X  68400  xn  +  n»;  whence ^^^^=n+ jg^.  Since 

n  contains  only  two  figures,  its  square  can  not  contain  more  than 

n«  1 

four  figures,  hence  -iofiooo  ^  ^^^^  ^^^^'^  To*    Therefore,  if  we  divide 

8896789  by  126800,  the  quotient  will  be  the  value  of  n  to  within  ^. 

ftehfttinTn. — It  must  not  be  inferred  that  the  true  remainder  is  92789, 
for  we  have  taken  from  the  number  only  (68400)*  +  2  x  68400  x  80. 
The  true  remainder  is  92789  -  80«  =  91889. 

With  918890000  as  a  new  dividend,  and  2  x  68480  as  a  new  divi- 
sor, the  next  four  figures  of  the  root  may  be  found,  etc. 

Genaral  Demonstration. — Let  iV  represent  the  number  whose  squara 
root  is  desired  to  2r  —  1  places.  Let  a  equal  the  root  to  r  places, 
and  X  the  value  of  the  remaining  r  —  1  figures  of  the  root. 

Then  V^  =  a  ■\- x^  nearly, 

and  iV^=a«  +  2aa;  +  a;«; 

whence,  N—  a*  =  2aa;  +  x\ 

and         — 5 =  a;  +  jr— . 

2a  2a 

Now,  since  x  contains  r  —  1  figures,  o^  can  not  contain  more  than 
2r  — 2  figures;  and,  since  a  contains  2r  — 1  figures,  —  <  1»  and 

s—  <  -Q  ,  which  is,  therefore,  above  the  limit  of  error  if  5—  is  omitted. 

But  N—iJ?  is  the  remainder  after  r  figures  of  the  root  have  been 
found,  and  2  a  is  the  next  trial  divisor.  Therefore,  the  principle  is 
established. 

7.  Find  VY,  VlO,  and  V^  to  5  places. 

Digitized  by  VjOOQ IC 


EVOLUTION  OF  DECIMALS. 


107 


225.  If  r  figures  of  a  cube  root  have  been  obtained  by 
the  usual  method,  r  —  2  more  figures  may  be  obtained  by 
simply  dividing  the  remainder  by  the  next  trial  divisor. 
Let  it  be  required  to  extract  the  cube  root  of 
2324376432543476. 
xomi. 
2'324'3  7  6'432'543'476  (132465 
1 
3.  .  "" 


9. 


9 


399. 


507. 

78 


51484 


52272 

1584 
16 


5243056 


5258928' 


1324 


1197 


127376 


102968 


24408432 


20972224 


)343620854'3476(65 
31553568 
28085174 
26294640 


Bolatiini :  We  find  the  first  four  figures  of  the  root  by  the  usual 
method.  They  represent  132400.  The  remainder  is  8436208543476. 
Let  n  represent  the  number  expressed  by  the  next  two  figures  of  the 
root.  Now,  (132400  -f  n)»  =  132400»  +  3  x  132400*  x  n  +  3  x  132400 
X  n«  +  n»  =  2324376432543476.  The  cube  of  132400  has  abeady  been 
taken  from  the  number,  hence  the  remainder  3436208543476  =  3  x 

132400»  X  n  +  3  X  132400  x  w«  +  n» ;  whence,     g^^^^,    =  n  + 

Since  n  contains  only  two  figures,  n*  can  not 


132400^  3x  132400*  • 

contain  more  than  four  figures,  and  n'  can  not  contain  more  than  six 

10'  ' —  3x  132400* 


w*  1 

figures.    Therefore,    .^^^^  is  less  than  :^,  and 


132400 


IS 
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1  1  843620854376 

than  T^,  and  their  sum  is  less  than  g-;  hence  ■  g  ^  132400*   ^^^^ 

n  to  within  -=-  • 
0 

General  Demonitration.— Let  N  represent  the  number  whose  cube 
root  is  desired  to  3r  — 2  places.  Let  a  equal  the  root  to  r  places, 
and  X  the  remaining  part  of  the  root,  consisting  of  r  —  2  places. 

Then  i/N  =,  a  +  x,  nearly, 

and  JV=  a»  +  3a»a;  +  3aa;*  +  a^; 

whence,  iV—  a*  =  3 a* a;  -k-Sax^  +  a^, 
,         JV-a»  X*  .    a:* 

^"^^         -3^  =  ^+a+3^«- 

Since  x  contains  r  —  2  figures,  x*  can  not  contain  more  than  2  r  —  4 

a;*       1 
figures ;  and,  since  a  contains  2  r  —  2  figures,  —  <Tq»  4 

Again,  a^  can  not  contain  more  than  3  r— 6  figures,  and  a*  can  not 

a^       1  a^        1 

contain  less  than  4r  — 3  figures;  therefore,  —  <  ^7:,  and  5—5  <  ^.. 

Therefore,  —  +  0—5  <  «■ ,  which  is  therefore  above  the  limit  of  error,  if 

-  -  fit  O  (I  <0 

X  x^ 

—  +  rr—s  is  omitted.    But  N—a*  is  the  remainder  after  r  figures 

of  the  root  have  been  found,  and  3  a'  is  the  next  trial  divisor.    There- 
fore, the  principle  is  established. 

8.  Find  /^  and  1^-99. 

9,  Find  V^,  i/9'  *^^  1/37  *^  ''  Pl^^^s- 

2 
10.  Extract  the  cube  root  of  2,  10,  and  ^  to  six  fignres. 


Miscellaneous  Examples. 

EXERCISE    89. 

1.  Find  the  .al«e  of  (^  +  ^)  -^  (^,  -  ^), 

when  x  =  l,  y  =  2,  a  =  3,  *  =  4 

2.  Find  the  value  of 
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3.  Find  the  valne  of  ax-\-lyy 

,  cm  — Jn       ,  an^cs 

when  X  = j—  and  y  = =-- 

am  —  OS         ^      am  — 08 

4.  Find  the  value  of  — —^rr  —  wi »  when  «  =  ,   ,   , 

6.  Bednce    ,  T  ^    ['  J. — T    ,  to  its  lowest  terms. 
ir  +  (c  +  d)a  +  ca 

6.  Bednce    ^■.. — — r —  to  its  lowest  terms, 
flr"'"*  —  oTox 

a^4-rc*  J*4-rc*  c*+:c* 

^  Simplify  (^_^^(^_^.)  +  ^i^a){b-c)  +  (c-a)(c-d) 

8  SimDlifv   *^^"*+^   ^    «^(y+^)   _  «M^+^) 

9.  Write  the  square  of  -J- — | ; —  in  three  terms, 

^  a^x      a-|-« 

10.  Write  the  square  of         ^  —  ^^-    in  three  tenna. 

11.  Find  the  value  of  (-  +  A^+  (^  -  iV 

ia.Findthevdueof  (^±^  +  ?^W5+i^-^') 
\x^y^  x  +  y/\x^y      x  +  yj 

13.  Find  the  value  of  (?i^  -^  l)  ^^±i  + 1) 

14.  Find  the  value  of  (^  +  i\(^^  3  j 

16.  Find  the  value  of  (?^±^  +  |)  f^+^  +  ^*) 
\  oa;     '   3/  \  ax     '    3  / 

16.  Expand  L*  +  l  +  ^y  and  (a*  -  1  +  ^V 

17.  Expand  (a;  + 1  -  ijand  (a;  - 1  +  ij 
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x«.si.piif,0+f)V(l-fy 
19.  Simplify  ^+iy-(^-iy 

20.  Expand  ^l+i  +  i  +  1^ 
ai.  Expand  ^a:»  +  a;+  i  +  ij 
32.  Expand  L-  i  H-lV      23.  Factor  ^  +  ^^^ 


24.  Simplify 


(a  +  bY      {'■^a\ 


(2g;  +  l)»  +  (2a;~l)« 
«e  Q-  r#  (l-4a;«)~(l-2a;)« 
^^-  S^^^P'^^y  ;i  +  2:.)«  +  (4^-l) 

(l--2a:)«-  (2a;  +  l)» 

26.  Factor  -  +  —  +4and-p---^H-9 

27.  Factor  -^ =  and  ) — - — («  —  ) — ■. — k 

\ 

28.  Factor  a* r  and  -«  ^  «* 

29.  Factor  p  + 1  and  p  —  1 

30.  Factor  (-|  +  7?  and  f-J  —  «*^ 

31.  Factor  7?  +  l-\-^  and  ic'-2+  ^ 


Digitized  by 


Google 


MISCELLANEOUS  EXAMPLES.  HI 

32.  Factor  ^  +  —  +  6  and  ij  -  —  -15 

f     y  y*      y 


33.  Factor  o*  • 

34.  Show  that 


(a±V±c\  /a  +  i-e\  /a-b  +  c\  /c-a  +  b\ 

=  ^'(^-'')(l'-*)(r-«) 

when  8  =  a  +  b  +  c 

2       1 
36.  Extract  the  square  root  of  a?  —  ix  +  d 1--5 

36.  Extract  the  square  root  of 

37.  Extract  the  sqiiare  root  of 

-^  +  15a»-^+85-^  +  jg^ 

38.  Extract  the  cube  root  of 

a?  +  ea^+l5x  +  20+^  +  ^  +  ^ 

39.  Extract  the  cube  root  of 

y.  +   a*  i-^Ti-    y    +     y    T^    a;    ^     a; 

40.  Which  is  the  greater,  -r  or  j—. — ,  when  a  >  b? 
When  a  <  J?  *       *  +  *" 

41.  Which  is  the  greater,  -r  or  t ,  when  a>  b? 

Whena<b?  *        ^""^ 

42.  What  principles  are  deducible  from  Examples  40 
and  41  ? 

6 
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SIMPLE  EQUATIONS. 


General  Definitions. 

226.  An  expression  of  equality  between  two  equal  quan- 
tities is  an  Equation. 

nimtratioii. — If  a;  =  2,  52;-{-4  =  3a;  +  8isan  equation. 

227.  The  quantities  placed  equal  to  each  other  in  an 
equation  are  the  members  of  the  equation. 

228.  An  equation  between  two  numerical  quantities  is 
an  Arithmetical  Equation ;  as^  3  X  4  =  12. 

229.  An  equation  between  two  quantities^  one  or  both  of 
which  are  literal,  is  an  Algebraic  Equation ;  as,  2  ar + 3  =  5, 
or  5a:H-4  =  3ir4-8. 

230.  An  algebraic  equation  may  have  both  known  and 
unknown  quantities. 

281.  An  equation  whose  known  quantities  are  all  nu- 
merical is  a  Numerical  Equation ;  as,  3a;  —  7  =  4ir  +  3. 

282.  An  equation,  one  or  more  of  whose  known  quanti- 
ties are  literal,  is  a  Literal  Equation ;  as,  ax=zb. 

233.  An  equation  whose  members  are  equal  for  any 
value  that  may  be  assigned  to  the  unknown  quantity  is  an 
Identical  Equation ;  as,  3  X  4a;  =  12a:. 

234.  An  equation  whose  members  are  equal  only  for 
particular  values  of  the  unknown  quantity  is  an  Equation 
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of  Condition ;  as,  5«  —  3  =  2a:H-3,  which  is  true  only 
when  a;  =  2. 

235.  Equations  may  contain  one,  two,  or  more  un- 
known quantities. 

236.  The  degree  of  any  term  of  an  equation  is  deter- 
mined by  the  number  of  unknown  literal  prime  factors  it 
contains. 

niuflration. — ^In  axy'\'h7?-\'ax-\-ly  —  Cy  axy  and 
io?  are  of  the  second  degree,  and  ax  and  by  ot  the  first 
degree. 

237.  A  term  in  an  equation  that  does  not  contain  an 
nnknown  quantity  is  an  absolute  term. 

238.  The  degree  of  an  equation  is  the  degree  of  its 
highest  term. 

239.  An  equation  of  the  first  degree  is  a  simple  equa- 
tion ;  one  of  the  second  degree  a  quadratic  equation ;  one 
of  the  third  degree  a  cubic  equation  ;  and  one  of  the  fourth 
degree  a  U-quadratic  equation. 

240.  The  degree  of  an  equation  is  determined  after  the 
equation  is  reduced  to  its  normal  form. 

241.  An  equation  is  reduced  to  its  normal  form  when 
its  terms  are  made  integral,  and  are  arranged  according 
to  the  descending  powers  of  the  unknown  quantity. 

242.  An  equation  of  the  first  degree  between  one  or  two 
unknown  quantities  is  sometimes  called  a  Linear  Equa- 
tion. This  is  more  particularly  the  case  when  the  un- 
known quantities  are  supposed  to  vary  in  value. 

243.  Any  value  of  an  unknown  quantity  that  will 
satisfy  an  equation  (that  is,  make  its  members  equal)  is 
a  root  of  the  equation. 
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Transformation  of  Equations. 

244.  The  process  of  changing  the  form  of  an  equation 
without  destroying  the  equality  of  its  members  is  trana- 
formation. 

245.  An  equation  may  be  transformed : 

1.  By  adding  the  same  or  equal*  quantities  to  both 
members  [Ax.  2]. 

2.  By  subtracting  the  same  or  equal  quantities  from 
both  members  [Ax.  3]. 

3.  By  multiplying  both  members  by  the  same  or  equal 
quantities  [Ax.  4]. 

4.  By  dividing  both  members  by  the  same  or  equal 
quantities  [Ax.  5]. 

6.  By  raising  both  members  to  the  same  power  [Ax.  6], 
6.  By  extracting  the  same  root  of  both  members  [Ax.  7]. 

246.  If  we  take  the  equation  ax--b-=cx  +  dy  and 
add  b  to  both  members  and  subtract  ex  from  both  mem- 
bers, we  obtain  ax  —  cx=^d-\-l.  Comparing  this  equa- 
tion with  the  first,  we  observe  that  —  I  and  ex  have  been 
transposed  from  one  member  to  the  other  with  their  signs 
changed.    Therefore, 

PWn.  1. — Any  term  of  an  equation  may  be  transposed 
from  one  memier  to  the  other  if  its  sign  be  changed. 

247.  It  is  evident  that,  if  both  members  of  an  equation 
containing  fractional  terms  be  multiplied  by  a  common 
multiple  of  the  denominators  of  those  terms,  the  denomi- 
nators will  disappear  by  cancellation,  and  the  equality  of 
the  members  will  not  be  destroyed  [Ax.  4].     Therefore, 

JPrin,  2. — Any  equation  containing  fractional  terms 
may  be  cleared  effractions  by  multiplying  both  members  by 
any  common  multiple  of  the  denominators  of  the  fraMions. 
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Simple  Equations  of  One  Unknown  Quantity. 

Definitions  and  Principles. 

848.  Every  simple  equation  of  one  unknown  quantity 
may  be  reduced  to  the  form  of  a  x  =  i,  in  which  a  and  i 
are  integral  and  a  is  positiye. 

For^  if  it  contains  fractional  terms,  it  may  be  cleared 
of  fractions  [P.  2].  If  it  contains  unknown  terms  in  the 
second  member,  or  known  ones  in  the  first,  they  may  be 
transposed  [P.  1].  All  the  terms  containing  x  may  be 
collected  into  one  torm  either  by  addition  or  by  factoring, 
and  all  the  known  terms  into  one  by  addition  or  by  inclos- 
ing them  in  parenthesis.  If  the  first  member  is  negative, 
the  equation  may  be  divided  by  —  1  [Ax.  5].  The  equa- 
tion will  then  be  of  the  form  of  ax  =  b. 

Illustration. — 

OiQj  J)  X  C 

Beduce  -^4-^= '"^'^^  to  its  simplest  form. 

Bolntioii: 

Clearing  of  fractions  by  multiplying  both  members  by  ahd^ 

a'^ dx  +  a b c d  =.  b'* d X  +  ab e  +  abdm 
Transposing  abed  and  b^dx, 

a^dx^b^dx  =  abc  +  abdm-'abcd 
Factoring  the  first  member,  and  inclosing  the  second  in  parenthesis, 

(a'd  — 6*d)a;  =  (abc  +  abdm  — abed) 
Patting  a  for  a^d-~b^d  and  h  for  abc  ■{•  abdm  —  abed^ 
ax  =  b. 

249.  ax  =  b  is  called  the  general  or  normal  form  of  a 
simple  equation  of  one  unknown  quantity.  If  both  mem- 
bers be  divided  by  a,  a:  =  —,  which  has  one  value  and 
only  one  in  any  particular  equation.    Therefore, 

PWn.  S. — Bvertf  simple  equation  of  one  unknown  quan^ 
tity  has  one  root  and  only  one* 
I 
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250.  The  process  of  finding  a  root  of  an  equation  is 
caUed  solving  or  reducing  the  equation. 

251.  A  root  of  an  equation  is  said  to  be  verified,  U, 
when  substituted  for  the  unknown  quantity^  it  renders 
the  two  members  of  the  equation  identical. 


Reduction  of  Simple  Equations. 

ninstrations. — 

1.  Solve  3x^6  =  4:X  +  d  +  x,  and  verify  the  result. 

SohitiMi:  Given  32;-5  =  4a;  +  8 +  a;     (A) 

Transpose,  8aj  — 4a;  — a;  =  3  +  5  (1) 

Unite  terms,  -  2a?  =  8  (2) 

Divide  by  —  2,  a;  =  ~  4 

Yeiiiifiatiini :  Substitute  —  4  for  a;  in  equation  (A), 

-12-5  =  -16  +  3-4 
Unite  terms,  — 17  =  — 17. 


2.  Solve  -X Q  =  -T"  +  o  *  ^^d  verify  the  result. 

SolutioB :  Clear  of  fractions,  45  a;  -  50  =  24  a;  +  105       (1) 
Transpose,  45a;  -  24a;  =  105  +  50  (2) 

Unite  terms,  21  a;  =  155  (3) 

g 
Divide  by  21,  a;  =  7  sr 

8 
Verify  by  substituting  7  g^  for  a;  in  original  equation, 

66^  _  10  _  59A:      85 
6         6  ~    10    ■*"  10 
17         17 
TJnite  terms,  ^42  ~  ^i^' 

OCT      o         3a;-2       .      x  +  6 

3.  Solve  2x 5 —  =4 ^. 

o  o 

Solution : 

Clear  of  fractions,      12a;  -  2 (3a:  -  2)  =  24  -  (a;  +  6)     (1) 
Expand,  12a;~6a;  +  4  =  24  — a;  — 6       (2) 

Transpose  and  unite  terms,  7  a;  =  14  (3) 

^        x=z  2. 
Equation  (1)  may  be  omitted  if  the  following  principle  be  heeded: 
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252.  If  a  fractional  term  is  preceded  by  minus^  the  sign 
of  every  term  in  the  numerator  must  be  changed  when  the 
equation  is  cleared  of  fractions.     Why  ? 

4.  solye— 3--^  =  ^-  +  5 

fl  ,  ^        m                4a;  — 1      a?  — 1       3       3 
Solution :  Transpose,  — 5 5—  =  -^  +  -=• 

Unite  terms,  a:  =  1.    Therefore, 

253.  It  is  sometimes  preferable  to  transpose  and  unite 
terms  before  clearing  of  fractions.  A  good  rule  is^ 
"Unite  terms  whenever  convenient,  and  thus  avoid  long 

equations.'*  

^    a  1      4a;  +  6    ,    6        2a;  — 3       x 

5.  Solve-^  +  j^  =  -3--^. 

Bolntion :  Separate  first  and  third  fractions  into  partial  fractions, 

3   ^  6  ^  12        3       ^       2     ^^^ 

1  27 

Transpose  and  unite  terms,  2"^  ~  ~"  12 

x  =  -'^-^.    Therefore, 
264.  Separate  fractions  with  binomial  or  trinomial  nu- 
merators into  partial  fractions  whenever  the  transposition 
and  combination  of  terms  are  thereby  facilitated. 

^    o  ,      6a:  +  7       2a;-2       2a?  +  l 

6.  Solve  — :ri = ^  =  — -^ — . 

15  7  a;  — 6  6 

Sohitioii; 

Multiply  by  15,     6a;  +  7  -  ^^^""^^  =  6aj  +  3  (1) 

Transpose  and  umte  terms,  4  =    ^    __   ^         (2) 

Clear  of  fractions,  28a;  -  24  =  30a;  -  30         (3) 

Transpose  and  unite  terras,         —  2  a;  =  —  6 

a;  =  3.    Therefore, 

255.  If  an  equation  contains  both  monomial  and  bi- 
nomial denominators^  clear  it  first  of  monomial  denomina- 
tors and  simplify^  then  of  binomial  denominators  and 
simplify. 
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7.  Eeduco  ^  +  1  +  ^=1. 
a   ^    h       c 

Sofaitioii:  Clear  of  fraotioiis, 

bex-\-  aex-^  abx  =  abc  (1) 

Factor,  (be  •\- ae  ■\- ab)z  =  abc  (2) 

TV.  .,  abc 

Dmde,  x  =  r — ■ ; — j-. 

be  -k-ae  -^  ab 

EXERCISE    40. 

Solve : 
l.l{x  +  l)  +  ^{x  +  2)  =  \{x  +  3) 

5       "^       3       ""       3  6 


3. 

1 

35  +  1 

+  ^ 

1 
-1  ~ 

1 

1 

«*- 

4. 

3 

a;  +  a 

a; 

5 

6 

1 

««- 

6. 

10 

X  +  4: 

+  i 

6 
+  5" 

10 

■**  + 

9x 

+  20 

6. 

12 

a;  +  3 

x 

8 
-4~ 

10 

«*- 

z  — 

■12 

7. 

3 

s  + 

6 

O                       CI 

k    """    /• 

^A  1 

7 

5a;  +  6  _  3a!  —  2,  10  x  —  5 
*•       9      ~  5a;  +  6  "•"       18 

a;       3a;-7_4a?+6         1 
5       2a;  +  4~      20      "*"     2 

7  a!  — 9  _  9a!  +  4  _  6  a;  — 5 
^°'   x-3   ~      36  24 

2a;  +  1^3a;(2a;  +  3)       2a!  +  3 
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,»  o      1   «  x  —  a  .^    ad  — he    ,  be 

*  c  cd-\-d*x  '    d 

a*x  —  3?^^         3a  a      (ad—bc)x 

a  2ax  —  23r  c       c{e  +  dx) 

a^+{a  +  i)x  +  ab  _  s^-Vx 

aa       ""      -       ^       -  ^i^  +  ^)  -         1 


(a;-l)»       (x  +  1)*       {a^-l)»  ~  a^  +  x  +  1 

-,  1  ,  2 3  _  1 

a?-Tx  +  12'^  3^-ix  +  3      a»-5a;  +  4~4       * 

a;'-2ai  +  3   .       at-a      _  _i_  _  ^ 
**       !r»  +  l       +«»-a!4.l       «  +  !-" 

^  x{16  —  x)   ,   2a;  +  3       2  — 3a!_ 
2*     a^_4     +  2-a;  ~  a:  +  2  ~  ** 

„     /    .      2a;  \       /  2a;  \ 

\    'x  —  a/       \        x  —  a) 


26. 


x-\-a      x-\-b      a?-\-{a-\-b)x-\-ab 


„  -3 'I -^-x       _ 

•01--02a;       -01  + -023;        1    ...      ^, 

x-l  +  -^ 
«»  a'— 6       - 

27.  5—  =  6 

a;-2+-^ 
a;  —  6 

28.  ^ =  10 

1  — ic 
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Examples  involving  Simple  Equations  of 
One  Unknown  Quantity. 

EXERCISE    41. 

1.  What  number  is  that  whose  doable  is  as  mucli  above 
60  as  its  treble  is  below  100  ? 

Snggeitioii.— Let  x  =  the  number,  then  will  2aj  —  60  =  100  —  3a;. 

2.  Divide  140  into  two  parts  that  are  to  each  other  as 
3  to  4. 

8iiggMti<m.~Let  92  and  4  2  =  the  parts,  then  will  3ir+4a;  =  140. 

3.  The  sum  of  two  numbers  is  48^  and  %  of  the  greater 
equals  %  of  the  less.     Find  the  numbers. 

4.  Divide  75  into  two  parts,  such  that  3  times  the 
greater  exceeds  7  times  the  less  by  15. 

6.  Divide  92  into  four  parts,  such  that  the  first  may 
exceed  the  second  by  10,  the  third  by  18,  and  the  fourth 
by  24. 

6.  Divide  116  into  four  parts,  such  that  the  first  in- 
creased by  5,  the  second  diminished  by  4,  the  third  multi- 
plied by  3,  and  the  fourth  divided  by  2,  shall  all  be  equal. 

Snggestion.— Let  rr  —  5,  «  +  4,  ^,  and  2  a;  =  the  required  parts. 

7.  A  grain-dealer  purchased  27,000  bushels  of  corn, 
wheat,  and  oats.  If  the  quantities  in  the  order  named 
were  to  each  other  as  Vs,  ^45  a^^d  Ye*  how  many  bushels 
of  each  kind  did  he  buy  ? 

8.  A  man  gave  15  to  each  of  a  number  of  poor  per- 
sons, and  had  $100  remaining ;  had  he  given  each  IS,  he 
would  have  had  only  $10  remaining.  How  many  were 
there  ? 

9.  Mr.  Jones  paid  1150  an  acre  for  his  farm,  and  had 
15000  over;  had  he  paid  $180  an  acre,  he  would  have 
lacked  $1000  to  pay  for  it.  How  many  acres  were  in 
the  farm  ? 
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10.  A's  age  is  4  times  B's,  and  the  sam  of  their  ages  is 
30  years.  In  how  many  years  will  A  be  only  twice  as 
old  as  B  ? 

11.  The  snm  of  A's  and  B's  ages  is  50  years.  In  how 
many  years  will  the  sam  be  7  times  as  great  as  it  was  20 
years  ago  ? 

12.  A  man  has  5  honrs  at  his  disposal ;  how  far  may 
he  row  down  a  river  at  the  rate  of  5  miles  an  hour,  that 
he  may  return  at  the  rate  of  3  miles  an  hour  ? 

13.  A  steamboat,  whose  rate  in  still  water  is  18  miles 
an  hour,  went  down  a  stream  whose  current  is  2  miles  an 
hour,  and  returned  in  6  hours  from  the  time  it  started. 
How  far  did  it  go  down  the  river  ? 

14.  A  can  do  a  piece  of  work  in  5  days,  and  B  can  do 
it  in  6  days.    In  what  time  can  they  together  do  it  ? 

16.  A  can  do  a  piece  of  work  in  a  days,  B  in  &  days, 
and  C  in  c  days.    In  what  time  can  they  together  do  it  ? 

16.  A  and  B  together  can  do  a  piece  of  work  in  5  days, 
and  A  alone  can  do  it  in  8  days.  In  what  time  can  B 
alone  do  it? 

17.  A  cistern  can  be  filled  by  two  pipes  in  6  hours  and 
6  hours  respectively,  and  emptied  by  a  third  pipe  in  4 
hours.  In  what  time  will  it  be  filled,  if  the  three  pipes 
run  together  ? 

18.  A  man  bought  a  cow,  a  colt,  and  a  horse.  The  cow 
cost  140 ;  the  colt  as  much  as  the  cow  and  half  as  much 
as  the  horse ;  and  the  horse  Ys  ^  much  as  the  colt  and 
the  cow  together.    What  did  he  pay  for  each  and  for  all  ? 

19.  A  and  B  own  440  shares  of  railroad  stock,  and  Ys 
of  what  A  owns  equals  Ys  of  what  B  owns.  How  many 
shares  must  A  buy  from  B,  that  Ys  of  what  B  owns  may 
equal  Ys  of  what  A  owns  ? 

20.  What  is  the  time  of  day,  if  Ya  o'  tli©  tin^©  to  noon 
equals  the  times  past  midnight  ? 
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21.  A  farmer  had  three  fields  of  com.  On  the  first 
grew  200  bushels ;  on  the  second  as  much  as  on  the  first 
plus  Vgo  as  much  as  on  the  third ;  and  on  the  third,  1  Vm 
times  as  much  as  on  the  other  two.  How  much  grew  on 
each  field,  and  how  much  on  all  ? 

22.  A  drover  bought  a  number  of  cows  for  16250 ;  50 
of  them  died,  after  which  he  sold  7b  of  the  remainder  at 
cost,  and  received  13000.     How  many  did  he  buy  ? 

23.  What  time  of  day  is  it  when  %  of  the  time  past 
midnight  equals  Ve  of  the  time  to  midnight  ? 

24.  At  what  time  between  10  and  11  o'clock  are  the 
hands  of  a  watch-— 

1.  Together  ?  2.  At  right  angles  ?  3.  Opposite  each 
other  ? 

26.  A  is  400  rods  behind  B,  and  travels  5  rods  while 
B  travels  3  rods.  How  far  must  each  go,  that  A  may  be 
200  rods  ahead  of  B  ? 

26.  A  and  B  start  at  the  same  time  to  walk  in  oppo- 
site directions  around  a  circular  pond  1  mile  in  circumfer- 
ence. A  walks  3  rods  as  often  as  B  walks  4  rods,  and 
they  meet  in  5  minutes.  How  many  yards  per  minute 
does  each  walk  ? 

27.  A  fast  train,  456  feet  long,  and  a  slow  train,  600 
feet  long,  pass  each  other  in  12  seconds.  What  is  the  rate 
of  each  train  per  hour,  if  the  speed  of  the  fast  train  is 
double  that  of  the  slow  one  ? 

28.  If  a  passenger  train  400  feet  long  pass  a  freight  train 
840  feet  long,  running  in  the  same  direction,  in  277ii  sec- 
onds, what  is  the  rate  pf  each  train,  if  the  former  runs  4 
times  as  fast  as  the  latter  ? 

29.  The  distance  from  P  to  E  is  63  miles.  A  down 
train  leaves  P  at  9.30  A.  m.,  and  arrives  at  E  at  11.30. 
An  up  train  leaves  E  at  9.45  A.  m.,  and  arrives  at  P  at 
11.30.     Where  do  they  meet  ? 
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30.  The  fore-wheel  of  a  wagon  is  4  yards  in  circumfer- 
ence,  and  the  hind-wheel  5  yards.  How  far  most  the 
wagon  go  that  the  fore-wheel  may  make  88  revolutions 
more  than  the  hind-wheel  ? 

31.  A  is  60  of  his  own  steps  before  B,  and  takes  2  steps 
while  B  takes  3 ;  but  5  of  A's  steps  are  equal  to  3  of  B's. 
How  many  steps  must  each  take  before  B  overtakes  A  ? 

Soggestiinb— Let  x  =  the  number  of  steps  B  takes;  then,  since 
2 
A  takes  2  while  B  takes  8,  rrrr  =  the  number  A  takes.    Let  a  =  the 

6 

length  of  one  of  A's  steps,  then  -^  a  =  the  length  of  one  of  B's  steps ; 

(2    \  5  2  6 

60+  "o^)<»  =  8^^^»  or  60+  -^x  =  -^x. 

32.  A  and  B  race  on  bicycles.  A  gives  B  a  start  of  50 
revolutions.  A's  bicycle  makes  3  revolutions  while  B's 
makes  4 ;  but  2  revolutions  of  the  first  are  equal  to  3  of 
the  second.     In  how  many  revolutions  will  A  overtake  B  ? 

33.  A  is  worth  $4000  and  B  $6000;  A  invests  his 
money  5  times  while  B  invests  his  4  times,  and  makes  8  % 
on  each  investment,  while  B  makes  only  5  %.  How  many 
investments  must  each  make  before  A  is  worth  as  much  as 
B,  the  gains  being  saved,  but  not  reinvested  ? 

34.  A  certain  principal  will  in  6  years  at  6  per  cent 
amount  to  $100  more  than  the  same  principal  will  amount 
to  in  7  years  at  4  per  cent.     What  is  the  principal  ? 

36.  If  an  article  had  cost  10  ^  less,  the  gain  would  be 
15  ^  more.    What  is  the  gain  per  cent  ? 

36.  A  and  B  in  partnership  gain  11650.  A  owns  Vs  of 
the  stock,  plus  1300,  and  gains  1750.  Required  the  whole 
stock  and  share  of  each. 

37.  A  certain  article  of  consumption  is  subject  to  a 
duty  of  6  shillings  per  cwt.;  in  consequence  of  a  reduc- 
tion in  the  duty,  the  consumption  increases  one  half,  but 
the  revenue  falls  one  third.  Find  the  duty  per  cwt.  after 
the  reduction. 
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38.  In  a  mixture  of  silver  and  copper^  consisting  of  200 
ounces,  there  are  12  ounces  of  copper.  How  much  silver 
must  be  added  that  there  may  be  2  ounces  of  copper  to 
60  ounces  of  silver  ? 

39.  It  is  between  10  and  11  o'clock.  In  6  minutes  the 
minute-hand  of  a  clock  will  be  exactly  opposite  the  place 
where  the  hour-hand  was  3  minutes  ago.     Find  the  time. 

40.  A  goes  from  P  to  Q,  a  distance  of  21  miles,  and 
immediately  returns,  traveling  4  miles  an  hour.  B,  who 
travels  3  miles  an  hour,  starts  at  Q  for  P  at  the  same  time 
that  A  starts  from  P,  and  returns  from  P  immediately. 
How  far  is  it  between  the  two  points  of  meeting  ? 

41.  A  can  dig  a  ditch  in  one  half  the  time  that  B  can ; 
B  can  dig  it  in  %  of  the  time  that  G  can ;  they  together 
can  dig  it  in  6  days.  How  long  will  it  take  each  alone  to 
dig  it  ? 


Simultaneous    Equations   of    the    First   Degree, 
containing  Two  or  more  Unlcnown  Quantities. 

Definitions  and  Principles. 

256.  Every  equation  of  the  first  degree  containing  two 
unknown  quantities  may  be  reduced  to  the  form  of  aar-j- 
Jy  =  c,  in  which  a,  J,  and  c  are  integral  and  a  positive. 
Similarly,  one  of  three  unknown  quantities  may  be  re- 
duced to  the  form  of  ax-\-hy'\-cz=zd. 

(For  method  of  proof,  see  Art.  248.) 

257.  Equations  that  express  different  relations  between 
unknown  quantities  are  Independent  equations.  Inde- 
pendent equations  can  not  be  reduced  to  the  same  form. 

Thus,  3a:-f-2y  =  10  and  2x  +  3y  =  6  are  independ- 
ent equations;  but  x  +  2y  =  ^  and  3a:-f-6y  =  18  are 
not.     Why  ? 
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258.  Equations  that  are  satisfied  by  the  same  values 
of  the  unknown  quantities  are  Simultaneous  equations. 
They  may  or  may  not  be  independent. 

Thus,  3a;  +  2y  =  10  and  2x  +  3y  =  5  are  simulta- 
neous, since  both  are  satisfied  by  a;  =  4  and  y  =  —  1. 

259.  A  single  equation  of  two  or  more  unknown  quan- 
tities may  be  satisfied  by  any  number  of  yalues  of  the 
unknown  quantities,  and  is,  therefore,  said  to  be  Indeter- 
minate. 

Thus,  a:  +  2y  =  7  is  satisfied  when  x  =  l  and  y  =  3  ; 

when  x  =  2  and  y  =  2^  ;  when  a;  =  3  and  y  =  2 ;  when 

1         '* 
ar  =  4  and  y  =  1  ^,  etc. 

260.  Two  independent  simultaneous  equations  of  the 
first  degree  between  two  unknown  quantities  can  be  satis- 
fied by  only  one  pair  of  values  of  the  unknown  quantities. 

Thus,  2 a:  +  3 y  =  8  and  3a;  +  2y  =  7  are  both  satis- 
fied only  when  x  =  l  and  y  =  2. 

261.  To  find  the  values  of  the  unknown  quantities  in 
independent  simultaneous  equations,  we  must  deduce  from 
these  equations  a  single  equation  containing  only  one  un- 
known quantity.  This  will  require  in  general  as  many 
such  equations  as  there  are  unknown  quantities  involved. 

262.  The  process  of  deducing  from  two  or  more  inde- 
pendent simultaneous  equations  of  two  or  more  unknown 
quantities,  a  less  number  of  such  equations  containing  a 
less  number  of  unknown  quantities,  is  Elimination. 

Vote. — ^Elimination  is  the  process  of  getting  rid  of  one  or  more 
unknown  quantities. 

263.  There  are  three  easy  methods  of  elimination  : 

1.  By  substitution.  2.  By  comparison.  3.  By  ad- 
dition or  subtraction. 
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m«trati«n._Solye]*^^Jj-/^ 

(A)) 
(B)f 

Sobitioii  1 :  By  substitution. 

Transpose  3y  in  (A)  and  divide  by  4, 

6  +  3y 

^=       4 

(1) 

Substitute  the  value  of  x  in  (B), 

K'VO^^^=^^ 

(2) 

18  +  9y  +  16y  =  68 

(3) 

25y  =  50 

(4) 

y=  3 

(5) 

Substitute  the  value  of  y  in  (1), 

6  +  6      « 

X  =  —J-  =  3. 

Solution  2 :  By  comparison. 

Transpose  —  3y  in  (A)  and  +4y  in  (B), 

4a;  =  6  +  3y 

(1) 

3a;  =  17-4y 

(2) 

Divide  (1)  by  4  and  (2)  by  3, 

^^6  +  3y 

(3) 

.="-*» 

(4) 

6  +  8y      17-4y 
4      ~       3 

(5) 

Solving  (5),                    y  =  2 

(6) 

Substitute  the  value  of  y  in  (3),  and  reduce, 

a;  =  8. 

Solntton  8 :  By  addition  or  subtraction. 

Multiply  (A)  by  4  and  (B)  by  3, 

16a;-12y  =  24 

(1) 

9a!  +  13y  =  51 

(2) 

Add  (2)  to  (IX           25a;  =  75 

(3) 

a;  =  3. 

Multiply  (A)  by  8  and  (B)  by  4, 

12a:-9y  =  18 

(4) 

12  a;  +  16y  =  68 

(5) 

Subtract  (4)  from  (5), 

25y  =  50 

(6) 

y  =  8. 
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Reduction  of  Simultaneous  Equations  containing 
Two  Unknown  Quantities. 


niutratioiL — Solve : 


%x 


y  +  3_ 


=  7  + 


4y +  — s— =  26^ 


3y  — 2a; 

5 
_2y  +  l 
2 


3  2 

Clear  (A)  and  (B)  of  fractions, 

40a;-5y--15  =  140  +  12y-8a; 
24y  +  2a;—  4  =  159-   6y-3 
Transpose  and  collect  the  terms  in  (1)  and  (2), 
48a;-17y  =  155 
2a?  +  80y  =  160 
Multiply  (4)  by  24,  and  bring  down  (8), 
48  a; +  720^  =  8840 
48a;-   17y  =    155 
Subtract  (3)  from  (5),   737y  =  3685 

y  =  5 
Substitute  the  value  of  y  in  (4), 

2a; +  150  =  160 
2a;  =    10 
a;  =  5. 


(A) 
(B) 

(1) 


(8) 
(4) 

(5) 
(3) 
(«) 


(7) 
(8) 


264.  It  is  sometimes  more  conTenient  to  eliminate  one 
of  the  unknown  quantities  before  clearing  of  fractions. 
3 


Solve; 


2x^dy       .6 


(A) 
(B) 


X       %y       30 
Reduce  the  corresponding  terms  in  (A)  and  (B)  to  a  common 
denominator,  3        10      25 


2a;      6y  "  om 

2a;      6y~30 
Multiply  (1)  by  8  and  (2)  by  3, 

24       m  _200 
2a;"^  ey-  80 


24 
2a;" 


27 
6y  = 


30 


(1) 
(3) 

(3) 
(4) 
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Subtract  (4)  from  (3),       ^  =  ^ 

«y~80 

6y  =  30 

y  =    5 

Substituting  the  value  of  y  in  (6), 

4  _  3^_31 

X       10  ~  30 

a;  ""30 
1^_  1^ 
a;  ""  3 
a;  =  3. 


Solve  : 
Multiply 

Subtract 

Multiply 
Subtract 


ax-\'hy  =c  ) 

(A)  by  m  and  (B)  by  a, 
awoj  +  bmy  =  cw 
ama;  +  any  =  a^ 

(2)  from  (1), 

(bm  —  an)y  =  cm  — ajp 

cm  —  ap 

y  =  T 

^       bm  —  an 

(A)  by  n  and  (B)  by  ft, 
anx-\-  hny  =  c» 
Jma;  +  hny  =  ftjp 

(6)  from  (5), 

(an  —  ft  m) a;  =  c  n  —  ft^ 

c  »  — ftjp 

a;  — 5r — 

an  —  om, 


(5) 

(6) 

(7) 
(8) 


(9) 
(10) 

(11) 


(A) 
(B) 

(1) 
(2) 

(3) 
(4) 

(5) 
(«) 

(7) 
(8) 


Solve : 


EXERCISE    42. 


1. 


'x-\-%      y-3_2  +  y 

5  4     ~      5 

7a;  +  6_8y-3       37 
3  5      """is 

•125  X  +    -75  y=    -625  " 
•33^a;  +  -875y  =  1-125 


Digitized  by 


Google 


EQUATIONS  OF  TWO  UNKNOWN  QUANTITIES.    129 


,  2a!  — 3   ,   -2      . 
x-y-\ ^4.2-=0 


1     _2       1     _21 
2*  3^      3 


4 


4 


2  — 6a;  _  11  — 3y 

'   ~   2I 


4y 5y 

5  +  y-12  +  a: 
2a;  ,  „ 


"I 


12. 


14. 


2       3           3 

X       y           5 

®   4-    ''   -  fi" 
2x"^3y~    20 

3a;  — 2y       6  _  1  — 

X 

3a;  +  2y       5  ~  x  — 

1 

3a;  +  2y=15 

15        10       35  "1 
4ar'^3y~12 

18  _  14  _  19 
5a;       9y      45 

l-4a;+-32y=   3-76 

• 

•28a;  +  9-6y  =  29-36 

ax      ey 

n    •    8 

3        2        7  _ 
^      xy       y  " 

-5 

13. 


10. 


^  +  ^  =  1 

^     y 


— f-  ^  =  r 

7/1  W 


a;  +  y      x-y 
,ax  —  hy  =  c 


=  0 


16. 


<z 

c 

' 

+ 

s:r 

9/1 

bx 

ay 

h 

d 

— 

— 

— 

sz 

n 

ax 

by 
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16. 


17. 


18. 


20. 


21. 


22. 


24. 


26. 


ADYAJ^CEB  ALGEBRA. 


^|{^-3y+^(^  +  y)-"2:r}  =  «17j 


2 


X- 

-y-3 

6 

_2a 

'-3y 
3 

5 
2x 

*h 

_  1 
10 

+^l 

3 

X 

7 
3y- 

5 

■2y 

91 
90. 

3 
2 


a  — ft    ~"a  +  ft^ 
h{n-y)  _  c 


19. 


a:  — 


a? 


=  — \-m 
a 


ft  c 

gg  +  g      by  ^d 


m 


- +  -  =p 


=  m 


m 


+ 


n 


=  0 


a  — a;  '   ft  +  y 

((a  +  ft)a:  +  (a-ft)y  =  g  ) 
((«-ft)a?  +  (a  +  ft)y  =  d  ) 


a  —  b 


X 

a  +  b 


a  +  b 
— ' —  =  c 


y 

a  —  b 


X 


=  rf 


26. 


aa;  +  fty    ""  ^^  I 
y  =  c       J 


rx 


23. 


x-\-y  X 

.ax+by  =  c     . 


c—ft . a+b 

x+y'^x-y 

a  +  b _  g  — ft 

[x  +  y      x  —  y 


=  1 
=  0 


27.  (a  +  ft) {x  +  y)  +  {a-b) (a? -y)  =  2a«  +  2ft« 
(a-ft)(a;  +  y)-(a  +  ft)(a?-y)  =  2A»-2a» 
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Reduction  of  Simultaneous  Equations  containing 
Three  or  more  Unlcnown  Quantities. 

Blnstration. — 

Solve:  4a:-3y-2z  =  191  (A) 

3a:-4y  +  6z  =  28  ^  (B) 

2a:  +  3y-4;K  =  23j  (C) 

Multiply  (C)  by  2  and  bring  down  (A), 

4ic  +  6y-8-2  =  46  (1) 

4a; -3y  — 2^  =  19  (A) 

Subtract  (A)  from  (1),   9y -  62f  =  27  (2) 

or  3y-22f=    9  (3) 

Multiply  (B)  by  2  and  (C)  by  3, 

6ir-8y  +  12ar  =  56  (4) 

6a;  +  9y-120  =  69  (5) 

Subtract  (4)  from  (5), 

17y-24;2  =  13  (6) 

Multiply  (3)  by  12  and  bring  down  (6), 

36y-24-s=108  (7) 

17y-24-s=    13  (6) 

Subtract  (6)  fi-om  (7),  19  y  =    95  (8) 

y  =  5 
Substitute  the  value  of  y  in  (3)  and  reduce, 

2f  =  3 
Substitute  the  values  of  y  and  z  in  (A)  and  reduce, 

a;  =  10. 
Fote.— Labor  might  have  been  saved  in  the  above  solution  by 
selecting  y  first  for  elimination,  and  combining  equations  (A)  and  (C), 
then  3  times  (B)  and  4  times  (A).  Practice  only  will  enable  the  stu- 
dent to  become  expert  in  the  elimination  of  unknown  quantities  and 
the  reduction  of  equations. 

EXERCISE    43. 

Solve  : 

1.  a;  +  2y+  i?=12]  3.  3y +  42;  -  7a;=  29] 
2a:-.3y  +  42;=ll  \  8y  + 6;2  +  8a:  =  120  \ 

x  +  3y-^2z=    3}  7y-3z  +  6x=   36  J 

2.  2a;  — 3^  +  4^;=  —  31  4.  5a;  — 3^  +  2;?;=  — 11] 
3a;-4y  +  6;2=-2  I  4«  +  3a;-7y=  1^ 
4:X  +  2y-6z=z    2lJ  2y- 3  ;j  +  5a;=  -  16  J 


J 
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6.  2a;  — 4y4-62J  =  181  12. 
3y-2a;  +  4«=    7  \ 

3z  —2y  +  4:X=d9) 

ax-\-by  +  cz  =  c^  +  V  +  (^  V 
ax  —  by  — cz  =  a^'-V  —  €^j 

7.  ax-^hy-\-cz'=^Zahc^ 
ax  —  by-\'Cz=  abcY 
by-^ax  —  cz^    abc] 

SoggestiQii.— Take  first  the  sum  of  the 


8.  »  +  y  +  iZf  =  12 
x  +  y  +  u  =  n 
a:  +  ^  +  w  =  14 
y  +  izf+«  =  15 


X   *   y   *    z 

^-i  +  ^  =  ii 

X      y  '   z 
X   ^    y       z 


X—    y  +      i?  =  10 ' 
3  a;  — 8y-|-10;2f  =  60 
5a;  +  2y—   3^  =  40. 

13.  a;  +  y  =  «' 

a;  +  2;  =  J 

14.  a;  +  y  — 5^  =  7' 

y  — a;  +  «  =  3. 
equations  in  13  and  14. 

16.  a;4-y  =  21' 
y  +  2;  =  23 
i?  +  w  =  25 
w+^=27 

a;  +  ^=24j 

y  +  H-a" 


16.  a;  = 


y  = 


a;  —  2;  — J 
a 


10. 


a?  +  y     g-g_ 


=  8^ 


6     "^      6  15 

""6~  +  ~8^-^2 


II. -  +  -  +  -  =  a«  +  S«  +  c« 
X    '    y   ^    z  '        ' 

—  =1  ab  —  bc-\-ac 

X       y^  z  ^ 

— —  =  ac-^-ab  +  bc 

X   *   y   *    z  *         ' 


z  = 


1,1  2 
X  '  y  3 
1  1  _  3 
a;"*"  «  "  4 

1  +  1  =  ^ 
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18.  5a;  — 3y  +  2«=      251         19.     x—    y—    z=   3] 

3a?+7y  — 2j2;=  — 19  ^  2a;+    y  +  2«  =  61^ 

4a;  +  3y  — 2«=        2j  3a;-4y  +  6«  =  94  J 

^^•1  +  1  +  1  +  ^^"^-^  +  *)  =  ^ 
X       z       h       1  f     .  .      ^ 

1-3-2-3^''+'-'^='' 


Examples  leading  to  Simultaneous  Equations. 

IIlnBtrationi. — 1.  Three  times  the  sam  of  two  nambers 
eqaals  15  times  their  difference^  and,  if  6  be  added  to  the 
less,  it  will  equal  the  greater.    What  are  the  nambers  ? 
Solation:  Let  x  =  the  greater, 

and  y  =  the  less. 

Then,  since  3  times  their  sum  eqaals  15  times  their  difference, 

9(x  +  y)  =  15(x-y)  (A);' 

And,  since  the  less  increased  by  6-  equals  the  greater, 
y  +  6  =  ir  (B); 

Solving  these  equations,  we  have 

X  =  18,  the  greater  number, 
and  y  =  12,  the  less  number. 

2.  The  snm  of  A's,  B's,  and  C's  ages  is  90  years ;  the 
sum  of  A's  and  C*s  is  twice  B's,  and  C's  is  %  of  the  sum 
of  A's  and  B's.    What  are  their  ages  ? 
8ohitio]i :  Let  x  =  A*s  age, 

y  =  B's  age, 
and  z  =  C's  age. 

Since  the  sum  of  their  ages  is  90  years, 

a;  +  y  +  ;2  =  90  (A); 

Since  the  sum  of  A's  and  C's  is  twice  B's, 

x  +  zz=z2y  (B); 

4 
And,  since  C's  is  -^  of  the  sum  of  A's  and  B's, 

^  =  -|(^  +  y)  (^' 

Solving  these  equations,  2;  =  20,  y  =  30,  and  2;  =  40. 

Digitized  by  VjOOQ IC 


134  ADVANCED  ALGEBRA. 

HXERCISE    44. 

1.  A  and  B  have  a  capital  of  $5000 ;  twice  A's  share 
diminished  by  $1200  is  7^  of  B's  share.  How  much  has 
each  invested  ? 

2.  A  man  has  two  horses^  and  a  saddle  worth  $20  ;  the 
poorer  horse,  with  the  saddle,  is  worth  ^yi2  as  much  as  the 
better  horse  without  the  saddle,  and  the  better  horse,  with 
the  saddle,  is  worth  lYio  times  as  much  as  the  poorer  horse 
without  the  saddle.     What  is  the  value  of  each  horse  ? 

3.  A  man  has  a  drove  of  100  animals,  consisting  of 
horses,  sheep,  and  cows  ;  twice  the  number  of  horses,  added 
to  three  times  the  number  of  cows,  equals  the  number  of 
sheep  increased  by  50 ;  and  the  number  of  sheep  dimin- 
ished by  40  equals  Yg  of  the  number  of  horses  and  cows. 
How  many  of  each  kind  has  he  ? 

4.  A  merchant  has  three  kinds  of  tea ;  if  he  mixes  40 
pounds  of  the  first  kind,  50  pounds  of  the  second,  and  60 
pounds  of  the  third,  the  value  will  be  $188 ;  if  he  mixes 
60  pounds  of  the  first,  40  pounds  of  the  second,  and  50 
pounds  of  the  third,  the  value  will  be  $184;  and  if  he 
mixes  50  pounds  of  the  first,  60  pounds  of  the  second,  and 
40  pounds  of  the  third,  the  average  price  will  be  $1.22  a 
pound.     What  is  the  price  of  each  kind  of  tea  ? 

6.  A  number  consists  of  two  digits  whose  sum  is  12, 
and,  if  36  be  added  to  the  number,  its  digits  will  be  inter- 
changed.    What  is  the  number  ? 

Suggestion. — Let  x  =  the  tens'  digit  and  y  the  units' ;  then,  since 
the  sum  of  the  digits  is  12,  a;  +  y  =  12 ;  and,  since  10  units  equals  1 
ten,  10a;  +  y  will  equal  the  number,  and  \Qy  +  x  the  number  with 
the  digits  inverted ;  whence  10  a;  +  y  +  36  =  lOy  +  a;. 

6.  A  number  consists  of  three  digits  whose  sum  is  9 ; 
if  90  be  added  to  the  number,  the  hundreds'  and  tens' 
digits  will  be  interchanged  ;  but,  if  only  9  be  added  to  the 
number,  the  tens*  and  units'  digits  will  be  interchanged. 
What  is  the  number  ? 
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7.  A's  money,  plus  V,  of  the  sum  of  B's  and  C's,  is 
$4200 ;  B's,  plus  Vs  of  the  sum  of  A's  and  C's,  is  $4000 ; 
and  C's,  plus  V*  of  the  sum  of  A's  and  B's,  is  13600. 
What  is  the  fortune  of  each  ? 

8.  A  number  consists  of  two  digits  whose  sum,  divided 
by  the  units'  digit,  is  6,  and,  if  27  be  subtracted  from 
the  number,  its  digits  will  be  interchanged.  What  is  the 
number  ? 

9.  A  number  consists  of  three  digits  whose  sum  is  twice 
the  units'  digit ;  the  difference  between  the  hundreds*  and 
units'  digits  equals  the  tens'  digit ;  and,  if  72  be  added  to 
the  number,  the  tens'  and  units'  digits  will  change  places. 
What  is  the  number  ? 

10.  If  1  be  added  to  the  numerator  of  a  certain  frac- 
tion, its  value  will  be  Va,  but,  if  6  be  added  to  the  denomi- 
nator, its  value  will  be  Vs.     What  is  the  fraction  ? 

11.  A  and  B  can  do  a  piece  of  work  in  20  days,  A  and 
C  in  30  days,  and  B  and  C  in  40  days.  How  long  would 
it  take  each  alone  to  do  it  ? 

Snggestion. — Let  x  =  A*s  time,  y  =  B*s  time,  and  z  =  C*s  time ; 

then  — ,  — ,  and  —  will  equal  the  part  each  can  do  in  one  day; 

111111  ,111 

whence  — | =  kr\  —  +  —  =  s;^;  and  —  +  —  =  i?: . 

X       y       20*   a;       2?       30*  y       z       40 

12.  Three  pipes  running  together  will  fill  a  cistern  in 
10  hours ;  if  the  first  runs  3  hours,  the  second  6  hours, 
and  the  third  21  hours,  they  will  fill  Vs  of  it ;  if  the  sec- 
ond runs  15  hours,  it  and  the  third  will  fill  the  remainder 
in  10  hours.  How  long  would  it  take  each  pipe  alone  to 
fill  the  cistern  ? 

13.  If  a  general  draws  up  his  regiment,  putting  20  men 
more  in  rank  than  in  file,  he  has  75  men  over ;  if  he  di- 
minishes the  number  in  rank  by  4  and  increases  the  num- 
ber in  file  by  5,  he  lacks  30  men  to  complete  the  column. 
How  many  men  has  he  in  the  regiment  ? 
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14.  Two  pipes^  A  and  B,  lead  to  a  cistern,  and  one 
pipe,  C,  from  the  cistern ;  if  A  and  B  flow,  the  cistern 
will  be  filled  in  10  hours ;  if  A  and  C  flow,  it  will  be  filled 
in  40  hours ;  and  if  B  and  0  flow,  it  will  be  filled  in  80 
hours.  In  what  time  can  A  and  B  each  fill  it,  and  C 
empty  it  ? 

16.  The  length  of  a  rectangle  exceeds  its  width  by  G 
yards  ;  if  the  length  be  increased  by  2  yards  and  the  width 
by  3  yards,  the  area  will  be  increased  by  114  square  yards. 
What  are  its  dimensions  ? 

16.  A  has  a  rectangular  field  whose  length  exceeds  its 
width  by  20  rods  ;  if  its  length  were  increased  by  10  rods 
and  its  width  diminished  by  8  rods,  its  area  would  be 
diminished  by  160  square  rods.     What  are  its  dimensions  ? 

17.  Two  men,  4  feet  apart,  walk  side  by  side  around  a 
circular  rink*  How  far  does  each  walk,  if  the  sum  of 
their  distances  is  one  mile  ? 

Snggestion. — The  circumference  of  &  circle  =  2irr,  and  v  =  3*1416. 

18.  The  sum  of  the  radii  of  two  circles  is  9  feet,  and 
the  circumference  of  one  exceeds  the  circumference  of  the 
other  by  6*2832  feet.  What  are  the  radius  and  circumfer- 
ence of  each  ? 

19.  The  amount  of  a  certain  principal  at  5^  for  a  cer- 
tain time  is  $1575,  and  the  amount  for  the  same  time  at 
8^  is  $1620.     Eequired  the  principal  and  time. 

20.  The  amount  of  a  certain  principal  at  r  ^  for  a  cer- 
tain time  is  $a,  and  the  amount  for  the  same  time  at  /  ^ 
is  $5.     Eequired  the  principal  and  time. 

21.  The  amount  of  a  certain  principal  for  5  years,  at  a 
certain  rate  per  cent,  is  $2340,  and  for  8  years  at  the  same 
rate  is  $2664.     Eequired  the  principal  and  rate. 

22.  The  amount  of  a  certain  principal  for  m  years,  at 
a  certain  rate,  is  $a,  and  for  n  years  at  the  same  rate  %b. 
Eequired  the  principal  and  rate. 
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23.  A,  By  and  0  hare  inrested  $3000 ;  A  receives  an- 
nually 6^  on  his  inyestment,  B  7j^,  and  G  Sj^,  and  the 
samof  their  incomes  is  $219.  If  A  received  7j^9  B  %^y 
and  C  6  $^^  the  snm  of  their  incomes  wonld  be  $204.  How 
mnch  has  each  invested  ? 

24.  A  has  invested  a  certain  snm  at  a  certain  rate^  B 
has  invested  $1500  more  at  one  per  cent  better  than  A^ 
and  receives  an  income  $110  greater ;  and  0  has  invested 
$1000  more  than  B  at  one  per  cent  better,  and  receives 
an  income  $105  greater.  Find  the  capital  of  each  and  his 
rate  of  income. 

26.  A  man  invested  $2610  in  5  j^  and  6  $^  bonds,  paying 
95  for  the  former  and  105  for  the  latter ;  his  annual  in- 
come from  both  investments  was  $144.  How  much  did  he 
invest  in  each  kind  of  bonds  ? 

26.  Two  couriers,  A  and  B,  were  one  mile  apart  and 
approached  each  other;  when  they  met,  it  was  observed 
that  A  had  traveled  280  feet  farther  than  B;  had  A's 
speed  been  104  feet  per  minnte  greater,  and  B's  160  feet 
per  minnte  greater,  each  wonld  have  traveled  one  half  a 
mile  to  meet.    What  was  the  speed  of  each  per  minute  ? 

27.  A  is  500  yards  behind  B,  and  overtakes  him  in  50 
minutes ;  were  A*s  speed  doubled  and  B's  halved,  A  would 
overtake  B  in  10  minutes.  What  is  the  speed  of  each  per 
minute  ? 

28.  Two  posts,  M  and  N,  are  100  yards  apart ;  B  and 
0,  whose  rates  of  travel  are  equal,  start  at  N  at  the  same 
time  that  A  starts  at  M ;  B  travels  in  the  direction  of  M 
and  meets  A  in  2  minutes ;  C  travels  in  the  opposite  direc- 
tion and  is  overtaken  by  A  in  10  minutes.  How  many 
yards  does  each  travel  per  minute  ? 

29.  A  train  300  feet  long  passes  a  train  360  feet  long 
in  56  Y4  seconds  when  they  run  in  the  same  direction ;  but 
when  they  run  in  opposite  directions  it  passes  in  6Y4  sec- 
onds.    What  are  the  rates  of  the  trains  in  miles  per  hour  ? 
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30.  A  invested  a  certain  sum  in  6's  at  96,  B  invested 
$840  more  than  A  in  5's  at  94,  and  0  invested  $2560  more 
than  A  in  4's  at  92  ;  B's  annnal  income  was  $20  less  than 
C's.  How  much  did  each  invest,  and  what  was  the  income 
of  each  ? 

31.  In  a  mile  race,  A  gives  B  a  start  of  440  feet,  and 
beats  him  ly,  minutes.  At  a  second  trial,  A  gives  B  a 
start  of  75  seconds  and  beats  him  by  660  feet.  Find  the 
rate  of  each  in  miles  per  hour. 

32.  A,  B,  and  C  have  each  a  fortune.  A  spends  Ys  of 
his  the  first  year,  B  V*  of  his,  and  C  Va  of  his,  when  they 
together  have  $27,000  left.  The  second  year,  A  spends  % 
of  his  remainder,  B  Y^  of  his,  and  0  Ya  of  his,  and  they 
have  remaining  $19,816 Ya-  The  third  year,  A  again 
spends  Ys  of  his  remainder,  B  Y*  of  his,  and  0  Ys  of  his, 
and  they  have  $14,626.9479  remaining.  How  much  had 
each  at  first  ? 

33.  I  have  four  tanks ;  if  the  second  be  filled  from  the 
first,  it  will  leave  the  first  one  fourth  full.  H  the  third  be 
now  filled  from  the  second,  it  will  leave  the  second  one 
fifth  full.  If  the  fourth  be  now  filled  from  the  third,  it 
will  leave  the  third  one  third  full.  The  third  now  con- 
tains 10  gallons  more  than  the  second.  How  many  gallons 
does  each  tank  hold  ? 

34.  A,  B,  and  C,  in  partnership,  gain  $960 ;  A  owns 
Y4  of  the  stock,  plus  $1000,  B's  gain  is  $240,  and  C's  $420. 
Eequired  each  one's  share  of  the  stock. 

35.  A  banker  has  two  kinds  of  coin ;  it  takes  a  pieces 
of  the  first  to  make  a  dollar,  and  i  of  the  second  to  make 
the  same  sum.  How  many  pieces  of  each  kind  must  be 
taken  that  c  pieces  will  make  a  dollar  ? 

36.  A  mass  of  tin  and  lead  weighing  240  pounds  loses 
28  pounds  when  weighed  in  water.  How  many  pounds  of 
each  metal  are  there  in  the  mass,  if  74  pounds  of  tin  lose 
10  pounds,  and  115  pounds  of  lead  lose  10  pounds  ? 
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CHAPTER  IV. 

THEORY  OF  EXFOJfEXTS  AJfD 
RADICALS. 


I.    Fractional  Exponents. 

Definitions  and  Principles. 

265.  We  learned  [120,  P.  1]  that  dividing  the  exponent 
of  a  factor  by  the  index  of  a  root  extracts  the  root  of  the 
factor.  If  this  principle  be  now  so  generalized  as  to 
include  the  case  in  which  the  exponent  of  the  factor  is 
not  diyisible  by  the  index  of  the  root,  its  application  will 
giye  rise  to  quantities  with  fractional  exponents.     Thus, 

V^=  c^ ;   Va*  =  «"•  ;  etc. 

266.  A  fractional  exponent,  from  the  nature  of  its 
origin,  denotes  a  root  of  a  power,  the  numerator  being 
the  exponent  of  the  power,  and  the  denominator  the 
index  of  the  root. 


267.  Since  «•  =  Va"=  Va XaxaX torn  factors 

=  Vax  VaX  W77^  to  m  factors  [121,  P.  2]  =  (Va)", 
it  follows  that  a  fractional  exponent  may  also  be  inter- 
preted as  a  power  of  a  root. 

Fote. —  y/c^  and  (  V^)*  *^  always  equal  in  numerical  value  for 
any  values  of  m  and  n,  but  they  may  differ  in  sign.    Thus,  if  w  =  4 

and  ri  =  2,  V^"  =  Vo^=^  ±a';  but  ( Va)"  =  (\/«)*=  +  a*,  but 
not  —  o*. 
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268.  It  is  eyident  that  the  nth  power  of  the  nth  root 
of  a  quantity  equals  the  quantity  itself.     Therefore, 


I.  If  we  let 

«•  =  r. 

then  will 

{aTY  =  f. 

or 

a-  =  f. 

and 

{a-y  =  (r•)^ 

or 

a-p  =  r*' ; 

whence 

^v^^^v?^, 

or 

.*.    a*  and  a^p  are  equivalent.    Therefore, 
JPrin.  1. — Multiplying  or  dividing  ioth   terms  of  a 
fractioncU  eoi^onent  ly  the  same  quantity  does  not  alter 
its  value. 

270.  oTXaT  =  al^'  X  aT'  [269,  P.  1] 


=  Va'*  X  a"  [121,  p.  2]  =  'Va^^^  [86,  P.  4] 
=  a^V"'  [120,  P.  1]  =  af  +  T .     Therefore, 
FHn.  2. — The  exponent  of  a  factor  in  the  product 
equals  the  sum  of  the  exponents  of  the  sams  factor  in  the 
multiplicand  and  multiplier^  when  the  exponents  are  posi- 
tive fractions. 


271. 

Let 

P               r 

ai  -T-a*  =  x; 

then. 

xa»  =  a? , 

and 

{xaTY'  =  {a^Y'l 

or. 

xa»  X  xa»  X ....  to  qs  factors, 
=  aT  X  aT  X  . . . .  to  qs  factors. 

or 

7?'  O''    =    a^'    'y 

whence, 

7?'  =  a'*  ~-  0^'  =  a*"-". 

and 

a;  =  a?«     -=.  a^     •  . 

fl?  -7-a«  =  a?     •  .     rLence, 
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PHn.  3. — The  exponent  of  a  factor  in  the  quotient 
equals  the  exponent  of  the  same  factor  in  the  dividend 
minus  the  exponent  of  that  factor  in  the  divisor  when 
the  exponents  are  positive  fractions. 


II.    Negative  Exponents. 

»/2.  We  learned  [100  and  271,  P.  3]  that  the  exponent 
of  a  factor  in  the  quotient  equals  the  exponent  of  the  same 
factor  in  the  dividend  minns  the  exponent  of  that  factor 
in  the  divisor,  when  the  exponents  are  positive  integers  or 
positive  fractions.  If  this  principle  be  accepted  as  tme 
when  the  exponent  of  the  divisor  exceeds  that  of  the  divi- 
dend, negative  exponents  will  arise  from  its  application* 

Thus,  a^  H-  a®  =  a"^ ;  a*  -^  a*  =  a"-",  in  which  m  —  « 
is  negative  when  n>m. 

273.  a*  -^  a*  =  a*-*  for  any  positive  rational  values  of 

m  and  n  [100  and  271,  P.  3]. 

^  .  cT      cT  -^  dr        1 

But  a-  -^  a-  =  —  =    ,      "^  =  -—- . 

a*  * 

If  w  >  w,  m  —  ?j  is  positive  and  w  —  fw  negative. 

If  wi  <  w,  w  —  «  is  negative  and  n  —  m  positive. 

Therefore, 

Trin.  1. — Any  quantity  with  a  positive  or  a  negative 
exponent  equals  the  reciprocal  of  the  quantity  with  the 
sign  of  the  exponent  changed. 


274. 

a— 

a~ 

•x.^ 

= 

1 
o" 

X*- 

also. 

a* 
*-- 

a" 

x^  = 

1 

a~ 

;  X 

*— 

J— 
a-"' 

Therefore, 
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J^rin.  2. — A  factor  may  be  transferred  from  either 
term  of  a  fraction  to  the  other,  if  the  sign  of  its  exponent 
be  changed. 

General  Principles  of  Exponents. 

276.  Let  m  and  n  represent  two  exponents,  positive 
or  negative,  integral  or  fractional. 

1.  When  m  and  n  are  positive  integers : 

a'^Xa''  =  a"+"  [86,  P.  4]. 

p  r 

2.  When  m=  -  and  n=  -: 

q  s 

a*  X  a*  =  at  X  a'T  =  flf  "^"T  [270,  P.  2]  =  a"  ^•. 

3.  When  m  =  —x  and  n=  —y  and  x  and  y  are  in- 
tegral or  fractional : 

a-  X  «•=  a-'  X  «-'=  ^  X  ^,  [273,  P.  1]  =^, 

=  a— » =  ar+\     Therefore, 

rrin.  1.  a"  X  a*  =  a"^"  for  any  rational  values  of 
m  and  n, 

276.  Let  m  and  n  be  any  rational  exponents ;  then, 

1.  When  m  and  n  are  positive  integers : 

ar^ar  =  a—  [100,  P.  3]. 

t)  r 

2.  When  m=  -  and  n=  -  : 

q  s 

a*  -f.  a-  =  af  ~  af  =  al"~r  [271,  P.  3]  =  a"—. 

3.  When  m=  —x  and  n=:  —y  and  x  and  y  are  in- 
tegral or  fractional : 

.  1  1  1     V.       .  «' 

a"  -5-  «•  =  a—  -7-  a-'  =  -  -T-  --  =  --xa*=—  = 
(f      a^      a*  (f 

a^~*  =  «-•-(-•")  =  a"*~*.     Therefore, 

PHn.  ;?.  a*  -f-  a*  =  a*""*  /or  awy  rational  values  of 
m  and  n. 
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277.  Let  m  and  n  be  any  rational  exponents;  then, 

1.  When  n  is  a  positive  integer  : 

{cry  =  cT^  [109,  P.  1]. 

2.  When  w  =  ^  :   («*)•  =  (a*)?  =  V(a^=  Va-^= 

3.  When  w  =  ~  a;  and  a;  is  integral  or  fractional : 

(«-)•  =  (««)-•=  (^.  =  -.=«—  = 
«"•  X  (— )  =  a—.     Therefore, 
Prin.  S.     (ar^Y  =  a**  for  any  rational  values  of  m 
and  n. 

278.  Let  n  =  any  rational  exponent ;  then, 
1.  When  w  is  a  positive  integer  : 

{a  X  by  =  a*Xb*  [110,  P.  2]. 


—  P  , 


2.  When  w  =  ^  :   {aX  iY  =  {aXi)T  =  V{a  X  by  = 


Va^=aT  X  bl-  [121,  P.  2]  =  «•  X  b* 
len  n=  —X  and  x  is  i 

(axJ)"  =  (aX  J)— = 


3.  When  n=  —x  and  a;  is  integral  or  fractional ; 

1  1 


(a  X  by      a'Xb' 
a-'  X  b—  =  a*X  b\     Therefore, 
Brin»  4.     {a  X  by  and  a*  X  S*  are  equivalent  for  any 
ration^  value  of  n. 

ConMary. — Let    b  —  cXdy    then    }•  =  c*  X  <?*,    and 
{aXcXdY  =  a*X  c*  X  d* ;  etc. 

279.  Let  n  represent  any  rational  exponent ;  then, 
/|y=  (a  X  b-'Y  =  a"  X  J-  =  J.     Therefore, 

Prin.  5.     (j\  and  j-  are  equivalent  for  any  rational 
value  of  n.       ^   ' 
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EXERCISE    40. 

Simplify : 

1.  a^Xa^'f  a^Xa^\  «""*  X  a""* ;  a""*  X  a""* ;  a—  X  a* 

2.  a*  X  «■"* ;  a-  X  «•  ;  «-*  X  «•  ;  «    •  X  a;    •  ; 

x-^  X  a:T 
3-  2a*J*x3a-»J*;  6a-»a;*X  (-2a'a;*y); 

-  7*a»  J— C-*  X  Ta-n-^'c-^ 

A,  7?-^  x"^ ;  x^  -r-xi;  a;^  -T-  xT  ;  a;T  -^  a;«  ;  1  -^  a:"^^ 

(16a*J*c*)-j-(5a-*J-^c«) 

7.  (3a-*J»)»;  (a-»J*c*)-*5  (4-»  J-»  «?-»)">  ; 

8.  4»  X  3»;  2*  X  a»  X  2*;  3*  X  3*  X  3*  ;  8*  X  27*; 

4-*  X  8-*  X  16-* 

9.  (a*  +  i*)» ;  (a*  -  J*)» ;  (a"*  -  J-*)* ; 

(a-*+J*)(o-*-jJ) 
la  (oJ  +  a^)  (a*  -  a:*)  ;  (a*  +  a;-*)  («»  -  a:-»)  ; 

(ai  +  biy;  (a"* -*"»)» 

11.  (z*  +  7)  {zi  +  5)  ;  {x-»  + 1)  (x-»  -  4) ; 

(a;— +  2  a)  (a;-"  — 3  a) 

12.  (a;i  +  yi)  (a;*  -  y*) ;  (a;-*  + 1)  (3  a;t  +  5)  ; 

(a:  +  a;*  y*  +  y)  (a;  -  a;*  yi  +  y) 

^  '  (2a!-»-3a?)» 
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Suggestion.— See  136,  138,  and  137. 

^g   g^  +  a^  ,   g*-a»  ,   g-g  -  &-»  ^   8gV  +  l 
^i  _f-  ji  '   ^i  —  ji  '   £1— i  —  J— ?^  '   2  a^  +  1 

16.  Besolve  into  two  binomial  factors  : 

a  —  5 ;  a*  —  J* ;  a~^  —  J-* ;  x"^  —  y~* ;  ic^  —  y' 

17.  Besolye  into  one  binomial  and  one  trinomial  factor  : 
a-b;  a  +  b;  a^-l?%  a*  +  5«;  a"«- J-*;  a*  +  ji 

18.  Factor  «4-3a;*yi  +  y;  a;  — 4a;^y*  +  4y ; 

4a;*  — 12a;*y*+9y 

19.  Factor  a;  +  a;iy*  +  y;  4a;* 4-^^^  +  ^^; 

20.  Factor  aa;*  +  *y*  +  5a;*  +  ay*;  a""*a;  +  i~^^2; 

21.  Eeduce  to  lowest  terms  : 

^  ~  y   .  ^^  +  y*  .  ^*  +  y*  .  a;^  +  a;*  y*  +  y^ 
a;i  _f-  yi  '     a;  —  y       ^jf  —  y  f      ^jS  —  a;i  ^  i  _f-  y  J 

22.  Express  in  fractional  exponents  : 
V4a^*^;  V8a-«J*c-i;  V2^ijJV;  ^x-^y^z^ 

23.  Clear  — _g  ,   of  negative  exponents. 
Saggestion. — Multiply  both  terms  by  c?q^, 

24.  Clear  of  negative  exponents  : 

a~^Vc    ^  g"~* b~^  ^        1       ^  x-^y^'^^  ^    x-'^ 
x-iy-^z^  '  x-^y-i  '  a-^b-^  '    x^y-^z^   '  y-*z-^ 

26.  Clear  of  negative  exponents  : 

g~*  +  y~^    a;~^  +  y^  1  ^  —  y       a;-*  —  y~* 

^         ^     a;-2y^    ^  a;-i  +  y-i^  :c-i-y-^  ^  a;-^  +  y-i 
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EXERCISE    46. 

Simplify : 

1.  a*  X  a* ;  a*  X  a* ;  a~*  X  a"^ ;  a"*  X  a~* ;  a"*  X  a* 

2.  a;*  X  a;""^ ;  «•  X  ««  ;  «"**  X  ««  ;  a;    «  X  «    «  ; 

a;-*  X  a;"^ 

3.  2a«J*x3a-»jt;  6a-»a:*x  (-2a»a:*y); 

-  7*a' J— C-*  X  Ta-n-^'C^ 

h  ».         1.  —  —  —  6. 

4.  »*  -5- «-' ;  «*  -i-  «* ;  a;-  -!-  a;«  ;  a;«  -7-  a;-  ;  1 H- «   f 

5.  («-*  y* «)  ^  (a;-»  y»  z-») ;  (9  «-» i>  c-»)  ^  (3  o»  i"*  c*) ; 

(15o*i*c*)-^(6a-*i->c*) 

«.  (a-«)» ;  (a«)* ;  («-«)» ;  («»)« ;  («-»)-» ;  (a;-)-  ^ 

7.  (3a-*y)»;  (o-»J»c*)-»;  (4-»  J->  <;-»)-*  ; 

||ary-2Tj  ;  (8a^i-*c)l 

8.  4»X3»;  2*X2*X2»;  3*X3*X3*;  8*X27»; 

4-*  X  8-*  X  16-1 

9.  (a*  +  **)» ;  (aJ  -  *?)» ;  («-*  -  *-*)» ; 

(o-*+J>)(a-*-JJ) 
la  (a*  +  «*)  (aJ  -««);(«»  +  «-«)  (3?  -  «-«) ; 

(o*  +  i*)»;  (o-«-J-»)' 

11.  (a;t  +  7)  (aii  +  5) ;  («"»  + 1)  (a:-»  -  4)  ; 

(a;— +  2  a)  (a;— —  3  a) 

12.  (a;?  +  y*)  (a;*  -  y*)  ;  (a;-*  + 1)  (3  a:*  +  5)  ; 

(a:  +  a;*  y*  +  y)  (a;  —  a;l  yl  +  y) 

13.  {x-*-\-y-*y;  (|a;i-  JyiV;  (a:^  +  yvy; 

^  '  (2a;-»-3a:*)» 
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^^^^zvi'^  ^43^5  at+si^  J+bi'  ^rr;&* 

Suggestion.— See  136,  138,  and  137. 

15  ^^  +  &^  .  a*-bi  ,  g-i^b-^  .  8av  +  l 
ai  +  ji  '  a*  —  5*  '  a"^  —  J""^  '  2  a^  + 1 

16.  Besolve  into  two  binomial  factors  : 
a  —  b;  a^  —  b^ ;  a"^  —  b"^ ;  x"^  —  y~*  \  oi?  —  y^ 

17.  Besolve  into  one  binomial  and  one  trinomial  factor  : 

16.  Factor  a?  +  2a;iy*4-y;  a;  — 4a;*y*  +  4y ; 

4a;*  — 12a;*y*  +  9y 

19.  Factor  x-\-x^y^ -^-yi  4«*  +  2iry4-y^; 

a;-«  +  a;-^2/-i  +  y-» 

20.  Factor  ax^ ^by^  +  bx^-^-ay^ *y  a''^x-{-b~'^^x 

21.  Eeduce  to  lowest  terms  : 

x^y   ^  a;^  +  y*  .  ^^-^V^  ,  x^ '\- x^ y^ •\- y^ 
a;*  +  y*'     a^-y   '  a;* - y*  '  a;*-a;iy*  +  y* 

22.  Express  in  fractional  exponents  : 
VTo^J^;  V8a-«**c-^;  V2^?J*7;  V^^^^yM 

Suggestion. — Multiply  both  terms  by  a'a;^. 

24.  Clear  of  negative  exponents  : 
g-^Vc       g""t  b~^  1  /p-sy-s^l      ^.-a,^ 

26.  Clear  of  negative  exponents  : 
^~'  +  y~^    a:~'  +  y^  1  ^  — .V        a?~'  —  y~* 
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26.  Express  in  the  integral  form      ^^3 
8iiggeiti<m.— Multiply  both  terms  by  a-*  6*. 

27.  Express  in  the  integral  form  : 

26.  Express  under  radical  sign,  a*  J"4  c^ 
Suggertion.— at  6-t(A  =  aAft-i5cA  =  (a8&-Wc')TV  = 


29.  Express  under  radical  sign  : 

30.  Express  the  reciprocal  of ^-^-^-y  ^— t> 

and  i/ ^""    ,  in  positive  exponents. 

r  «  +  * 

31.  Simplify  {(a-«)-*}-ix  {(-a-*)-*} -*-^ {«-*)"* 

32.  Simplify  (a - J)« (a  +  J)« ;  (2a  +  3 J)*(2a-3 J)*; 
(a  +  *)-*  (a  -  *)-*  (a«  +  **)"*  ;  («'  -  «")*  («*  +  a:*)* 

33.  Simplify : 

34.  Place  the  coefficients  of  the  following  quantities 
within  the  parentheses : 

35.  Extract  the  square  root  of  1  —  a;  to  four  terms. 

36.  Extract  the  square  root  of : 

x  +  2xiy^  +  y  +  2xizi  +  2yiz^  +  z 

37.  Extract  the  cube  root  of  1  —  x"^  to  three  terms. 

38.  Extract  the  cube  root  of  a:*  —  3  a;*  y*  +  3  a;*  y*  —  y^ 

+  dxi z^  --  6xi yi zi  +  3xi zi  +  3 yi zi  -  d y^ zi  +  z^ 
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Radicals. 

Definitions  and  Principles. 

280.  A  Radical  is  an  indicated  root  of  a  quantity. 

281.  A  radical  in  which  the  indicated  root  may  be 
exactly  obtained  is  a  rational  radical \  as,  V4a;*y*. 

282.  A  radical  in  which  the  indicated  root  can  not  be 
exactly  obtained  is  an  irrational  radicaly  or  a  Surd;  as, 
V2x. 

283.  An  imaginary  surd  is  an  indicated  even  root  of 
a  negatiye  quantity. 

284.  A  pure  surd  is  one  that  contains  no  rational  fac- 
tors; as,  V2ai 

285.  A  mixed  surd  is  one  that  contains  both  rational 
and  irrational  factors ;  as,  A/4a*S  =  2  a  Vb, 

286.  A  real  quantify  is  one  that  is  not  imaginary ;  as, 
12,  V49,  Vl5^ 

287.  The  degree  of  a  radical  is  the  degree  of  the  indi- 
cated root    Thus,  Va  is  of  the  fifth  degree. 

288.  A  radical  is  in  its  simplest  form  when  it  is  in  the 
lowest  degree  to  which  it  can  be  reduced,  and  contains  no 
factor  whose  indicated  root  can  be  exactly  obtained. 

289.  Sadicals  that  contain  the  same  surd  factors  when 
reduced  to  simplest  form  are  similar. 

=  -^  Va  J*~*  [121,  P.  2],  which  is  in  its  simplest  form. 

Therefore, 

Prin,  1. — No  fractional  radical  is  in  its  simplest  form. 
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291.  VaXhXcX =  VaxVh  xVcX 

[121,  P.  2].     Therefore, 

Brin,  2. — Any  root  of  the  product  of  two  or  more 
qtuintities  and  the  product  of  the  like  roots  of  those  quan^ 
titles  are  equivalent. 

292.  yl  =  ^  [217,  P.  3].     Therefore, 

Prin»  3. — Any  root  of  the  quotient  of  two  quantities 
and  the  quotient  of  the  like  roots  of  those  quantities  are 
equivalent. 

298.  Vo*  =  a  [120,  P.  1].     Therefore, 
Prin.  4. — Any  quantity  equals  any  root  of  an  eqtuil 
power  of  that  quantity. 


Calculus  of  Radicals. 
IlliiBtratioiiB. — 

1.  Simplify  V40,  /j/|,  and  V27a^. 
SdntiODi:  1.  J^  =  ^/slTE  =  !t/S  x  ^5  =  2^5. 

2.  Place  the  coeflBcient  of  «  Vs  under  the  radical  sign. 

o 


3.  Reduce  Vs,  Vi,  Vs,  and  V2  to  the  same  degree. 

i/l  =  4i  =  4^  =  'Vi*=  V^ 
V3  =  8i  =  aA  =  '^  =  '^ 

Vs  =  2i  =  aft  =  "^  =  Vi" 
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4.  Find  the  value  of  Vi28  +  ju\  -  /l/J. 

Bolutioii:  Vi28  =  V64  X  V^  =  8^/2 

4/1  =  4/5  =  4/^x^2=  IV2 

5.  Findtheyalueof  4V6x2V4and2\/3ix4V3^ 
Sdutioiui:  1.  4y6x2V4=4x3xV6xV4=8  i/^Vl 

=  8  V24  =  8  VslTs  =  8x2V¥  =  16VS^ 

3.  2  >v/3x  X  4  V3»»  =  2  x  4  x  (3a;)i  x  (3a:»)i  =  8  x  (3ir)t  x  (8a^t 

=  8x  V27«»x  >v^^  =  8V2S^  = 

8V^x  V248a;=±8a;V2i3il 

6.  Find  the  value  of  4  V6 -^  2  V4  and  6  Vs  h-  5  V2. 
SQlutioiii:  1.  4V6+3V4  =2^6-1- V4=  34/1  =  2>J^ 

=  24/Ix  Vi2  =  2x4-x  Vl2=  Vi2; 

2.  6V^H-5y2=-|-(5)t-i-(2)i  =  |(5)t  +  (2)t  =  -5-Vi25+ VI 

=  |t^  =  |f^  =  |i^xV2000=±|V2000. 

7.  Find  the  value  of  (5  V3a«)«,  (3  V5)*,  and  {a  V%x)\ 

Solatioiii:  1.  (5V3a«)«  =  {5(3o«)i}»  =  5«  x  (3o«)t  =  25  i/^ 

=  25  Va»"x  ^^=  25o  -v^ 

2.  (3  V^  )*  =  3*  X  (5+)*  =  81  X  5«  =  81  X  25  =  2025. 

3.  (o  V^^)'  =  a*  X  {(2a;)i}»  =  a»  x  (2ic)t  =  o»  ^2^ 

8.  Find  the  value  of  Wa,  V3V2a,  and  VV^a^a^. 
Solutioiui:  1.  i^l/a  =  (ai)i  =  a*  =  Vo. 

2.  4^3V2a  =  {3(2a)i}i  =  3s  x  (2a)i  =  3t  x  (2a)i  = 

9t  X  (2a)i  =  (18a)t  =  i/Wa. 

3.  4^T^4a«P  =  V4o»^»  =  y^ v^o«^  =  i/2ax. 
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9.  Bationalize  the  denominators  of : 

2         3       a/3-a/2 

,  and  -7=- 


V3'  \/V  V3  +  V2'        V2  +  V3  +  V5' 

^8         3  V^      8VI6  _  3  ,/r^ 

g  \/3-\/2  ^  (\/3-V2)»      _  _3-a\/6+a 

'  a/3  +  a/3       (a/3  +  a/2)  (VS  -  a/2)  ^-^ 

^  3  =5-2A/a 

a/2  +  a/3  +  A^  ~ 

3(a/2  +  a/3-a/5) 

{(V^  +  a/3)  +  a/5  }  {(a/2  +  a/3)  -  a/5  }  ~ 

3(a/2"+ a/^-a/5)_3(a/2  +  a/3-a/5)  _ 
(a/2  +  a/3)«-5      ""  2  a/6  " 

3(a/2  +  a/3-a/5)a/6  _3(a/12+  a/IQ  -  \/30)  _ 
2  a/ 6  X  a/6  "■  13  ~ 

i  (2  a/3  +  3  a/2  -  a/30)  =  ^a/S  +  |a/3  -  \V^. 


EXERCISE    46. 

Simplify : 

1.  V54  2.  V48a^*V  3.   l/^ 

y   26 


4.  Va^-2a'^b  +  aS^  7.  ""Vaf'^T"*^"^* 


5.  Va*(a-J)'^  8.  Vfl^"S^*+V»+^ 


6.  Va^."JV+^  9.  ""^Va:2"+*/"+^2;"+» 

10.  V256",    V64ai^J«^   *Va**V- 


11. 


8  /16      4,3       8» /^        V/j^^ 


12    i/^±I      \fJEL      l/a'  +  ab  +  b' 
^^  ^  a-^y    y  {a  +  bf'    y      (a-S)^ 
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13.  X  Vox,   g  |/|,   (a  +  x)  Va  +  a;,    (a  -  x)-Wc?  —  it* 


16. 


Beduce  the  following  to  the  same  degree : 


16.  Vox,    VcfXy   and  Va«* 

17.  VSo",    V2a"+*,   and   V4a— * 

18.  V2a,  V2a,   and  ^%/%a 

Determine  whether  the  following  radicals  are  similar : 

19.  V8a»,   Vl8aJ«,  and  V32a*** 
3  /     "l       s/l6 


«•  ""^  i/S 


"•  -/St  "■'  \f^f 


22. 


./I^Ei)!  and   i/SI)! 

y  x+i       y  («-i)* 

23.  a/55,    V^,   and   V- 135 

Find  the  Talue  of : 
26.  V^+|/iaJ+y  AaS 

26.  A/3a*  +  2  V3tf*-2aV24a" 

27.  aVUa  +  2V3a¥-'2cV3a 

28.  2  Va*  -  3  V^J»+  Va^ 
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("v1+4A5)-(v1-'/D+H-'/i) 


/        16a;*  y» 

34.  2V5X3V3X  \/6  36.  av^  X  2  V2  X  2  V2 

36-//|x2;|/|x3y/|  37.5V9^iV3 

^^  j/l  ^  j/i  ^  l/i  39.  2a/2-4-,J/| 

42.  (a;  Vy  +  a:*  A/^y  +  \/«)  X  V«y 

43.  (V2  +  V2  +  V2)  -4-  V2 

44.  (V^+\/y+'v/z)(V«— A/y+A/z) 
46.  (v^+  V^+  Vf)iV^-  Vy) 

46.  (a:  +  y)-5-(V^+VP) 

47.  (x+Vxy  +  y) -I- (V«+  -\/^+  Vy) 

48.  {Vi-Vy)-i-{Vi+Vy) 

49.  (xV«+ Va»  +  1)-^(V?+ V^  +  1) 
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60.  (f/l/f)*   (mwVw^»)^   {Vax-r-a^ofY 

61.  (3  V3a*)«,   {xyVxyY,  VuVzb 

62.  Vl6  Vl6ar*y«,  V'VFF%   i^dabVSab 

53.  (Va+T-  Va -  *)*  64.  (a  Va  +  i  V*)* 

66.  (v^^+  VSTy)»  56.  (|/|  -  |/y 

67.  V(a;-2V«^+ V?) 

68.  V'(4ir  +  12A/^+9y) 

59.  ViX'-SV^  +  dVxf-y) 

60.  V'(a;*  +  2a;A/^+y*  +  3a:y  +  2y V^) 

61.  V{x  +  3x^yi  +  dxiyi  +  y  +  3xizi  +  6x^yizi  + 

3y^  zi  +  dx^  zi  +  3yi  zi  +  z) 

Sationalize  the  denominators  of : 

62.  "^^^^y^    3+V2  g3^  _2_^    V;2 
Va;  +  2y'   l-\/2  '  Vs'    V3 

g^  2\/3-3a/2     -v/5-2\/3 

2'v/2  +  3V3'    V5  +  2a/3 


__    a  —  Va*  +  a;*  ^^    Va  +  a;  —  a/a  —  a; 

00.    .  =  DO.    —  

a  +  V  a*  +  a:*  v«  +  a;  +  V  a  —  a; 

67.  :^^^1 =  68.  V^+V3-V8 

■•    A/i-v^+Ve  V2+V3  +  VI 

69.  Show  that  ]i±^i*+  Jl-Zl^l* 
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Imaginary  Quantities. 

Definitions  and  Principles. 

294.  An  expression  having  one  or  more  terms  contain- 
ing imaginary  surds  is  an  Imaginary  Quantity. 

295.  A  term  containing  an  imaginary  surd  is  an  Im- 
aginary Term. 

296.  A  quantity  containing  no  other  than  imaginary 
terms  is  a  Pure  Imaginary  Qtiantity;  as,  aV—b,  or 
V—  a  +  V—  *. 

297.  A  quantity  containing  both  real  and  imaginary 
terms  is  a  Complex  Imaginary  Quantity ;  as,  a  ±  V—  J, 
or  Va  ±  V— *. 

298.  V'^^=  VS"  X  (-  1)  =  V^X  V^= 
±  h  V^^\  also,  'v/^^=  V*X(-1)  = 
Vb  X  a/^^=  ±  J*  V"^     Therefore, 

Prin,  1. — Every  imaginary  term  of  the  second  degree 
m^y  be  reduced  to  the  form  of  ±n  V—  1,  in' which  n  is 
real. 

299.  The  factor  a/—  1  is  called  the  hnaginary  Unity 
and  for  conyenience  is  ofte^  represented  by  the  letter  i. 
Thus,  a  V— 1  =  ai,  and  fl  + J  V— 1  =  0-}- Jf. 

300.  The  algebraic  sum  of  a  real  and  an  imaginary 
term  is  called  a  Complex  Number ;  as,  a  ±  J  \^—  1. 

301.  Two  complex  imaginary  quantities  of  the  form 
of  a  +  J  V—  1  and  a  —  b  V—  Ij,  or  a  +  5*  a^d  a  —  Jt, 
are  called  a^  Conjugate  Pair. 

302.  Since  2  w  represents  an  even  number  and  2  w  —  1 
an  odd  number  for  any  integral  values  of  w,  *V—  1  is 
imaginary  and  ^*""V—  1  is  real 
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303.  If;  in  the  two  forms 

(a/^«"  and  (a/^)*— S  we  let 

w  =  l,  {-/^Y  =  -1  and  (V^^  =  V^^ 
w  =  2,  {^T^Y  =  + 1  and  ( V^^)^  =  -  v^ 
w  =  3,  (V^)«  =  -1  and  (V^^)*  =  v^ 
w  =  4,  (y^)«  =  +1  and  (V^^)'  =  -  V^ 
n  =  6,  (V^^r  =  -1  and  (V^^  =  V^ 
w  =  6,  (vCrr)»  =  +  1  and  (\/^"  =  -  ^/^ 
n^n,  (V-  1)^*  =  -  1  and  {^^^Y'  =      v^ 

etc.,        etc.,  etc.,  etc. 

Therefore, 
Trin.  2. — The  even  powers  of  V— 1  are  real,   + 1 

when  the  exponent  of  the  power  is  divisible  by  4y  and  —  1 

when  divisible  by  2,  but  not  by  4- 

rrin.  3.— The  odd  powers  of  V— 1  are  imaginaryy 

-f-  V—  1  wAew  the  exponent  of  the  power  is  one  more  than 

a  multiple  of  4,  and  —  V—  1  wAm  tY  i«  one  less  than  a 

multiple  of  4- 

304.  (a  +  *A/^(a- Ja/^  =  a^^{bV^^y  = 
a8  +  i2.    Therefore, 

PHn.  4.— The  product  of  a  conjugate  pair  of  imagi- 
naries  is  real. 

Bliutrative  Examples. — 1.  Find  the  sum  and  the  differ- 
ence of  3  +  V— 4  and  5  —  V— 9. 

Mution:  3+V^=      3  +  2  V^^ 

Sum  =      8—    V^ 

Difference  =  —  2  +  5  V^ 

2.  Find  the  product  of  2  \/^^  and  3  \/^^. 

Solution: 

2v^^x  3V^  =  2x  a/2  X  \/^x  3  X  ^/i"  X  V^  = 

2x3x>/2xV3x  ( V^)'  =  6xy6x(-l)  =  -6A/6. 
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3.  Find  the  product  of  5  -  2  V^^  and  6  +  3  V^^. 

Solution:  5-3  V^=    6-   aVSxt 
6  +  3  V^  =6+3  >v/5  X  % 

80-12^2  xi 

+  15  V^  X  t  -  6  Vio  X  t» 


30  +  (15  VS-  12  V2)»  +  6  VlO  = 
30  +  15  V^- 12  V^+  «  ViO. 


4.  Divide  5  V^  by  2  V--3. 

Sdution :  5  -v/^  +  2  V^^  =  (5  V^  x  i)  -i-  (2  ^3  x  t)  = 
5^+2V3=|t^  =  -JV6. 

5.  Find  the  value  of  (2  V^^)\ 

Solution:  (2  ^f^f  =  (2  ^/2  x  t)»  =  2»  x  (V2)»  x  t»  = 
32  X  4  V2  X  V^  =  128  V^- 


EXERCISE    47. 


Find  the  value  of  : 


1.  V-16+  V^^~  V-25 


2.  V-tf*- V-9tf*+ V-16S« 


3.  2  V-a;«-3  V---y^  +  5  V-42;* 


4.  V^^X  V^^;  V— lOx  V— 4;  3  a/^^X  4  V^ 

5.  (2+ V^)(2-  V^);  (V^r2+ V^ 

6.  {^/^+  V^^-  V^^)  X  V3  ; 

(yZ^-  a/=T+  V^  X  2  V^ 


7.  (2v'^^+3V^=^+4V'^(3a/^=1"~4v^^ 

8.  4  \/^=^-^ 3  a/^^;  5  V-aJ-^ 2  V-a« 

9.  (7\/iri+3  V^r8"-4A/^=n^)-+.2'>/^ 
10.  (8  \/^+  4  V2  -  6  a/^  -f-  2  V3 
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11.  (-2-v/a  +  2A/3+ VlO- Vl5)-5-(V^^- V^) 
la.  (V^»;  (2V^*;  (-3y^»;  {a:*  V-(l-a;){« 
13.  (1  +  V^* ;  (2  -  -/^f ;  ( V^^-  V^* ; 

12  1  v^ZY-V^I^ 


14. 


V^ '  VZTa'  i-ViTi'  v':r2  +  V-3 


Binomial  Surds. 

Definitions  and  Principles. 

305.  A  binomial  surd  is  a  binomial  in  which  one  or 
both  terms  are  surds ;  as,  a  ±  Vb  or  Va  ±  Vh. 

Kote. — The  discassion  under  this  head  will  be  limited  to  binomial 
surds  of  the  second  degree. 

306.  The  general  form  of  a  binomial  surd  is  Va  ±  VT, 
in  which  the  coeflBcients  of  the  terms  have  been  placed 
under  the  radical  signs,  and  Va  may  be  rational  or 
irrational. 

307.  (Va  ±  V^)»  =  a±2VaS  +  J  =  (a  +  *)±2VaI. 
Therefore, 

Frin.  1. — The  square  of  a  binomial  surd  is  a  binomial 
surd  with  a  rational  term. 

Prin*  2. — If  a  binomial  surd  is  a  perfect  square,  and 
the  coefficient  of  the  irrational  term  is  reduced  to  2,  the 
quantity  under  the  radical  sign  is  composed  of  two  factors 
whose  sum  is  the  rational  term. 

308.  The  general  form  of  a  binomial  surd  that  is  a 
perfect  square  is  J9  ±  2  V~q,  in  which  q  is  the  product  of 
two  factors  whose  sum  is  ^  [P.  2]. 
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309.  Let  p  ^  m-\-n  and  y  =  m w ; 

then      J9±2  V^  =  (w  +  w)  ±2Vm»  =  d[307,P.2], 
jo«  =  (m  +  ^)*  =  w*  +  2  ^  w  +  ^^ 
(2  V^)*  =  (2  Vrnnf  =  4mw, 
^*  —  (2  Vg)*  =  w*  —  2  m  w  +  w*  =  (wi  —  n)^ 
Therefore, 

Prin.  3.— If  a  binomial  surd  is  a  perfect  square,  the 
difference  of  the  squares  of  its  terms  is  a  perfect  square. 

Kote.— This  principle  will  enable  us  to  determine  whether  a  bino- 
mial surd  is  a  perfect  square.  Thus,  11  +  6  V^  is  a  perfect  square, 
since  11«  -  (6  y/2f  =  121  -  72  =  49,  a  square. 

310.  Let  i?  ±  2  Vy  =  (m  +  w)  ±  2  VwTw  =  n, 

then      Vp±%  Vg  =  Vm-\-n±%^mn  =  ^/m±  ^fn. 

Therefore, 

JPrin.  4. — The  square  root  of  a  binomial  surd  of  the 
form  of  p  ±2  Vq  is  the  sum  or  difference  of  the  square 
roots  of  two  quantities  whose  product  is  q  and  whose  sum 
is  p. 

Hote.— This  principle  will  enable  us  to  find  the  square  root  of  a 
binomial  surd  by  inspection  when  the  factors  of  g  are  readily  seen. 
Thus,  11  +  6  V^  =  ll  +  2  Vis.  Now,  18  =  9x2  and  9  +  2  =  11. 
Therefore,  >/ll  +  2  ^/lS=z  ^  +  yf%  =  3  +  >/2. 

311.  Let  j9  ±  2  ^Tq  =  (m  +  w)  ±  2  VwTw  =  d  ; 
then  (m  -  w)«  =  ^«  -  (2  \/g)»  =  ^«  -  4  g  [309]. 


m  —  n  =:  's/p^  —  ^q^ 
but,               m-\-n'=^  p\ 

adding,               2m  =:  p+  Vp^  —  4^  ; 
subtracting,        2n  ::=p—  Vp^  —  4  g. 

(A) 
(B) 

By  means  of  (A)  and  (B)  the  yalnes  of  m  and  n  may 
easily  be  obtained  when  they  can  not  be  seen  by  in- 
spection. 
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niiutratioiL — ^Find  the  square  root  of  

Bdiitlon : 

•••    8m  =  |  +  V^=l,and2»  =  |-4/I  =  | 
w  =  -|- ,  and  «  =  y  • 

EXERCISE    4a 

Extract  the  square  root  of  : 
1.  7  +  4a/3  13.  35-12a/6 

2.11-6A/2  14.3-A/2 


3.13  —  4^3  16.  a*  +  2a;A/a*  — a:* 


4.  5  +  2  Ve  16.  (2aj  -  y)  -  2  ^^--xy 

6.16-2^15  17.  2iC  +  2\/a:«-a« 

6.  I2-2V35  18.  0  +  2  \/^ 

7.  29  + 12  a/5  19.  -  5  -  2  V6 
8.103  +  42A/6  20.  2a^  +  2Va:*-a;*y* 
9.  54-36  V2  21.  (a:«  +  a;)  +  2a;A/^ 

I0.ic  +  y  — 2Vxy"  22.95  +  20\/^ 

26.  Simplify     ■  ^ .  _ 

V5  +  2V6  +  V5-aV6 
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Reduction  of  Simple  Radical  Equations. 

ninttratioii. — Solve  ^/x  +  a  =  3  +  Vx. 

BoltftiA:  Square  both  members, 

a;  +  a=    9  +  6V^+ic         (1) 

Transpose,  —  6a/S=   ®  — « 

Square,  36a;  =  18  — 18a  +  a« 

ic  =  4(18-18a  +  a*). 


EXERCISE    49. 

Solve : 
1.  2+V^=3- a/^  1^    ^"^    =5 


2.  V^+  v«  =  ^/x  —  a 


Vx  +  2 


==«=  a;  —  9 

3.  i^2+\/3-7S  =  V5  "'V^ir^^^ 

4.  V3a;  +  2a  =  V^SaVaa  aa;-J 

, , 16.  —j= 7=  =     a 

6.  Va:  +  10  —  Vx  — 10  =  2  VaiC  +  vS 


-i/! 


+  a/o^  =  fl  17.  -7=^ ^  =  2  V^ 


/^+^+//f  =  V^  y^  +  y2_ 


8.  Vl+ V4  +  V3^  =  3 


18.      ^    ' 7=  =  2 

ViC  —  V2 


/ /  =  / —  V  fl  X  —  0 

9.  Va+Vb  +  ^  =  Va  19.      . —  ,  ^  =  c 

\ax-\-o 


10.  Vi+VT+x  =  2 


\/2^—  V5^ 

a  a;       ,^        v  21.      . — -=r=ic 

=  (l-fl)a;  V3a;+V2ic 

13.  Vx  +  -j=  :=  Va  +  -7=         22.      .  —  — 7==  =  V  a? 
V  a?  V  a  V  2  X  —  V  3  a? 
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1 
23. 


;^^  +  Va:  +  l  =  2V^+l 


y 7=     =     Vflffl5  flw.      ^ 


^^    Vax+Vbx        / —  ^^  x+Vx  .        r- 

26.     y —  — 7=  =  Vaa  26.  — ■ — -j=  =  a-\'a\/x 


Supplementary  Theorems. 

312.  Definition.  —  Any  surd  of  the  second  degree  is 
called  a  Quadratic  Surd. 

515.  Theorem  J. — No  two  dissimilar  quadratic  surds 
can  he  equal. 

DemoDftration. — Let  Va  and  ^s/T  be  two  dissimilar  quadratic 
sards.  If  possible,  let  the  ^y/a  =  V^  *  then,  by  squaring,  a=h, 
which  can  not  be,  if  V^  ^^^  V^  ^^  dissimilar. 

S14.  Theo.  II. — The  product  and  the  quotient  of  two 
similar  quadratic  surds  are  rational. 

Demonftration.— Any  two  similar  quadratic  surds  can  be  reduced 
to  the  form  of  a  \fi  and  c  \f%.    Now, 

1.  a  *s/h  X  c  ^Jh  =  ox&ixcx&i  =  ac&,  a  rational  product. 

2.  a  V^ ■*- ^  V^  =o&i-*-cJi  =  — ,  a  rational  quotient. 

516.  Theo.  III. — If  the  product  or  the  quotient  of 
two  quadratic  surds  is  rational,  the  surds  are  similar. 

Demonstration. — ^Let  a/u  x  a/T  =  c,  then  v^  ^  ^/^  >^  \/^  = 
e  \fh,  or  h  a/q  =  c  V^>  which  is  possible  only  when  ^/a  and  ^/h 
are  similar. 

Also,  if  we  let  V^  "*-  ^/^  =  c>  then  c  ^/T  =  Va|  which  is  pos- 
sible only  when  ^/a  and  ^/h  are  similar. 

S16.  Theo.  IV. — The  product  or  the  quotient  of  two 
dissimilar  quadratic  surds  is  a  quadratic  surd. 
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DamosftratioiL— Let  \/a  and  ^\/h  be  two  dissimilar  quadratic 
surds.  Now,  a  and  h  have  each  one  or  more  factors  of  the  first 
degree,  else  would  ^a  BXkdi  \/d  not  be  surds,  and  h  must  have  at 
least  one  factor  different  from  the  factors  of  a,  else  would  V^  <^d 
V^  not  be  dissimilar ;  therefore,  ^/oF  must  have  at  least  one  factor 
of  the  first  degree  under  the  radical  sign,  which  makes  it  a  surd. 

Likewise,  i/t,  or  -r-  ^ab  must  be  a  surd. 

817.  Theo.  F. — The  sum  or  the  difference  of  two  dis- 
similar quadratic  surds  can  not  be  rational,  nor  can  it 
be  a  single  surd. 

Benuniftratloii. — Let  V^  <^d  V^  ^  two  dissimilar  quadratic 
surds,  and,  if  possible,  let  \/a  ±  ^b  =  y/e,  in  which  y/em&j  be 
rational  or  irrational  Squaring,  a  ±2  '^ab  +  &  =  c,  or  ±2  yob  = 
c  —  a  —  ft.  But  2  ^ab  is  irrational  [Theo.  4],  and  can  not,  therefore, 
equal  the  rational  quantity  e  —  a  —  b. 

818.  Definition. — Two  binomial  surds  of  the  form  of 
a  +  Vb  and  a  —  VJ  are  called  conjugate  quadratic  surds. 

819.  Theo.  VI. — The  sum  and  the  product  of  two  con- 
jugate  quadratic  surds  are  rational. 

Beiiioiiitratl<m.~l.  (a  +  's/b)  +  (a  —  \fb)  =  2a,  a  rational  sum. 
2.  (a+  \/ft)(»—V^)  =  »'  —  (V^)'  =  »'  —  ^  a  rational  product 

820.  Th/to.  TIL — A  quadratic  surd  can  not  be  the 
sum  or  the  difference  of  a  rational  and  a  surd  quantity. 

Denunutratloii.— - 

If  \/a  could  be  c  ±  y^,  a  would  equal  c«±  2c\/d  +  <^;  or, 
±2e  ^d  would  equal  a  —  c^  —  dy  which  is  impossible,  since  a  surd 
can  not  equal  a  rational  quantity. 

821.  Thea.  rill.—lf  fl+  \/S  =  a?+  a/jt  (V*  and 
Vy  being  irrational),  then  will  a=:x  and  Vb  =  Vy. 

DemongtratioiL~By  transposing,  ^/^  —  \/y  =z  x  —  a»  This  is 
only  possible  when  \/6  =  \/y  and  x=zaf  else  we  would  have  the 
difference  of  two  dissimilar  quadratic  surds  a  rational  quantity,  which 
is  contrary  to  Theo,  V. 
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Theo*  IX. — If  the  sum  and   the  product  of 
a  +  VJ  and  c  +  Vrf  are  both  rational,  then  a^c  and 

Demonitratioii. — 1.  If  the  sum  of  a  +  ^T  and  c  +  ^d  is  rational, 
then  is  a  +  6  +  \b  +  V^  rational  r  but  this  is  only  possible  when 
V^+  V^  is  0  [Theo.  VJ. 

2.  If  V^  +  \/?  =  0»  V^  =  —  a/^>  and  the  product  of  a  +  V^ 
and  6  +  V^>  or  ac  +  a  \/J+  ^  V^  +  ^/bd  =  ac  —  (a^c)  vT—  &, 
which  can  only  be  rational  when  (a  —  c)  V^  is  rational,  or  when  a=:c. 


Miscellaneous  Examples. 

EXERCISE    60. 


a.  Simplify  (64  «•'')*;  a/25  a;*  y*;  {(o*)— v};^ 
3.  Simplify  6  V4^+  Va^+  2  Vs^ -  4  Vie* 


Sin^plify  ;j/1  ^^  ^  ^^^ 


^27  a:*  y*  —   ? /^y* 


5.  Prom  i/^y  +  ^^y'+Z  take  j^/tlEllt±t 

y  7?    ^2xy  +f  y  Q?    +2a;y  +y« 

6.  Show  that  2  V3  X  V72  =  8  a/6  -5-  V64 

7.  Multiply  a  —  Va*  +  J  by  a*  +  J* 

8.  Divide  \  |/|  by  V2  +  3  j^  ;  and  (64)*  by  2 

9.  Which  is  the  greater,  4  a/5  or  7  Vs  ? 

CNiggeition. — Place  coeflBcients  under  radical  signs  and  reduce  to 
a  common  index. 

10.  Arrange  in  order  of  magnitude  3  V6,  4  V^,  and  5  \/3 

11.  Arrange  in  order  of  magnitude  \/3,  V5,  and  \/6 
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12.  Arrange  in  order  of  magnitnde 

13.  Simplify  — jr,  X  — 7--=  -i 7= 

4V6       6V2O         6VI8 

14.  Simplify  J^  +  ^y/3?y-4:3?y»  +  ^xf 

16.  Multiply  44/5+3V2  by  qV%  ;  Var-Va;  by  f«+V» 

16.  Simplify  (t^Va-^>;   (/|/iy^'; 

0-i/D"x(l+4/D' 

17.  Simplify 

18.  Bationalize  the  denominator  of         "*    ^J^ —    "^    ^ 

Vic  +  2y  —  Vx  —  ^y 

19.  Simplify  ?±1^^  +  x-%V^ 

X  — 2va;  +  y       z  +  2Vx  +  if 

^^   o-      v*     Vx  +  l  +  Vx—1    ,    Va;  + 1  —  Va;  —  1 

20.  Simplify     ,  ^    .  +     ,   ^   y 

Vx  +  l^Vx-1       Vx  +  l  +  Vx-1     ' 

21.  Simplify  1+^  +  '-^ 

22.  Expand  (1  +  V^)» ;  (I  -  I V^)*; 

(_  V^  -  2  \/^)» 

23.  Simplify  t^7  +  2  Vl2  ;  i^lQ  -  4  a/22  ;  |/-5  +  2\/6 

24.  Divide  a;  —  y  by  V«  —  Vy  ',  x-\-y  by  V«  +  Vy 
26.  Divide  af^  +  a;^  y*^  +  y^  by  a;^  —  a;*  y^  +  y^ 
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26.  Besolye  into  two  binomial  factors^ 


27.  Bednce 


28.  Reduce 


^-y 


x  +  ff 


V^+Vy'   Vx+Vy' 


and 


ic— Va:  — 6 
to  lowest  terms. 


a^y  v^-Vs' 


and 


29.  Find  the  value  of 
1 


Va  +  Vb 
to  similar  fractions. 


+  ,        '     ^  +  :r^ 


2a;       2V2a;+V2i       2A/2a;-A/2^ 


30.  Of  what  number  are  5+V— 2,  5  — V— 2,  3+V— 1, 

and  3  —  V—  1  the  factors  ? 

31.  Place  the  coefl5cients    of   the    following   expressions 

within  the  parentheses  :  x{a  —  x)^ ;  a?  (a;"*  +  a:)""* ; 

a:""^  {a  +  b  a:)""*  ;  x^  (a  —  x)^T 

32.  Place  the  monomial  factors  in  the  following  expressions 

before  the  parentheses  :  {ax  —  b  Qi?y ;  {pi?  +  a:)* ; 
(a  ar»  -  i  a;«)-* ;  (ar*«  -  q?*)t  ;  (ar-^^  +  x'^^^)"^ 

Vax+Vb  _  Vfl+VJ 


33.  Solve 


ax- 


Wb 


Vs 


34.  Solve  1^^-^^=^ 
I  vb  —  a;  +  Vy  —  a;  =  v  y 

1  2        n 


36.  Solve 


36.  Solve 


Va;  — 3 


6 


Vy-2 
1 


Va;  — 3 


+ 


Va;— j»  —  Vj^       Va?— jE?+v5 


=  v^ 
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CHAPTER  V. 

EQUATIOJ^S   OF   TEE   SECOJfD  DEGREE, 

IJfDETEBMIJrATE  EQUATIOJfS, 

AJ{D   IJTEQUALITIES. 


Quadratic  Equations  of  One  Unknown  Quantity. 

Definitions. 

823.  A  quadratic  equation  containing  only  the  second 
power  of  an  unknown  quantity  is  a  pure,  or  incamplete, 
quadratic  equation  ;  as^  3a^  +  7  =  ^a^  +  2. 

824.  A  quadratic  equation  containing  both  the  Becond 
and  first  powers  of  an  unknown  quantity  is  an  affected,  or 
complete,  quadratic  equation ;  as^  3  a:*  —  4  a;  =  7. 

825.  Every  pure  quadratic  equation  may  be  reduced  to 
the  form  of  aa?^h,  in  which  a  and  h  are  integral  and 
a  is  positive. 

(For  method  of  proof,  see  Art  248.) 

326.  Every  affected  quadratic  equation  may  be  reduced 
to  the  form  of  aQi?-\-hx=iC,  in  which  a,  i,  and  c  are 
integral  and  a  is  positive. 

(For  method  of  proof,  see  Art.  248.) 

827.  If  we  divide  both  members  of  the  equation 
aQ?'\'hz^c  by  a,  we  obtain 


a?r\ — a;  =  -. 
a  a 
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K  we  now  represent  -  by  p^  and  -  by  y,  we  obtain 

of'\-px:=zq.    Therefore, 
Every  affected  quadratic  equation  may  he  reduced  to 
the  form  of  si^+px=^q,  in  which  p  and  q  may  he  in- 
tegral or  fractional^  positive  or  negative. 

828.  The  general  form   a^+px  ^  q  may  evidently 
assume  any  one  of  the  four  following  special  forms : 

1.  ix?+px=z+q  3.  a^+px=i—q 

2.  a:*  — pa;  =  +  5'  4.  o? ^px^—q 


Solution  of  Quadratios. 

829.  To  solve  a  pure  quadratic  equation,  it  is  only 

necessary  to  reduce  it  to  the  normal  form,  aa?  =  h,  then 

divide  by  the  coefScient  of  a?  and  extract  the  square  root 

of  both  members.     Thus, 

cc*       3  as^ 

Given =  J,  to  find  the  values  of  x. 

a  c 

Clearing  of  fractions,    ca;'  — Sa'aj*  =  abc 
Factoring,  {c  —  Sa*)a^  =  abc 

Dividing,  a;.  =  ___ 


Extracting  ^/,  x=  ±  \  ^z^ 

1 

880.  Sometimes  affected  quadratics  may  be  put  in  the 

form  of  pure  quadratics  with  compound  terms.    Thus, 
Given  a;«  +  2aa;  +  a«  +  8J«  =  3a;*  +  6aa;  +  3a«  to  find 

the  values  of  x. 

Factor,  (x  +  o)«  +  86«  =  3(aj  +  o)«  (1) 

Transpose,  etc.,  2  (a;  +  o)»  =  8  6* 

Divide  by  3,  (x  +  a)«  =  4  6« 

Extract  V»  a;  +  a  =  ±  2& 

Transpose,  a?  =  —  o  ±  2  6 
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331.  To  solve  a  complete  quadratic  equation  : 

1.  Reduce  it  to  the  form  of  a7^-\-hx^c. 

2.  Multiply  or  divide  both  members  by  any  quantity 
that  will  render  the  first  term  a  perfect  square. 

3.  Add  to  both  members  such  a  quantity  as  will  make 
the  first  membdr  the  square  of  a  binomial. 

4.  Extract  the  square  root  of  both  members^  thereby 
reducing  the  equation  to  two  simple  equations. 

6.  Solve  the  simple  equations. 

niuttration. — Solve  8  a;*  +  5  a:  =  42. 

Multiply  both  members  by  2, 

16a;«  +  10a;  =  84  (1) 

Begard  IQx^  +  lOo;  the  first  two  terms  of  the  square  of  a  bino- 
mial ;  then  /v/l6^,  or  4ic,  is  the  first  term  of  the  binomial,  and  10a; 
is  twice  the  product  of  the  two  terms  of  the  binomial;  hence,  10 a; 

divided  by  2  x  4a;,  or  -j,  is  the  second  term  of  the  binomial,  and 

(5  \*        25 
-J  ) ,  or  Y^  >  is  the  third  term  of  the  square  of  the  binomial ;  add 

this  to  both  members  of  (1), 

«^....*(|)-  =  8,.g  =  »»       „ 

Extract  V,  4a;  +  |  =  ±  ^  (3) 

5  87 

Reduce  4a;  +  -r  =  +  -r 

4  4 

a;=:2 

Iteduce  4a;H-4  =  -^ 

4  4 

Either  of  these  roots  will  satisfy  the  original  equation : 

For,  put  2  for  x  in  (1) ;  then  will  32  +  10  =  42,  which  is  correct 

Put  -2^,  or  -  ^  for  x  in  (1);  then  will  55i  -  13-g-  =  42, 

which  is  also  correct. 

332.  The  process  of  making  the  first  member  a  perfect 
square  is  called  "  Completing  the  square.'' 
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Methods  of  Completing  the  Square. 

333.  The  General  Method. — This  is  the  method  em- 
ployed iu  the  above  example^  and  may  be  stated  as  fol- 
lows: 

Bide. — Multiply  or  divide  both  members  of  the  eqv^ 
Hon  by  a  qtiantity  that  will  make  the  first  term  a  square  ; 
then  divide  the  coefficient  of  the  second  term  by  twice  the 
sqtiare  root  of  the  coefficient  of  the  first  term,  and  add  the 
square  of  the  quotient  to  both  members. 

334.  Special  Methods.— 

1.  The  Common  Method. — If  the  equation  be  divided 
throngh  by  the  coefficient  of  a?,  thereby  putting  it  in  the 
form  of  ic*  +  j3  a  =  g,  the  quantity  to  be  added  to  both  mem- 


bers is  always  the  square  of  half  the  coefficient  of  x. 


'(f)- 


The  objection  to  this  method  is  that  it  often  gives  rise  to 
unwieldy  fractions. 

2.  The  Hindoo  Method. — If  the  equation  reduced  to 
the  form  a3^-\-bx:=c  be  multiplied  through  by  4  times 
the  coefficient  of  oc^  (4  a),  the  quantity  to  be  added  to  both 
members  is  always  the  square  of  the  coefficient  of  x  in  the 
the  original  equation  (J^).  This  method  avoids  fractions, 
but  often  gives  rise  to  very  large  numbers. 

3.  The  EcUctic  Method. — If  the  equation  reduced  to 
the  form  aa?-\'bx  =  c  be  multiplied  through  by  the  co- 
efficient of  7?  (a),  the  quantity  to  be  added  to  both  mem- 
bers is  always  the  square  of  half  the  coefficient  of  x  in  the 

original  equation,  (o)  •     ^^^s  method  avoids  the  large 

fractions  of  the  common  method  and  the  large  numbers  of 
the  Hindoo  method.  When  the  coefficient  of  the  second 
term  is  even,  the  equation  will  remain  integral ;  when  odd, 
the  denominator  of  the  fractions  produced  will  always 
be  4. 
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niustrationa — 1.  Solye  aa:*  +  Ja:  =  c. 
Multiply  by  4a,       4a»a;*  +  ^ahx  =  4ac 
Complete  the  square  by  the  Hindoo  method, 

4a»a;'  +  4abx-h  h*  =  4ac  +  ft* 


Extract  the  square  root,     2 aa?  +  ft  =  ±  ^^ac  +  ft* 


Transpose  ft,  2 ax  =  —  ft  ±  V4ac  +  ft* 

Divide  by  2a,  a;  =  jr—  (—  ft  ±  V^ac  +  ft*) 

«  a 

2.  Solve  (a-i)a:«-(a  +  i)a:  =  a. 
Multiply  by  (a  —  ft), 

(a-ft)*a;«-(a*-.ft*)a;  =  a*-aft 
Complete  the  square  by  the  eclectic  method  [334, 3], 

^a  +  fty      4a*  — 4aft  .  a*  +  2aft  +  ft* 


/       j.N«  «     /         X  .  Z^  +  ^V      4a*-4aft  . 
(a-ft)*a;*-(         )+(^-^_J   = ^ + 


■i(5a*-2aft  +  ft«) 
Extract  the  square  root, 

(o-ft)a;-?5-±-^=  ±i  V5a»-2aft  +  ft* 
Transpose  - 5^,    (a-  ft)a;  =  ^^  ±  i  V^a'-Saft  +  ft* 
(a-ft)a;  =  i(a  +  ft±  V5a'-2aft  +  ft*) 


Divide  by  a  —  ft,  x—       __,  (a+ft±  V5a*— 2aft  +  ft*) 


EXERCISE    81. 

Solve : 

1.  a;«  +  2aic  =  3fl*  8.  6a;*  — 13a?  =  85 

2.  3a^  +  5if  =  22  9.  20a;«  +  31a;= -42 

3.  aa;*  —  Sa:=— c  10.  wia;*  — ?ia;  =  r 
2584.4      .       3a;«-47  :^      ___       V 

4.  ;; —  r=  1  — ■  11« 


3      """             6  (a  +  a:)*""  (fl-ft)« 

6a;-5         3g^    _  ^1  ,0  ?+?  j_  £ZL?  - d 

^'  ~3           6^:^  "-^3  ^Zr9  +  a;  +  9'"^ 

a;   .   a       a;  +  a  ^   a:  +  a       a;  — a 

«.-  +  -  =  ^^—  13.  — i —  =  a 

ax         ax  x  —  a      x  +  a 

7.  (2a;-fl)«-8S«  =  2(2a;-a)« 
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15  15     _       3 

**'ar  +  a       ar-a~a;»-4 

3 

16.  {z  —  a){x  —  h)  —  -jia  —  b)* 

X6.  (a;  —  c)  (a  —  J)  =  («  —  a)  {x  —  J) 

17.  (p-q)a?  +  (p  +  q)x=i  -q 

18.  aJ«*-(a  +  J)(oJ  +  l)a;=  -(o  +  J)« 

19.  3^  +  az  —  ix  —  cx  =  c{a  —  i) 

a  —  x      a  +  x  _  a;  4-!^      a;  — 2  _       4 

a?   '   a?  c  X      *  x-\-a 

a;  +  3^a;H-l       21  3a;  +  l       2-6a! 


y  x  +  a      y  x  —  a 

29.  7==  H 7—=  =  2x 

X  +  V  a  —  X*      x—  Va  —  ic* 

or  —  or      a  +  x      x  —  a 
31.  (a;-2)(a;  +  3)  +  (a;-3)(a:  +  4)  =<^a;  +  4)  (a;  -  6) 


33. 


ar*  +  a:«  +  l       a:«  +  ic  +  l  a:«-a;  +  l 

a;* --4a; -12  __  a;*- 7a;  +  12  __  1 
a*  +  8a;+12  ""a;3+    a;-12       6 
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1                 1.1,1 
34.   i ;—  =  —  H h  - 

m+n+x      m      n       X 
36.  (fl  +  2*)*«'  +  4(a  +  2S)a;  =  12 

2x  +  a       4ar  — a*      ^       '     '  '   2 

^  +  (^  +  ^)^  +  g^  —    _  a^  +  (^  —  ^)^""^^ 
■a:*  +  (a  —  S)a;  —  aJ""     "'a:'+(a  +  *)2?  +  a* 

39.  {a  +  b'i-c)a?  +  {a  +  b'-c)x  =  a  —  i  +  c 

a^  +  x      a^  —  x  __  a^  +  a      c?  —  a 
'  Q?  —  x  ""a^^  +  aj^a*- a'a*  +  a 

2a:g+    a;~3  9a-«-4     _ 

^^"  2a;«  +  5a:  +  3"*'3a;«  +  a:-2""^"'" 

a;»  +  5a;  +  6       g*  +  a;-20_ 
a;  +  4  a;  +  5       "^ 

ar       ,       2a;  ^  a  9. 

^3.  ^     A  +  t::5 — s  =  /« — 


a:«-4^4a:«-9  ""         4a;«-9      a;«-4 


Solution  of  Equations  in  the  Quadratic  Form. 

335.  An  equation  has  the  qnadratic  form  when  it  has 
only  two  terms  containing  the  unknown  quantity^  and  the 
degree  of  one  of  them  is  double  that  of  the  other;  as> 
a;*'  +  aa;'  =  y,  (fl  + Ja:)*"+j?(a  +  Sa;)"  =  j^,  or  (a;  +  a)  + 
Va:  +  fl  =  5. 

336.  An  equation  in  the  quadratic  form  may  be  re- 
duced to  two  equations  of  half  the  degree  by  completing 
the  square^  and  extracting  the  square  root  of  both  mem- 
bers. 
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mattrationa— 1.  Solve  a^  +  4  a?*  =  32. 
Complete  the  square,    a^  +  4x*  +  4  =  86 

Extract  the  \/»  aJ»  +  2  =  ±  6 

Transpose,  x'  =  4  or  —  8 

Extract  the  \/»  jc  =  ±  2  or  ±  2  \/— 2. 

2.  Solve  a  -  2  Vx  =  3. 
Complete  the  square, 

a— 2V^+1 =4 
Extract  the  \/,  sii  -.  1  =  ±  2 

Transpose,  a^  =  8  or  —  1 

Square,  a;  =  9  or  1. 


3.  Solve  a^  +  2a;  +  4Va:«  +  2a:  +  6  =6. 
Add  6, 

(a;«  +  2a;  +  6)  +  4>v/**  +  2a;  +  6  =  12 
Complete  the  square, 

(a;*  +  2a;  +  6)  +  4  V^J*  +  2a;  +  6  +  4  =  16 
Extract  the  \/,  VaJ«  +  2aj  +  6  +  2  =  ±  4 
Transpose,  V**  +  2a;  +  6  =  2  or  —  6 

Square,  a;*  +  2a;  +  6  =  4  or  86 

Transpose,  a;*  +  2a;  =  —  2  or  80 

Reduce,  a;  =  — 1  ±^/^ot  —1  ±  ^/sT. 


Solve  : 


EXERCISE    82. 


1.  a:*-6a:«  =  27  7.  3a;-- - 5a;-»= -^ 

2.  a:«  +  2!r»  =  48  8.a/^+3V5  =  18 

3.  2a;  +  3a;*  =  14  9.  a;V^+V?=73 

4.  !8»  +  3a;*  =  40  lo.  a?" +/> af  =  g 

6.  4a;»-3a;*  =  12  ll.  (a:  +  2)»  +  4(a!  +  2)  =  45 


6.  a!-»  +  4a;->  =  5  12.  a;  +  4+ Var  +  4  =  20 

13.  (a;»  +  a;)«-3(a*  +  a;)  =  108 


i^(,+iy+2(,+i)=n| 
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16.  2a!»  +  6  +  3V2a!»  +  6  =  10 


16.  3?-\-x  —  4t  Va*  +  a;  +  4  =  —  4 


17.  8a»-3V'3a!»  +  2ar-7  =  66-2a; 


18.4x+|-8yM^  =  -4 
l9.:.«+l+2(a.+  l)  =  9l 


Solution  of  Quadratic  Equations  by  Substitution. 
837.  In  the  general  equation  a;*  +|?  a?  =  j, 


x  =  < 


1-  -^/'+ 


2-  -\p-]/\p*  +  i 


in  which  jp*  is  essentially  positive,    jt?  and  y  may  be  either 
positive  or  negative. 

338.  Equations  reduced  to  the  form  7?-^px  =  q  may 
be  readily  solved  by  substitution  in  the  above  formulas. 

niugtrations.— 1.  Solve  a;*  +  4  a;  =  5. 
Here  j>  =  4  and  g  =  5 ;  hence, 

-  2  +  V4  +  5  =      1 
2.  -  2  -  VT+1  =  -  5 
2.  Solve  3a;»-4a:  =  15. 


-li 


4  4 

Divide  by  8,  a;*  —  -x-  a;  =  5.    Here  j>  =  —  -5-  and  g  =  5 ;  hence, 
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3.  Solve  5a;*  +  8a;=— 3. 

Di 
hence, 


Divide  by  5,    «»  +  ^  a;  =  —  -^ .     Here  P  ^  -g  and  g  =  —  ■^- ; 


«  = 


'--Wi 


16       ^  __  _  1 
5  "■       5 


l^-       6      r  25       5  -       ^ 


EXERCISE  ea 
Solve  by  substitution : 

1.  a:*  +  3a?  =  40  9.  a;*—  -^  aa;=  —  tt  a* 

o  o 

2.  3a:»  — 5a:  =  12  10.  12a:*  +  4ii;  =  5 

3.  5a;«  +  15a;=-10  il.  a:»-2a;=-2 
4.3a:*  — 9a;  =  — 6  I2.a:*  — 2aa;  =  a  — a» 
6.  7a*+6ii;  =  8  13.  4a;«-4a?=-3 

6.  a;*  — 4a;=  — 1  14.  4a:*  +  4a;  = —  13 

7.  a;*  — (a  +  J)a:=  —  aJ  16.  4a;*  — 4a a?  =  J*  — a* 
8.a;*  — 2a;  =  a  — 1  16.  16  a;*  +  24a;  = —  39 


Formation  and  Solution  of  Quadratic  Equations 
by  Inspection. 

339.  Since  the  sum  of  the  two  roots 


-  2-P+y  4^*  +  ^'  and  -i^p-  ^jf  +  q 

is  —py  and  their  product  is  —  g,  it  follows  that, 

JPWn.  1. — The  sum  of  the  two  roots  of  an  equation  of 
the  fortn  of  x'^  +  px  =  q  equals  the  coefficient  of  x  with 
the  sign  changed,  and  their  product  equals  the  known  term 
with  the  sign  changed. 

This  principle  will  enable  us  to  form  quadratic  equa- 
tions with  given  roots  and  solve  them  by  inspection. 
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ninstratioiiB. — 

1.  Form  the  equation  whose  roots  are  +  4  and  —  2. 
Sohitioii:  The  sum  of  +  4  and  —  2  is  +2,  and  their  product  is 

—  8 ;  therefore,  the  equation  is  a;'  —  2  a;  =  8  [P.  1]. 

2.  Solve  by  inspection  the  equation  a:*  +  ^  ^  =  15. 

Solution :  The  sum  of  the  two  roots  is  —  2,  and  their  product  is 
— 15  [P.  1].    The  roots  are  evidently  —  5  and  3. 

EXERCISE    84. 

Form  the  equation  whose  roots  are  : 


1.  3  and  4 

la  a  and  0 

2.  —3  and  —4 

11.  V2  and  —  \/2 

3.  3  and  -  4 

12.  V—  1  and  —  V—  1 

4.  4  and  —  3 

13.  2  +  V3  and  2  -  V3 

6.  2I  and  1 

14.  12^  and  6^ 

6.  3^  and  —2 

16.  1+V-l  and  1-V-l 

7.  a  and  2  a 

16.  fl  +  J  and  a  —  J 

8.  Zh  and  -2J 

17.  3+V-2  and  3-V-2 

^      ^       3 

9.  --and-^ 

••■l+vl-^-vl 

Solve  by  inspection : 

19.  ic*  — 4a;=— 4 

24.  a:*  — 6aa;=— 9a* 

20.  ic*  — 3a?  — 18 

26.  Q?  +  {h-'a)x:=ah 

21.  a:»  +  5ar=14 

26.  a:«-2aar=-(a«-i«) 

22.a:*  +  5a;=  —  6 

27.  a:*-  ^a;=-l 

23.  a;*+7ii;=-12 

a* 
28.  ar  —  aa;=  —  -J 
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Character  of  the  Roots  of  the  Quadratic 
Equation. 

340.  By  an  inspection  of  the  two  roots 


it  will  readily  appear  that, 

h  If  q  is  positive  both  roots  are  real. 

For  -7t^-\-q  is  positive,  whence  A/  -Tj^-^q  is  real. 

2,  If  q  is  negative  a7id  numerically  less  than  -jp^ 
both  roots  are  real. 


For  7i^  +  (— ?)  is  positive,  whence  A/  -rt^  +  ^—q) 
is  real. 

S.  If  q  is  negative  and  numerically  greater  than  -r  %? 
both  roots  are  imaginary. 

For  Ti?*  +  (—  ?)  is  negative,  whence  /l/Ti^*+  (^  ?) 
is  imaginary. 

i.  If  q  is  negative  and  numerically  equal  to  j  p^  loth 
roots  are  —  ^p. 


For  -rp^  +  i—q)  is  0,  whence  A/jP^  +  i—q)  is  0. 

5.  If  -rp^  +  q   is  a  perfect   square  both  roots  are 
rational. 

For  both  terms  of  each  root  will  be  rational. 

6.  If  -tP^+  q  is  positive  and  not  a  perfect  square 

both  roots  are  surds. 

For  the  second  term  of  each  root  is  a  surd. 
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7.  If  p  and  q  are  both  positive,  the  roots  have  opposite 
signs  and  the  negative  is  numericaUy  the  greater. 

For  y  Jl^  +  ?  >  A/jf  ^^  2^'  therefore, 
-|/^+/i/^^pM^  is  positive   [72,  P.  3], 

and    —  2  ^  ■"  i/  J^'^^  ^^  negative  [71,  P.  2]. 

The  negative  is  namerically  the  greater,  since  the 
arithmetical  snm  of  two  numbers  is  greater  than  their 
arithmetical  difference. 

8.  If  p  is  negative  and  q  positive^  the  roots  have  oppo- 
site  signs  and  tlie  positive  is  numerically  the  greater. 

For  the  two  roots  will  then  be 

which  is  positive 

and   -  \{-p)-/^\{-py-\-q  =  \p-^\p'  +  i, 
which  is  negative. 

The  positive  is  namerically  the  greater,  since  the  arith- 
metical sum  is  greater  than  the  arithmetical  difference. 

9.  If  p  is  positive  and  q  is  negative  and  both  roots 
are  real,  they  are  both  negative. 

For  ^^^  +  {-q),  or^\i^-q<^^,or\p', 
therefore,  —  «  JP  +  4/ T-^  ~  ?  ^  negative 
and  —  ^p  —  A/  -tI^  ~  9  is  negative. 

10.  If  p  and  q  are  both  negative  and  both  roots  are 
real,  they  are  both  positive. 
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For  the  two  roots  will  then  be 


which  is  positiye  and 

-\{-P)-  ^\{-py^-{-q)  =  \p-  /^\l^-q> 

which  is  positive. 

341.  The  above  principles  will  enable  the  student  to 
determine  by  inspection  the  character  of  the  roots  of  any 
quadratic  equation  of  the  form  of  of-^-px^q. 

The  following  order  of  inquiry  is  recommended  : 

1.  Are  the  roots  real  or  imaginary  ? 

2.  Are  they  rational  or  irrational  ? 

3.  What  are  their  signs  and  relative  values  ?    - 

niufltrations. — 1.  Determine  the  character  of  the  roots 
of  the  equation  a;'  +  7  a;  =  —  6. 

Bdhitilon :  Here  ^  =  7  and  g  =  —  6 ;  hence 

/TZ  /49      24       ,/25 

is  real  and  rational.    Both  roots  are  negative  [340,  9]. 

2.  Determine  the  character  of  the  roots  of 

a:«  — 4a;=— 8. 
Bolutitm :  Here  j?  =  —  4  and  g  =  —  8 ;  hence 

is  imaginary ;  whence  both  roots  are  imaginary  [340,  3]. 
EXERCISE    B8. 

Determine  the  character  of  the  roots  of : 

1.  a;«  +  6ic=16  6.  a?-\-Tx  —  ^ 

2.  ic*  — 8a;  =  9  6.  a;*  +  5a;=  — 7 

3.  a;«  +  4a;=-3  7.  a:*  — 6a;=  — 15 

4.  a;«-6a;=-5  8.  a;«-7a;  =  10 

H 
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»•  «■  — 8a;=  — 20  16.  4a:*  +  7a;  =—20 

la  a:*  +  oa?  =  2a^  16.  5a;*  — 3a;  =  14 

11.  3a;*  +  7a;  =  2  17.  7a;*  — 6a;  =  0 

12.  2a;*  — 3a;  =  5  18.  9a;*  +  6a;=  — 1 

13.  4a;*  — 8a;  =  10  19.  4a;*  +  8a;=  —10 

14.  2a;*  — 3a;=  — 30  20.  64a;*  — 80a;=  —25 

^'•2'^~3'^=-6 


Solution  of  Equations  by  Factoring. 

842.  Any  trinomial  of  the  form  of   a;*+jpa;  +  y  or 
fla;*  +  ia?  +  ^  is  called  a  Qtuidratic  Trinomial. 

Every  quadratic  trinomial  may  be  factored.     Thus, 

1.  a?+px  +  q  =  a^+px+^-^+q=i 

(-i)-(i-.)=(-f)-(i/f^= 

\        a        af 

343.  Let  it  be  required  to  solve  the  quadratic  equations : 

1.  a;*4-J»a;  +  S'  =  0 

2.  a7?+  lx-\-  {?  =  0 
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1.  a:* +^  a; +  5^  =  0. 
Factor  (v.  A), 


("fV$-»)("f-i/?^)=»    <« 

Equation  (1)  may  evidently  be  satisfied  by  placing  either  factor 
equal  to  zero  and  in  no  other  way ;  therefore, 

whence,      «=-f-|/4--fl' 

Also,  a?+f -|/5-g  =  0 

whence,      a;  =  —  ^  +  i/t  "" ?• 

2,  Given  aa?  +  hx  +  c:=0. 
Factor  (v.  B), 

whence,      a;=  -  ^  -y^?^|^  =  -  ^(6  +  V*»-4ac) 

Also,  a:+^-|/-j^  =  0 

whence,      a;  =  -  A  +  |/51z^  =  _  ^(J- V*'-4ac). 

ninitratioiiB.— 1.  Solve  a;*  —  3  a;  —  10  =  0. 

Factor,       (a;  +  2)(a;  —  5)  =  0 
whence,      a;  +  3  =  0,  or  a;  —  5  =  0 
a;  =  —  2  or  +  5. 

2.  Solve  a;»  +  3a:«-4a;-12  =  0. 
Factor,  a:«(a;  +  8)  -4(a;  +  8)  =  0 
or,  (a;»-4)(a;  +  3)  =  0 

or,  \x  +  2)(a;  -  2)(a;  +  8)  =  0 

whence,      a;  +  2  =  0,  a;  —  2  =  0,  ora;  +  3  =  0 
a;  =  —  2,  +  2,  or  —  3. 
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3.  Solve  a;«-a;  +  l=a 

Apply  f onnula  (A)  [342],   j>  =  —  1  and  q  =  \ 

whence,  x—  -s  +  \  "X  —1  =  0 

or,  ai  =  +i-|/i-l  =  +  |-(l-  V^J 

and  as— -g  —  y -J  —  1  =  0 

or,  »  =  1+^/137=  1(1 +V38). 

4.  Solve  3a:»-4a;  +  7  =  0. 

Apply  formula  (B)  [342],    a  =  8,  6  =  -4,e  =  7 

8^-.«.,=.(«-|.Vl55B)(.-|-/2i?)=. 

whence,      ^""■3±i/""'9=^ 

5.  Solve  a^  -  1  =  0. 

Factor,       (a^  +  1)  (a:»  - 1)  =  0 

or,  (a;  +  l)(a;«-a;+l)(a;-l)(a:»  +  a;  +  l)  =  0  ^ 

a;±l  =  0,  or  a;  =  =F  1, 

a;*-a;  +  1  =  0,  or  a;  =  -(1  ±  V^, 
and  a;*  +  a;  +  1  =  0,  or  a;  =  —  ^-(l  ±  V— 8). 

6.  Solve  a:*  +  a:*  +  l  =  0. 

Factor,       (a;«  +  a;  +  l)(a;«  -a;  +  1)  =  0 

whence,      a;'  +  a;  +  1  =  0,  or  a;  =  —  -g  (1  ±  V""^) 
and  a;«  -  a;  +  1  =  0,  or  a;  =  ^(l  ±  V^). 

7.  Solve  a:*  +  8a;5  +  24a;«  +  32a;  +  12  =  0. 
Find  by  extracting  V,  that    (a;«  +  4  a;  +  4)»  -  4  =  0. 
Factor,       (a;«  +  4a;  +  2)(a;»  +  4a;  +  6)  =  0 
whence,      a;'  +  4a;  +  3  =  0,  ora;  =  — 2±  a/2 
and  a;«  +  4a;  +  6  =  0,  oraJ=— 2±  V^^ 
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EXERCISE    86. 

Solve : 

1.  a^-4  =  0  12.  a^  +  4a:«  +  16  =  0 

2.  ar»-8  =  0  13.  a^  +  2a:«=-9 

3.  a;3^8  =  0  14.  8a:3_27  =  0 

4.  a:«  +  8a;  +  15=:0  16.  16a:*  =  256 

6.  a;2  +  3a?  — 28  =  0  16.  ar»  +  3a:«- 9a;- 27  =  0 

6.  a;2-13a;=-40  17.  a^  +  2a;3  +  ic  +  2  =  0 

7.  a:*  — 5a:*  =—4  18.  a:^  — 4a;3  +  a;*  =  4 

8.  a:*-25a;«=-144  19.  a:*- 4a;«- a«a;*= -4a- 

9.  6a:«  +  lla;  =  10  20.  4a;»- 2a:*- 36a;= -18 
10.  9a:3-6a:*-24a;  =  0  21.  a;3  +  6a:*+ 12a?  +  8  =  0 

ll.a:*-2  +  ^  =  0  22.a:*  +  4a;*  +  i  +  ^  =  -6 

23.  a:*  +  2a;»-3a:*-4a;  +  4  =  0 

24.  a:*-12a:3  +  64a:*-108a?=  -72 

26.  a:*  +  l 

Suggestioii.    a:*  +  l=a:*  +  2a;«  +  l-2a;«  =  (a;«  +  l)«-(a;A/2)«. 

26.  Find  the  three  cnbe  roots  of  1 
SnggeitioiL    Let  x  =  i/l,  then  ic»  =  l,  ora:»— 1  =  0 

27.  Find  the  three  cube  roots  of  —  1 

28.  Find  the  four  fourth  roots  of  1 ;  —  1 

29.  Find  the  five  fifth  roots  of  1 ;  —  1 

30.  Solve  a:"  —  1  =  0  34.  Solve  a:*  +  «•  =  0 


32.  Solve  a:*  —  16  =  0  36.  Solve  a:*  —  —  =  0 


31.  Solve  a:*  + 1  =  0  36.  Solve  a:^  —  a«  =  0 

81 
81 


33.  Solve  a:*  + 16  =  0  37.  Solve  a:*  +  ^  =  0 
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38.  Solve  «*  +  2ar»  +  3«*  +  2ii;  — 3  =  0 

39.  Solve  r^  +  30a;*  +  300a;  +  875  =  0 

40.  Solve  8a;»-12iC«+6ar»  +  7  =  0 

41.  Solve  4a:*  +  20aic»  +  29a«a;«  +  10a»a;  — 3a*  =  0 

42.  Solve  27ar»-135aa:«  +  225a«a;-61a»  =  0 


Simultaneous  Equations  solvable  as  Quadratics. 

344.  The  general  form  of  an  equation  of  the  second 
degree  containing  two  unknown  quantities  is 
fl  a;*  +  J  xy  +  ^y*  +  ^2;  +  ^  y +/=  0- 

346.  A  Homogeneous  Eqimtion  is  one  in  which  all  the 
terms  containing  unknown  quantities  are  of  the  same  de- 
gree ;  as, 

a;**  +afy*  +  y**  =a. 

346.  A  Symmetrical  Equation  is  one  in  which  the  two 
unknown  quantities  may  change  places  without  affecting 
the  equality;  as, 

5a;*-10a;y  +  5y«  =  12,  and 
5y«  — 10ya;  +  6a;«  =  12. 

347.  The  solution  of  two  simultaneous  equations  of  the 
second  degree  frequently  depends  upon  the  solution  of  a 
bi-quadratic  equation. 

niuitration. — Let  it  be  required  to  solve 

^  +  y  =3  (A) 

a;+/  =  4  (B) 

Transpose  (A),  y  =  3  —  a;»  (1) 

Square  (1),  y»  =  9  -  6a;*  +  jc*  (2) 

Substitute  (2)  in  (6), 

a;  +  9  —  6a;*  +  jc*  =  4,  an  equation  of  the  fourth  degree. 

Digitized  by  VjOOQ IC 


SIMULTANEOUS  EQUATIONS.  185 

348.  When  one  equation  is  of  the  first  degree  and  the 
other  of  the  second  degree  they  are  solvable  as  quadratics. 

Illnrtration.-Solye  ]  Ji^»  =  Jt  it! 

Transpose  equation  (A),  2y  =  6  —  a;  (1) 

Divide  by  2,  y  =  ^^  (2) 

Substitute  (2)  in  (B),    7^  ^x(^^\  =   8  (8) 

Clear  of  fractions,  2ir*  +  6aj  —  a;*  =  16  (4) 

Collect  terms,  a;«  +  6  a;  =  16  (5) 

Reduce,  a;  =  —  8,  or  2     (6) 

Substitute  (6)  in  (2),  y  =  7  or  2 

Therefore,  when  a;  =  —  8,  y  =  7 ;  and  when  a;  =  2,  y  =  2. 

I.  Many  equations  of  this  class  may  be  solved  by  more 
elegant  methods. 

niuatration.— Solve  i  "^  +  ^  ^  f  i  St! 

I      a?y  =  6)  (B) 

Square  (A),  a;«  +  2a;y  +  y«  =  26  (1) 

Multiply  (B)  by  (4),  4a;y  =  24  (2) 

Subtract  (2)  from  (IV  a^ - 2a;y  +  y«  =    1  (3) 

Extract  V>  a;  —  y  =  ±  1  (4) 

a;  =  3  and  y=:2. 

Solve  ]^  +  y  =  ^,i 
|a;-y=-lj 

a;  =  2  and  y  =  3. 

In  a  similar  manner  may  be  solved  equations  of  the 
form  of  x  —  y  =  a  and  a;  y  =  J  ; 

a?±y'  =  a  and  xy=:b; 
a?  ±y^  =  a  and  x  ±y  =  b; 
a?  +  xy  +  j^  =  a  and  a?  —  xy  +  y^  =  b. 

II.  Some  equations  of  a  higher  degree  may  be  reduced 
to  this  class  by  division. 
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I  «+y  =  5)  (B) 

Divide  (A)  by  (B),  a;*  -  ay  +  y«  =    7  (1) 

Square  (B),  a;«  +  2a;y  +  y«  =  25  (2) 

Subtract  (1)  from  (2),  3 a;y  =  18  (3) 

Divide  by  3,  a;y  =    6  (4) 

Subtract  (4)  from  (1),  a^ -  2a;y  +  y«  =    1  (5) 

Extract  V>  a;  —  y  =  ±  1  (6) 

Solve  f  +  y  =  H  ^2 

(a;-y  =  lj  (6) 

a;  =  3  and  y  =  2. 

Solve  1^  +  y  =  \t  <S 

ja;-y=-l)  (6) 

a;  =  2  and  y  =  3. 

In  a  similar  manner  may  be  solyed  equations  of  the 
form  of  a?  —  y^^a  and  a?  —  y  =  J ; 

a:*  —  y*  =  a  and  «*  ±  y*  =  J ; 
ar*  +  a:*y*  +  y*  =  a  and  a:*  ±  a;y +  y^  =  J; 
a^  +  ^y  +  y*  =  flf  aiid  a;  ±  V^  +  y  =  J. 

III.  Sometimes  a  common  factor  may  be  remoyed 
from  both  members  of  an  equation  and  its  degree  thereby 
lowered. 

miirtration.-Solve  [^'f^n^-Vfl  (^) 

|a;  +  y=:6  J  (B) 

Divide  (A)  by  a;  —  y,  a:«  +  a;y  +  y»  =  7(a; ~ y)»  (1) 
Expand  (1),  a;«  +  xy +  y«  =  7a;«- 14a;y  +  7y*  (2) 
Transpose  and  collect  terms, 

6a;«  — 15a;y +  6y«  =  0  (3) 

Divide  by  3,  2a;«  -  5a;y  +  2y«  =  0  (4) 

Square  (B)  and  multiply  by  2, 

2a;«  +  4a:y +  2y«  =  72  (5) 

Subtract  (4)  from  (5),  9a;y  =  72  (6) 

whence,  a;y  =    8  (7) 

Subtract  4  x  (7)  from  square  of  (B), 

a;»-2a;y  +  y«=    4  (8) 

Extract  V»  a;  —  y  =  ±  2  (9) 
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^^^U-y  =  2\  (9) 

a;  =  4  and  y  =  3. 

Solve  ^*  +  y="     I  ® 

a;  =  2  and  y  =  4. 

rv.  Sometimes  there  is  a  common  factor  in  the  first 
members  of  the  two  equations  which  may  be  removed  by 
division. 

nHurtration-Solve  \  ^7^  =  Jot  it! 

Factor  (A)  and  (B),        (x  +  y)  (a;  -  y)  =  13  (1) 

y(aj  +  y)  =  12  (2) 

Divide  (1)  by  C8),  ^=    ^  ^^ 

whence,  x=:2y  (4) 

Substitute  (4)  in  (A)  and  reduce,       y  =  ±  2 
whence,  a;  =  ±  4. 

y.  Sometimes  one  or  both  equations  may  be  made  to 
assume  the  quadratic  form. 
Illustration* — 

Solve  j^+^---y=;n  ;^) 

I        xy  +  x  +  y  =  14:)  (B) 

Add  twice  (B)  to  (A),     a:«  +  2iry  +  y«  +  a;  +  y  =    42  (1) 

or,  (a;  +  y)«  +  (a;  +  y)=    42 

Complete  the  square,       (a;  +  y)*  -i-  (a;  +  y)  +  -j  =  -j-  (2) 

Extract  the  V,  a;  +  y  +  g-  =  ±  -^ 

whence,  a;  +  y  =  6or— 7  (3) 

Substitute  a;  +  y  =  6  in  (A)  and  (B),      a;»  +  y«  =  20  (4) 

a?y=    8  (5) 

Subtract  twice  (5)  from  (4),         x^  —  2xy  +  y«  =    4  (6) 

Extract  V*  a:  —  y  =  ±  2  (7) 

Solve  J--^y  =  n  f) 

)a;-y  =  2J  (7) 

a;  =  4  and  y  =  2. 
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(7) 

a;  =  2  and  y  =  4. 

Substitute  a;+y  =  -7  in  (A)  and  (B),     ai"  +  y»  =    7  (8) 

a;y  =  21  (9) 

Subtract  twice  (9)  from  (8),         je«  -  2a;y  +  y«  =  -  85  (10) 

Extract  V*                                                a;  -  y  =  ±  \/-35  (11) 

Solve  ]^  +  y  =  -/^i  ,<?> 

(a;-y=V-35f  (11) 

a;  =  ■-(- 7  +  \/^=^)  and  y  =  i(-  7-  \/^^). 

Solve  j^  +  y  =  -%-^J  (^) 

(a;-y  =  -V-36J  (11) 

ic=  ^(- 7- V=l6)  and  y  =  1(- 7  +  V^lS). 

Hote. — It  is  not  sufficient  that  the  student  find  all  the  different 
values  of  x  and  y,  but  he  must  also  properly  pair  them. 


EXERCISE    07. 

Solve : 

1.  a?  +  y=   9  8.  a:*  +  y*  =  90 

2.a;  — y=   4  9.  a:*  +  y*  =  52 

xy  =  12  a;  —  y  =   2 

3.  x  +  2y=il3  la  a.-*  — y»  =  60 

a;y  =  15  a;y  =  16 

4.2?  — 3y=   3  11.  a;*  — y»  =  60 

a;y=:36  x  +y  =10 

6.  3a?  +  2y  =  20  12.  a;*  — y»  =  45 

icy  =  16  a;  —  y  =   3 

6.  4a;-3y  =  --l  ^^  4a^-9y«=112 

a;y  =  ^  2a:  +3y  =   28 

7.  a;«  +  y»  =  26  I4.ar^  +  j^  =  91 

a:y  =  12  a;  +y  =    7 
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16.  «*  — y'rslSO  29.     aj'  +  y'    =36 
X  -y  ^     3  «»y  +  icy»  =  30 

16.  «»  +  y»  =  1027  30.     «»-y»    =98 
a:«-.a:y  +  y*=     7^  a^y  — a:y»  =  30 

17.  fl;»-y»  =  61  31.  (ir  +  y)»  +  (a;  +  y)  =  30 

18.  a^  +  «*y»  +  y*  =  481  32.  a:«  +  3a?y  +  2y»  =  160 
a*4.a:y+y»=   37  2ic  =  3y-6 

19.  a^  +  «*y»  +  y*  =  91  33.     a:*  +  3iry  +  2y»=   63 
a*-a:y+y«=   7  3a;«  +  8iry  +  4y»  =  171 

2a  8«»-27y»  =  271  34.  a;»  +  y»  =  45 

2a?  —   3y  =     1  ic  +  y+V2^=15 

"•^  +  ^  =  r6  "-^  +  ^  =  35 

i+l=«  1+1=6 

a?   *   y        6  a?       y 

22.  -s o  =  77^  36.  -ij «  =  61 

ar       y*       400  o?       y* 

X       y  ~  20  X       y  "^ 

^^  +  y'  =  <^  +  ^  37.1-1=37 
xy=^ao  X       y 

24.  a:*y'  +  a;y  =  42  JL  _  JL  ==    1 

x  +  y    =5  a:i       yi  ~ 

26.    a:* +  a:y  =  35  38.    a:*  +  iry-f y*  =  21 
^y  +  y^  =14:  a;— Va;y  +  y=   3 

26.  x  +  y  =35  39.  a:*  +  y*  =  20 
aA  +  yi=   5                            a:»-a:y\/2  +  y«=   2 

27.  a:*  +  y'  +  a;  +  y  =  50  40.  a;  +  y  =  5 

xy  +  x  +  y=:2d  ari  +  yi  — a*yi  a/2  =  1 

28.  aj'  +  y'  +  a;  — y  =  14  41.  a*  +  yf  =  9 

icy  +  a?  — y=    7  art  +  y*  =  3 
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349.   Two  simultaneous    symmetrical   equations  may 
often  be  solved  by  putting 

Xz=z  U-\-V 

'  Illustration. — Solve  a?  +  y  =  5  (A) 

a^  +  /  =  97  (B) 

Let    X  =  u-\-v  and  y  =  «  —  v,  then 
x-\-y  =2w=  5;  whence 

«=|  « 

a;*  =  (m  +  v)*  =  w*  +  4tt»v  +  6tt«t>*  +  Au^  +  r*       (2) 

y*  =  (t*-.v)*  =  w*  — 4w»v  + Ow'v*  — 4«t;»  + r*       (3) 

a;*  +  y*  =  2«*  +  12w«v«  +  3v*  =    97  (4) 

Substitute  (1)  in  (4),  ^  +  75i;«  +  2v*  =    97  (5) 

Simplify,  16  v*  +  600  v«  =  151  (6) 

Reduce,  v=  ±  -^,  or  ±  j V— 1^1 ;  (7) 


5    .    1 


whence      x  =  u  +  v  =  Z,  2jOt-^±-^  V—lST  (8) 

and            y  =  «--v  =  2,  3,  or-^T-g  V— 151  (9) 

Many  equations  of  this  class  maybe  solved  by  more 
elegant  methods. 

Illustration. — Take  equations  (A)  and  (B),  above. 

Raise  (A)  to  the  4th  power, 

ic*  +  4a^y +  6a;8y8  +  4a:y«  +  y*  =  625  (1) 
Add  equation  (B), 

2a;*  +  4a:»y +  6a;V  +  4a;3/»  +  3y*  =  722  (2) 

Divide  by  2,         a;*  +  2a^y  +  Sx^y^  +  2xy^  +  y*  =  361  (3) 

Extract  V>       x^  ■\-  xy  -\-  y^  =  ±  19  (4) 

Square  (A),     a;'  +  2a;y  +  y«  =  25  (5) 

Subtract  (4)  from  (5),      a;y  =  6  or  44  (6) 

Solve  (5)  and  (6),               a;  =  3,  2,  or  |-  ±  i  V- 151  (7) 


y  =  2,  3,  or^T^V-lsT  (8) 

Kote.— If  the  equations  are  symmetrical  in  every  other  respect 
than  in  sign,  they  may  sometimes  be  solved  by  the  same  methods  as 
strictly  symmetrical  equations. 
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EXERCISE    Sa 

Solve : 

1.  a^  +  »'  +  a?  +  y  =  24  4.a:--y=       3 

a;«-|-a;y4.y«  =  27  a;»  —  y»  =  3093 

2.  a?*  +  y*  =  272  6.  a:»y  +  a;y»  =  84 
jr  +y  =     6  a;  +  y=   7 

3.  aJ^  +  y»  =  275  6.  «*y  +  a?y«  =  48 
X  +y  =     5  ««y  — a;y«  =  16 

7.  3a:*  — 4iry  +  3y*=7 
2a:«  +  2y»-3a;-3y  =  l 

8.  a?  +  y»=72 
a;8  +  2a:y  +  y«  +  a;  +  y  =  42 

9.  a:*  +  a;y  +  y*  —  a;  —  y  =  52 

«+a^y+y  =  29 

10.  3a:«  +  2a:y  +  3y»  +  2a;  +  2y  =  100 
^  +  y^  +  xy=  31 

350.  Two  homogeneous  equations  of  the  second  degree 
may  be  solved  by  putting  y'=vx. 


niiwtration,— Solve     a?+    xy  +  2f=z 
2«*  +  2a;y+    y*  = 

Put  y  =  va;  in  (A)  and  (B), 

a;«  +  va^  +  2v«a;«  =  86 
2a;»  + 2t;a;«  +  v»a;8  =,97 
86 

86 
97 

(A) 
(B) 

(1) 
(2) 

(8) 
(4) 
(5) 

(6) 

(7) 
(8) 

(») 

/Google 

From  (1),                          ^  --H.t;  +  2t;» 

97 

From  (2),                          a;  -^^^^^^ 

R6                      97 

EquaLmg  (1)  and  (3),    1  +  ^^  gt;*  "  2  +  2t;  +  t^ 

5             5 
Reduce,                             v  =  ^  or  -  ^ 

Substitute  (6)  in  (3),       a;«  =  16  or  1 

whence,                         a;  =  ±  4  or  ±  9 
Substitute  (6)  and  (8)  in  y  =  va;, 

y  =  ±  5  or  T  5 
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Some  equations  of  this  class  may  be  solved  by  more 
elegant  methods. 

niiurtration. — ^Take  equations  (A)  and  (B),  above  : 

Multiply  (A)  by  2,     2a;«  +  2xy  +  4y«  =  172  (1) 

Subtract,  2ic«  +  2a;y  +  y*  =   97  (B) 

8y«=    75  (2) 

whence,  y*  =    25  (3) 

and  y  =  ±5  (4) 

Substitute  (4)  in  (B),    2a;«  ±  10  a;  +  26  =    97  (5) 

a;«±6ic=    36  (6) 

Reduce,  a;  =  4,  —9,  9,  and  —4  (7) 

Sometimes  the  first  members  have  a  common  factor 
which  will  cancel  out  by  division. 

EXERCISE    89. 

Solve  : 

1.     «*  +  3icy  =  54  2.  2a:*  — 3ary+    y»=  — i 

2y«-5a;y=-25  3a;«-4a;y  +  2y«  =  6 

3.  7?  +  bxy  +  %f=zl%0 

4.  6a:*  +  5a;y  — 6^*=   45 

6.  4a:»  +  2a;y-2y«  =  18 
^7?+    xy^2f=i24: 

6.  2a:»  — 3a;y  +  6y*  =  98 
3a^  +  2xy-'    y«  =  32 

7.  5a;y  +  2«*  — 3y*=  — 248 
2y^  +  6a^-3xy:=zlll6 

8.  9a?-25f=ll 
34a;y-15a:«  +  15y«  =  23 

9.  «*  +  y«  — 3a;y=  — 31 
da?  +  6f  +  10xy  =  622 

10.  10a:«  +  29iry  +  10y«  =  580 
10a:«  +  21a;y-10y«=     0 
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11.  jr+V^+y  =  13 
2a;  — 3V^— 6y=   4 

12.  2a;— >/^— 3y=  —  4 
3a?  +  6A/«y  +  2y  =  20 

13.  6a:  +  3A/«y  +  2y  =  20 
2a?  — 2V^— 6y=  —  12 

14.  a*-a:»y»  +  y*  =  16 
2a?*  +  3ai«y»-3y*  =  32 

16.  2a;«  +  3a:y  +  y»  =  28 
6a;*+    a?y  — y*  =  56 

16.  a:*  +  a;y  — 15  ssary-y*  — 2  =  0 

351.  An  equation  with  compound  terms  may  some- 
times be  put  in  the  quadratic  form  and  reduced  to  an 
equation  of  half  the  degree. 

niostrations. — 

1.  Solve  a;  +  2y  +  4Va?  +  2y  +  6  =  26  (A) 

a:»-4y»  =  20  (B) 

Add  6  to  (A), 

(aj  +  2y  +  6)  +  4VaJ  +  3y  +  6  =  83  (1) 
Complete  the  square, 

(a;  +  2y  +  6)  +  (  ) -f  4  =  86  (3) 

Extract  the  V»  Va;  +  3y  +  6  +  2  =  ±  6  (3) 

Subtract  2  from  (3),  V«  +  2y +  6  =    4  or  —  8  (4) 

Square  (4),  a;  +  2y  +  6  =  16  or  64  (5) 

Subtract  6,  a;  +  2y  =  10  or  58  (6) 

Divide  (B)  by  (6),  a;-2y  =    2  or  |5  (7) 

Add  (6)  and  (7),  2iB  =  12  or  58^? 

whence,  a;  =    6  or  295g       (8) 

19 
Subtract  (7)  from  (6),  4y  =   8  or  57 gg 

12 
whence,  y  =   2  or  14  sg       (9) 
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Add  2  to  (A).  ^  +  3^=  13 

Complete  the  square, 
whence, 


(B) 
(1) 
(2) 


Clear  of  fractioiifl,  and  transpose  terms, 

(1)  6x*y«-87icy  =  -6 

(2)  6x*y»  +  43icy=-6 
Solve  (1),  -        1 


(3) 


Solve  (2), 


Solve  i^  +  ^  =  in. 


«y  =  6  or  ^ 
«y  =  -  7-034  or  -  0143. 
ic*  +  y«  =  13 


icy: 


=  13] 

ja;  =  3,  2,  -3,  -2)  ja;  =  3-6,  -05,  -3-6,  --05) 
ly-2,  3,  -2,  -3i'  |y  =  -05,  3-6,  -05,  -3-6  J 
(a;«  +  y»  =  13  )      (a:«  +  y«=13  ) 

I        a;y  =  -7-024)'    J        ajy=-0-142)* 

J  a;  =  3-6,  0-4,  -3-6, --04) 
'    Jy='H  30,  --04, -8-6I 


I  «  =  2(±5-2±V'-l-048) 
[y=2(T6-2TV-l-048) 


a   ,  EXERCISE    ea 

Solve : 

1.  «*  +  y«  +  3  V?+y  =  40 

2.  a;^  +  y^  +  2Va^  +  y»  +  ii  =  i57 
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X  — *y  —  2  ^x  —  y—  —  1 


4.  a^  +  y»+ Var»  +  y»  =  12 


6.  a:*  —  a;y  +  y*  +  4  VaJ*  — a;y  +  y*=    32 


1.1. 


V^y 


+  25         5 
1       J.  _  2^ 
a^       /  ""  25 
5 


8.  (a:  +  y)*  +  (a:  +  y)*  =  20 
(a:-y)*-(a:-#  =  -2 


60 


25 
36 


Examples  leading  to  Equations  of  the  Second 
Degree. 

niTurtrationa— 1.  The  difference  of  two  numbers  is  6, 
and  their  product  is  14.    Find  the  numbers. 

Sohitioii  1 :  Let  x  =  the  smaller  number. 

Then  a?  +  6  =  the  greater  number, 

and  a;  (a;  +  5)  =  14,  their  product. 

Expand,  a;'  +  5  a;  =  14                                      (1) 

Reduce,  a;  =    2,  the  smaller  number, 

and  a;  +  5  =    7,  the  greater  number. 


(A) 
(B) 


Solution  8 : 

Let 

X  =  the  greater  number. 

and 

y  =  the  smaller  number. 

Then 

a;  —  y  =    5,  their  difference. 

and 

a;y  =  14,  their  product. 

Reduce 

a;  =    7,  the  greater  number, 

and 

y  =    2,  the  smaller  number. 
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2.  A  man  sold  a  horse  for  ll?!,  and  thereby  gained  as 
many  per  cent  as  there  were  dollars  in  the  cost.  Bequired 
the  cost. 

Sohitioii  1 :  Let  x  =  the  number  of  dollars  the  horse  cost 

Then  x  =  the  rate  per  cent, 

X  (E' 

"*^    Too  ^*  ^'  ^^  100  ~  *^®  number  of  dollars  gained. 

a;' 
X  +  YTjQ  =  171,  the  number  of  dollars  sold  for.  (A) 

Reduce  (A),  a;  =  90. 

Boliition  8 :  Let  a;  =  the  cost, 

and  y  =  the  gain. 

Then    —  x  100,  or =  the  rate  of  gain. 

XX 

Now,  a;  +  y  =  171,  the  selling  price,  (A) 

and =  Xy  the  cost  (B) 

Beduce  (A)  and  (B),     a;  =  90,  the  cost 

Kote.— The  following  questions  may  be  solved  by  assuming  one  or 
two  unknown  quantities,  as  may  seem  best  to  the  student 

EXERCISE    61. 

1.  The  snm  of  two  numbers  is  15  and  their  product  is 
54.    Bequired  the  numbers. 

2.  The  product  of  two  numbers  is  192  and  their  quo- 
tient is  3.    Find  the  numbers. 

3.  The  length  of  a  rectangle  exceeds  its  width  by  3  rods, 
and  its  area  is  180  square  rods.     Find  its  dimensionss. 

4.  The  sum  of  A's  and  B's  ages  is  50  years,  and  the 
difference  of  the  squares  of  their  ages  is  500  years.  What 
are  their  ages,  if  A  is  the  older  ? 

6.  The  sum  of  the  lengths  of  two  cubical  hay-stacks  is 
27  feet,  and  the  contents  of  both  is  4941  cubic  feet.  Re- 
quired the  dimensions  of  each. 

6.  The  hypotenuse  of  a  right-angled  triangle  is  25  feet 
and  its  area  is  150  square  feet.  Find  its  base  and  per- 
pendicular. 
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7.  A  man  bought  a  certain  number  of  horses  for  $1200  ; 
had  he  bought  two  more  for  the  same  sum,  each  would 
have  cost  $30  less.     How  many  did  he  buy  ? 

8.  At  what  rate  will  $500,  in  2  years,  compound  inter- 
est, amount  to  $561.80  P 

9.  The  compound  interest  of  $400  in  2  years  exceeds 
the  simple  interest  at  the  same  rate  by  $1.  Eequired 
the  rate. 

10.  If  the  radius  of  a  given  circle  were  increased  by  1 
foot,  the  area  would  be  increased  by  34*5576  square  feet! 
Required  the  radius. 

Kote.— The  area  =  w  r' ;  r  =  radius ;  w  =  3-1416. 

11.  A  man  sold  a  number  of  sheep  for  $160;  had  he 
reserved  5j  and  sold  the  remainder  at  $1  apiece  more,  he 
would  have  received  $135.  How  many  did  he  sell,  and  at 
what  price  ? 

12.  A  steamboat  goes  140  miles  down  a  river  whose 
current  is  2  miles  an  hour.  On  its  return,  it  takes  4  hours 
longer  to  make  the  journey.  What  is  its  rate  of  sailing  in 
still  water  ? 

13.  The  difference  of  the  circumferences  of  the  hind 
and  fore-wheels  of  a  wagon  is  4  feet,  and  the  fore-wheel 
makes  110  revolutions  more  than  the  hind-wheel  in  going 
a  mile.     What  is  the  circumference  of  each  wheel  ? 

14.  The  area  of  a  board  is  12  square  feet,  and  there  are 
twice  as  many  inches,  less  2,  in  its  width  as  there  are  feet 
in  its  length.     Eequired  its  dimensions. 

16.  A  man  sold  a  cow  for  $16,  and  thereby  lost  as  many 
per  cent  as  the  cow  cost  dollars.  What  was  the  cost  of 
the  cow  ? 

16.  I  bought  bonds  at  as  many  per  cent  below  par  as  is 
their  rate  of  interest,  and  found  that  my  rate  of  income 
was  *747  ^  better  than  the  rate  of  the  bond.  Required  the 
rate  of  the  bond  and  the  purchase  price. 
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17.  I  bought  bonds  at  their  rate  of  interest  above  par, 
and  found  that  my  rate  of  income  was  V21  ^  below  that  of 
the  bond.  Eequired  the  rate  and  purchase  price  of  the 
bond. 

18.  I  bought  6's  at  a  certain  price ;  had  I  bought  them 
5  ^  lower,  my  rate  of  income  would  have  been  ^/g^  ^  higher. 
Required  the  rate  of  income  and  the  purchase  price. 

19.  Sold  goods  at  25  cents  a  yard.  Had  I  paid  1  cent 
a  yard  less,  my  rate  of  gain  would  have  been  5  ^  greater. 
Eequired  the  cost  and  rate  of  gain. 

20.  A  man  had  400  shares  of  railroad  stock,  but,  after 
receiving  two  stock  dividends,  he  had  441  shares.  What 
was  the  rate  of  dividend  ? 

21.  At  what  annual  rate  per  cent  must  the  population 
of  a  town  containing  5000  inhabitants  increase,  that  in 
three  years  it  may  contain  6655  inhabitants  ? 

22.  What  are  eggs  worth  per  dozen,  when  a  decrease  of 
5  cents  in  the  price  will  make  a  difference  of  2  dozen  in 
$2  worth  ? 

23.  A  and  B  are  49  miles  apart,  and  approach  each 
other ;  when  they  meet,  it  is  discovered  that  A  could  have 
gone  B's  distance  in  9  hours,  but  B  would  have  required 
16  hours  to  go  A's  distance.  Required  each  man^s  dis- 
tance and  rate  of  travel. 

24.  An  engineer  said,  if  his  train  would  run  5  miles  an 
hour  faster,  it  would  go  400  miles  in  4  hours  less  time. 
What  is  the  rate  of  the  train  ? 

26.  Two  cubical  hay-stacks  contain  lO^Yiss  tons,  and 
the  sum  of  their  lengths  is  22  feet.  What  is  the  length 
of  each,  allowing  10  cubic  yards  to  a  ton  ? 

26.  The  difference  of  two  rectangular  cisterns,  each  of 
which  is  1  foot  longer  than  wide,  and  1  foot  wider  than 
deep,  is  1410  cubic  feet.  What  are  the  dimensions  of 
each,  if  the  larger  is  3  feet  longer  than  the  smaller  ? 
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27.  A  and  B  were  700  miles  apart,  and  approached 
each  other.  A  traveled  10  miles  a  day  faster  than  B. 
After  5  days,  A  diminished  his  speed  10  miles  a  day,  and, 
after  6  days,  B  increased  his  speed  12  V2  miles  a  day ;  when 
they  met,  each  had  traveled  half  the  distance.  What  was 
each  man's  rate  of  travel  ? 

28.  The  sum  of  the  squares  of  two  numbers  plus  their 
product  is  133,  and  the  sum  of  the  numbers  plus  the  square 
root  of  their  product  is  19.     What  are  the  numbers  P 

29.  The  sum  of  the  squares  of  two  numbers  that  are 
reciprocals  of  each  other  exceeds  the  sum  of  the  numbers 
by  ll^Vic.     What  are  the  numbers  ? 

30.  Two  men  were  engaged  for  a  given  time  at  different 
daily  wages.  The  first  was  idle  6  days,  and  received  $49 ; 
the  second  was  idle  2  days,  and  received  $90.  Had  the 
first  been  idle  2  days  and  the  second  6  days,  they  together 
would  have  received  $133.  For  how  many  days  were  they 
engaged  ? 

31.  A  huckster  bought  a  certain  number  of  eggs  for 
$9 ;  after  breaking  9  of  them,  he  sold  the  remainder  for 
7  cents  a  dozen  more  than  they  cost,  and  gained  $2.28. 
How  many  did  he  buy,  and  at  what  price  did  he  buy 
'them  ? 

32.  A  and  B  in  partnership  invest  $1500  ;  A  withdraws 
his  money  in  4  months,  and  B  his  in  5  months  ;  A  receives 
for  his  share  of  capital  and  profits  $980,  and  B  for  his 
share  $1200.     How  much  did  each  invest  ? 

33.  The  diagonal  of  a  rectangle  is  twice  its  width,  and 
its  area  is  one  acre.     Required  its  width. 

34.  A  and  B  hired  a  pasture,  into  which  A  put  4  horses, 
and  B  as  many  as  cost  him  18  shillings  a  week.  After- 
ward, B  put  in  2  additional  horses,  and  found  that  he 
must  pay  20  shillings  a  week.  At  what  rate  was  the  past- 
ure hired  ? 
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36.  A  drovQr  bought  a  certain  number  of  horses  for 
$7950;  had  he  bought  12  more  at  $15  more  each^  they 
would  have  cost  $10725.     How  many  did  he  buy  ? 

36.  A  and  B  engage  to  reap  a  field  for  £4  10«. ;  and^  as 
A,  alone,  could  reap  it  in  9  days,  they  promise  to  complete 
it  in  5  days.  They  find,  however,  that  they  are  obliged 
to  call  in  0  to  assist  them  for  2  days,  in  consequence  of 
which  B  receives  3*.  9d.  less  than  he  otherwise  would. 
In  what  time  could  B  and  0  each  reap  the  field  ? 

37.  A  and  B  put  out  different  sums  at  interest,  amount- 
ing together  to  $200.  B's  rate  of  interest  was  1  per  cent 
more  than  A's.  At  the  end  of  5  years,  B's  accumulated 
simple  interest  wanted  but  $4  to  be  double  A's.  At  the 
end  of  10  years,  A's  principal  and  interest  was  Vs  of  B's. 
What  were  the  sums  paid  out  by  each,  and  the  rate  per 
cent? 

38.  A  courier  proceeds  from  one  place,  P,  to  another, 
Q,  in  14  hours ;  a  second  courier  starts  at  the  same  time 
as  the  first  from  a  place  10  miles  behind  P,  and  arrives  at 
Q  at  the  same  time  as  the  first  courier.  The  second  courier 
finds  that  he  takes  half  an  hour  less  than  the  first  to  ac- 
complish 20  miles.     Find  the  distance  of  Q  from  P. 

39.  A  certain  number  of  workmen  can  move  a  heap  of 
stones  in  8  hours  from  one  place  to  another.  If  there  had 
been  8  more  workmen,  and  each  workman  had  carried  5 
pounds  less  at  a  time,  the  whole  would  have  been  com- 
pleted in  7  hours.  If,  however,  there  had  been  8  fewer 
workmen,  and  each  had  carried  11  pounds  more  at  a  time, 
the  work  would  have  taken  9  hours.  Find  the  number  of 
workmen  and  the  weight  which  each  carried  at  a  time. 

40.  A  person  bought  a  number  of  £20  railway  shares, 
when  they  were  at  a  certain  per  cent  discount,  for  £1500 ; 
and  afterward,  when  they  were  at  the  same  rate  per  cent 
premium,  sold  them,  all  but  60,  for  £1000.  How  many 
did  he  buy,  and  what  price  did  ho  pay  ? 
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41.  Two  kinds  of  pears  are  sold  in  market,  two  more 
of  one  kind  being  giyen  for  a  shilling  than  of  the  other ;  a 
score  of  the  inferior  sort  cost  sixpence  more  than  a  dozen 
of  the  snperior  sort.    Find  the  price  of  the  pears  apiece. 

42.  Bequired  to  divide  a  line  of  134  yards  in  length 
into  three  such  parts  that  the  sum  of  their  squares  may  be 
6036,  and  that  the  first,  twice  the  second,  and  three  times 
the  third,  may  together  make  278. 


Generalization  and  Specialization. 

Definitions. 

352.  A  problem  in  which  some  or  all  known  quantities 
involved  are  literal,  is  a  general  problem. 

353.  A  problem  in  which  all  known  quantities  involved 
are  numerical,  is  a  special  problem,  or  an  example. 

354.  The  solution  of  a  general  problem  gives  rise  to  a 
formula^  which  may  be  translated  into  a  principle  or  a 
rule  for  the  solution  of  an  entire  class  of  examples. 

Illustration. — ^A  can  do  a  piece  of  work  in  a  days,  and 
B  in  J  days.  In  what  time  can  they  do  it  working  to- 
gether ? 

Bolmtiaii :  Let  z  =  the  required  time. 

Then,  —  =  the  part  they  can  do  in  one  day. 

—  =  the  part  A  can  do  in  one  day. 

-T-  =  the  part  B  can  do  in  one  day. 

•     i  +  i  =  i- 


Therefore, 


whence,  x  =         , ,  a  formula. 
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Principle. — The  time  required  for  two  persons  to  do  a 
piece  of  work  equals  the  product  of  their  respective  times 
of  doing  it  divided  by  the  sum  of  those  times. 

Or, 

BMle. — To  fitid  the  time  required  for  two  persons  to  do 
a  piece  of  work : 

Divide  the  product  of  their  respective  times  of  doing  it 
by  the  sum  of  those  times. 

355.  The  process  of  substituting  literal  for  numerical 
quantities  in  a  problem,  and  solying  the  general  problem 
thus  formed,  is  Generalization. 

356.  The  process  of  substituting  numerical  for  literal 
quantities,  in  a  formula  or  a  general  problem,  and  solying 
the  special  example  thus  formed,  is  Specialization. 

Examples  in  Generalization  and  Specialization. 

Illustrations. — 1.  A  man  has  5  hours  at  his  disposal. 
How  far  may  he  ride  in  a  stage-coach  going  6  miles  an 
hour,  in  order  that  he  may  walk  back  at  the  rate  of  2V8 
miles  an  hour  ?    Generalize. 

Solution:  Put  a  for  5,  m  for  6,  and  n  for  2 -jr. 
Let  X  =  the  distance. 

Then  —  =  the  time  going, 

and  —  =  the  time  returning. 


X  X 


whence, 


5x6x2i      ^U 


Substitute,      x  =  — ^ — jr-j-^  =  8^^  miles. 

0  +  (Of-  17 

2.  The  diflference  of  two  numbers  is  b,  and  their  sum 
multiplied  by  the  difference  of  their  squares  is  a.  What 
are  the  numbers  ?  Specialize  by  putting  4  for  b  and  1600 
for  a. 
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Soliitioxi :  Let  x  =  the  greater  number, 

and  y  =  the  less  number. 


Then,                                 a;  —  y  =  6 
and              (a;  +  y)(a;«  — y«)  =  a 

(1) 
(2) 

Divide  (2)  by  (1),         (ic  +  y)«  =  | 

(8) 

a;  +  y=±|/| 

(4) 

Adding  (4)  and  (1),            Sa?  =  6  ±  |/| 

(6) 

Subtracting  (1)  from  (4),    3y  =  -  6  ±  i/| 

(6) 

Substitute  (  =  4  and  a  =1600, 

a:  =  ^(4±\/400)  =  12 

or  —8 

y  =  ^(-4±v'400)  = 

8  or  - 12. 

EXERCISE    62. 

1.  In  an  orchard,  —  of  the  trees  bear  apples,  ^  bear 
plums,  —  peaches,  and  d  bear  cherries.  How  many  trees 
in  all  ?    How  many,  if  a  =  2,  S  =  4,  c  =  5,  and  rf  =  20  ? 

2.  The  sum  of  two  numbers  is  a  and  their  difference 
is  b.  What  are  the  numbers  ?  What,  if  a  =  25  and 
ft  =  12? 

3.  A,  B,  and  C  can  perform  a  piece  of  work  in  5  days. 
A  alone  can  do  it  in  12  days,  and  B  in  15  days.  In  what 
time  can  C  alone  do  it  ?  Generalize  by  putting  5  =  a, 
12  =  5,  and  15  =  c. 

4.  A  company  at  an  inn  paid  a  dollars  each  for  a  sup- 
per. Had  there  been  c  more  persons,  each  would  have 
paid  only  b  dollars.  How  many  were  there  ?  How  many 
if  a  =  8,  ft  =  7,  and  c  =  4  ? 
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6.  A  pnrse   holds  a  crowns  and  h  gaineas.     But  c 

crowns  and  d  guineas  fill  —  of  it.      How  many  will  it 

hold  of  each  ?    How  many  if  a  =  19,  J  =  6,  c  =  4,  (Z  =  5, 
wi  =  17,  and  w  =  63  ? 

6.  A  and  B  can  do  a  piece  of  work  in  8  days  ;  A  and 
C  in  6  days ;  and  B  and  C  in  4  days.  How  long  wonld  it 
take  each  to  do  it,  and  how  long  all  ?  Put  8  =  a,  6  =  J, 
and  4  =  £?. 

7.  A  person  bought  some  sheep  for  $m,  and  found  that, 
if  he  had  bought  a  more  for  the  same  money,  they  would 
have  cost  %n  less  each.  How  many  did  he  buy,  and  what 
was  the  price  of  each  ?  What  are  the  results  for  m  =  72, 
a  =  6,  and  w  =  1  ? 

8.  A  drover  bought  as  many  sheep  as  cost  him  £m; 
out  of  which  he  reserved  a,  and  sold  the  remainder  for  £w, 
gaining  h  shillings  apiece  on  those  he  sold.  How  many 
did  he  buy,  and  at  what  price  per  head  ?  Give  results  for 
w  =  60,  a  =  15,  w  =  54,  and  J  =  2. 

9.  Two  partners,  A  and  B,  gained  $140  by  trade ;  A's 
money  was  in  trade  3  months,  and  his  gain  was  $60  less 
than  his  stock,  and  B's  money,  which  was  $50  more  than 
A's,  was  in  trade  5  months.  What  was  A's  stock  ?  Put 
140  =  a,  3  =  r,  60  =  7W,  50  =  w,  5  =  ^. 

10.  A  and  B  hired  a  pasture,  into  which  A  put  a 
horses,  and  B  as  many  as  cost  him  8  shillings  a  week. 
Afterward,  B  put  in  c  additional  horses,  and  found  that 
he  must  pay  t  shillings  a  week.  At  what  rate  per  week 
was  the  pasture  hired  ?  Give  result  for  a  =  4,  s=^  18, 
c  =  2,  and  ^  =  20. 

11.  A  and  B  together  carried  100  eggs  to  market,  and 
each  received  the  same  sum.  If  A  had  carried  as  many 
as  B,  he  would  have  received  18  pence  for  them ;  and  if  B 
had  taken  as  many  as  A,  he  would  have  received  8  pence. 
How  many  had  each  ?    Put  100  =  a,  18  =  m^  and  8  =  w. 
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12.  The  difference  between  the  hypotenuse  and  base  of 
a  right  triangle  is  d  feet,  and  the  difference  between  the 
hypotenuse  and  perpendicular  is  h  feet.  Bequired  the 
sides.    Give  results  for  d  =  6,  and  J  =  3. 

Hote. — For  treatment  of  negative  solutions,  see  *'  Numbers  Sym- 
bolized/' Elementary  Algebra,  page  211. 


Simple  Indeterminate  Equations. 

Definitions  and  Principles. 

357.  If  the  number  of  simultaneous  equations  is  less 
than  the  number  of  unknown  quantities  they  contain^ 
their  solution^  after  all  possible  eliminations^  generally 
depends  upon  the  solution  of  a  single  equation  containing 
two  or  moro  unknown  quantities.  Now,  an  unlimited 
number  of  values,  sometimes  within  a  particular  range, 
may  be  assigned  to  the  unknown  quantities  of  such  an 
equation  that  will  satisfy  it.  Hence,  the  equation  is  said 
to  be  Indeterminate ;  and  any  problem  that  in  its  solution 
will  finally  depend  upon  the  solution  of  an  indeterminate 
equation  is  an  indeterminate  prollem. 

368.  If  the  unknown  quantities  in  an  indeterminate 
equation  be  limited,  however,  to  positive  integers,  the 
number  of  possible  values  of  the  unknown  quantities  will 
be  greatly  restricted,  and  the  equation  may  even  become 
impossible. 

359.  If  a  and  ft,  in  an  equation  of  the  form  of  a  a;  + 
ly  =  Cy  are  both  positive,  and  c  is  negative,  the  equation 
is  not  solvable  in  positive  values  of  x  and  y. 

For,  if  X  and  y  were  both  positive,  ax^by  would 
be  positive,  and  could  not,  therefore,  equal  c,  a  negative 
quantity. 
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360.  If  tty  b,  and  c  are  all  positive  integers^  and  c  is 
less  than  a  +  b,  the  equation  ax  +  by  =  c  is  not  solvable 
in  positive  integers. 

For,  the  least  positive  integral  value  that  can  be  as- 
signed to  each  of  x  and  y  is  1.  Let  x=l,  and  y  =  1, 
then  ax  +  by  =  a  +  b,  which  is  greater  than  c. 

361.  If  a  and  b,  in  an  equation  of  the  form  ot  ax  + 
by  =  c,  have  a  common  factor  not  found  in  c,  the  equa- 
tion is  not  solvable  in  positive  integers. 

For,  let  d  =  A  factor  common  to  a  and  b, 

and  a  =  md,  and  b  =  nd, 

then,  ax-^-by  =  c  becomes  mdx  +  ndy  =  c         (1) 

Divide  (1)  by  d,     mx  +  ny  =  ^.  (2) 

Now,  mx-^-ny  is  integral  for  any  integral  values  of 
X  and  y,  since  m  and  w  are  integral. 

But,   -7  is  a  fraction,  since  d  is  not  a  factor  of  c. 

Hence,  we  have  an  integer  equal  to  a  fraction,  which  is 
impossible. 

Solution  of  Indeterminate  Equations. 

ninstrations. — 

1.  Solve  3a;  +  4y=  —  5  in  positive  integers. 

Sdlntion :  This  problem  is  impossible,  because  any  positive  values 
of  X  and  y  will  make  3  a;  +  4  y  positive. 

2.  Solve  3a;  +  4:y  =  5  in  positive  integers. 

Solution :  This  problem  is  impossible,  since  any  positive  integral 
values  of  x  and  y  will  make  3a;  +  4y  greater  than  5. 

3.  Solve  4a;+6y  =  5  in  positive  integers. 

Solutioii:  Divide  by  2,    2x  +  dy==  ^. 

Now,  any  integral  values  of  x  and  y  will  make  2  a;  +  8  y  integraL 
Therefore,  the  problem  is  impossible. 
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4.  Solve  in  positive  integers  3 a;  +  ^y  =  10. 
BdLution:  Given    3a;  +  4y  =  10  (A) 
Transpose,                     3a;  =  10  —  4y  (1) 

Divideby3,  a;  =  l^izii?  =  3-y  +  1^         (2) 

Now,  since  x,  y,  and  3  are  integers, 

— 5-^  =  an  integer.  (3) 

1  —  v 
Let  Q  ^  =  m,  an  integer.  (4) 

Then  y  =  1  —  3  m,  an  integer.  (5) 

Substitute  (5)  in  (2)  and  reduce, 

a;  =  2  +  4m,  an  integer.  (6) 

Now,  any  values  may  be  assigned  to  m  that  will  make  x  and  y 
positive  integers. 

It  is  evident  by  inspection  that  rnk  can  not  be  a  positive  integer 
without  making  y  negative.  Neither  can  m  be  a  negative  integer 
without  making  x  negative. 

But  m  may  be  zero,  in  which  case  a;  =  2  and  y  =  1. 

5.  Solve  3  a;  —  14  y  =  11  in  positive  integers. 
Eolution :  3x  =  11 +  Uy  (1) 

,  =  ll+My  =  3  +  4y+i±ii?  (2) 

Since  x,  3,  and  4y  are  integers, 

2  +  2y      2(1 +  y)  .  ^  „, 

3      =       3       =  an  mteger.  (3) 

Now,  it  is  evident  that  if      ^  ^  is  an  integer,  "   is  also. 

1  +  V 
Let  — 5-^  =  m,  an  integer.  (4) 

Then,  y  =  3m  — 1  (5) 

Substitute  (5)  in  (2),  and  reduce, 

a;=14m  — 1.  (6) 

Now,  any  value  may  be  assigned  to  m  that  will  render  both  x  and 
y  positive  integers. 

By  inspection,  we  see  that  m  can  not  equal  zero  or  a  negative 
quantity  without  making  both  x  and  y  negative ;  but  that  it  may  be 
any  positive  quantity  whatever.  Hence,  there  is  an  indefinite  number 
of  solutions. 

When  m  =  1,    a;  =  13,    and    y  =  2, 

When  m  =  2,    a:  =  27,    and    y  =  5. 

When  m  =  3,    a;  =  41,    and    y  =  8, 
etc.,         etc.,  etc 
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6.  Solve  3a;-Uy=-ll. 

Boliition:  By  a  process  similar  to  the  one  employed  in  solving 
Ex.5,  we  find  y=    Sm  +  l 

and  a;  =  14  m  +  1 

Here  m  may  be  zero  or  any  positive  number;  hence,  there  is 
again  an  indefinite  number  of  solutions. 

Hote. — An  equation  of  the  form  of  ax^hy=.  ±c  has  an  un- 
limited number  of  solutions  in  positive  integers. 

7.  Solve  3x  +  6y  =  37  in  positive  integers. 
Bolvtlim:  3x  =  87-5y  (1) 

Since  x,  12,  and  y  are  positive  integers, 

1  —2v 

— ^  =  an  uiteger,  (3) 


For  convenience  of  reduction,  multiply  — ^-^  by  any  number 

that  will  make  the  coefficient  of  y  one  more  than  a  multiple  of  the 
denominator,  which  number  in  this  case  is  2. 

Then,  "^   ^  =  -  y  +  -^^  =  an  integer.  (5) 

Since  —  y  is  an  integer, 

2  — V 
o      =  an  integer.  (6) 

Let  o  ^  =  m,  an  integer;  (7) 

then  y  =  2  — 3?»  (8) 

Substitute  (8)  in  (2),  and  reduce, 

a;  =  9  +  5w»  (9) 

Now,  any  value  may  be  assigned  to  m  that  will  make  both  x  and 
y  positive  integers. 

It  readily  appears  by  inspection  that  m  may  have  any  integral 
value  from  0  to  —  1  inclusive,  and  no  other  values. 
Let  m  =  0,         a;  =  9,    and    y  =  2. 
Let  m  =r  —  1,     a;  =  4,    and    y  =  5. 

8.  Solve  5x  +  4:y  +  3z  =  2S. 
ftolntion:  5  a;  =  28-(4y  +  3;s) 

5a;  <  28 
a;<    6 
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Let  a;  =  1,  2,  3,  4,  5,  successively ; 

then,  4^  +  30  =  23         (1)  4y  + 3^  =  18       (2) 

4y  +  3«  =  13         (3)  4y  +  3«=    8       (4) 

4y  +  32;=    3         (5) 
Solving  (1),    y  =  2  and  «  =  5 
or,  y  =  5  and  0=1 

/.    Two  sets  of  roots  are      a;  =  1,    y  =  2,    2  =  5 
and  a;  =  l,    y  =  5,    «  =  1. 

Solving  (2),    y  =  3  and  z  =  2 

.*.    Another  set  of  roots  is    2;  =  2,    y  =  3,    and    z  =  %. 
Solving  (3),    y  =  1  and  2;  =  3 

.*.    Another  set  of  roots  is    2;  =  3,    y  =  1,    and    2;  =  3. 
(4)  and  (5)  are  impossible. 

.*.    The  equation  has  in  all  4  sets  of  roots. 

9.  Find  the  least  multiple  of  5^  which,  when  divided 
by  2,  3,  or  6,  will  leave  a  remainder  of  1. 

Solution : 

Let  62;=:  the  required  multiple. 

5a;  —  1 
Then,    — ^ —  =  *^  integer ;  (1) 

^^     =  an  integer ;  (2) 

and   — ^—  =  an  integer.  (8) 

1.  — ^—  =  2  a;  +     "Z     =  an  integer.  (4) 

"7     =  m,  an  integer ;  (5) 

whence       a;  =  2  m  +  1  (6) 

„  5a;  — 1       10m +  4      «         ^      m  +  1  .   .  ,^ 

2.  — g —  = g —  =  3m  +  1  +  — g—  =  an  mteger.    (7) 

— ^ —  =  n,  an  integer ;  (8) 

whence     m  =  3  n  —  1,  (9) 

and  a;  =  6w-l  (10) 

o  5a;-l       30w-6       ^         . 

3.  — ^ —  =  — ^ —  =  5  n  —  1,  an  mteger. 

a;  =  6n  —  1,  satisfies  the  three  conditions. 
5a;  =  30n-5. 

Now,  the  least  positive  value  that  5  x  can  have  is  when  n  =  1, 
which  makes     5  a;  =  25. 
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EXERCISE  ea 
Solve  in  positive  integers  : 

1.  2a;  +  4y  =  10  7.  10a;  +  25y=  —90 

a.  3a;  +  5y  =  20  8.  13a;  +  18y  =  124 

3.  4a;+7y=:26  9.  a;  +  y  +  «  =  5 

4.  4a;  +  9y  =  10  la  2a;  +  3y  +  i2;  =  8 

6.  3a;  +  8y  =  14  ii.  a:+ 7y  +  82;=:91 

«•  I         x  +  y  +  z-lb)       12.  j2rc  +  5y  +  72  =  80) 
J2a;  +  3y  +  6z=:28)  (3a;  +  2y  +  6j2  =  90) 

Solve  in  least  positive  integers : 
13.  4a;  — 3y  =  12  17.  15a:  — 30y=   21 

14.2a;—    y=   8  18.  25a;  — 32y  =  100 

16.  8a;  — 9y  =  20  19.  14a;  — 17y=  — 60 

16.  7a;  — 3y  =  28  2a  28a;  — 32y=— 45 

21.  Find  the  least  namber  that,  being  divided  by  3,  5, 
and  6^  shall  leave  the  remainders  1^  3,  and  4  respectively. 

22.  Divide  100  into  two  such  parts  that  the  smaller 
part  divided  by  4  leaves  a  remainder  of  1,  and  the  larger 
part  divided  by  9  leaves  a  remainder  of  7. 

23.  Find  the  least  multiple  of  7  which  divided  by  4 
leaves  a  remainder  of  1,  and  divided  by  6  leaves  a  re- 
mainder of  3. 

24.  A  man  employed  two  squads  of  men,  paying  $3  a 
day  to  each  of  the  first  squad,  and  $4  a  day  to  each  of  the 
second.  He  paid  to  all  $56  a  day.  How  many  belonged 
to  each  squad  ? 

25.  In  how  many  ways  can  $100  be  paid  with  $5  and 
$10  bills,  using  both  kinds  at  each  payment  ? 

26.  A  man  bought  100  animals  for  $750  dollars,  paying 
$5  a  head  for  pigs,  $8  a  head  for  sheep,  and  $15  a  head 
for  heifers.     How  many  of  each  kind  did  he  buy  ? 
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27.  A  in  2  days,  B  in  3  days,  and  G  in  4  days,  together 
earn  $47.  A  in  3  days,  B  in  4  days,  and  G  in  6  days, 
earn  $68.  What  are  the  daily  wages  of  each,  supposing 
them  to  be  an  integral  number  of  dollars  ? 

28.  A  man  invested  $10,000  in  two  kinds  of  town  lots, 
paying  $190  each  for  the  first  kind,  and  $130  each  for  the 
second  kind.     How  many  of  each  kind  did  he  buy  ? 

29.  A  boy  sees  that  he  can  buy  oranges  at  2  cts.,  3  cts., 
4  cts.,  6  cts.,  or  6  cts.  apiece,  and  spend  all  his  money ; 
but,  if  he  buys  at  7  cts.  apiece,  he  will  have  5  cts.  remain- 
ing. How  much  money  has  he  if  he  has  the  least  sum 
possible  ? 

30.  With  9  half-guineas  and  6  half-crowns  in  my  purse, 
how  may  I  pay  a  debt  of  £4  II5.  M,  ? 

31.  A  man  has  less  than  $200.  He  can  buy  sheep  at 
$4,  $6,  or  $9  a  head,  and  have  $3  remaining  each  time ; 
or  he  can  buy  calves  at  $7  or  $13  a  head,  and  have  $1  over 
each  time  ;  or  he  can  buy  colts  at  $11  a  head,  and  have  $7 
remaining.  How  much  money  has  he,  if  be  has  a  whole 
number  of  dollars  ? 

32.  Find  four  integral  numbers,  such  that  the  sum  of 
the  first  three  shall  be  18 ;  the  sum  of  the  first,  second, 
and  fourth,  16 ;  and  the  sum  of  the  first,  third,  and 
fourth,  14. 

33.  What   fraction    is    that,   whose  numerator  being 
doubled,  and  denominator  increased  by  7,  becomes  equiva-' 
lent  to  Va  ? 

34.  A  number  is  expressed  by  three  digits  whose  sum  is 
11 ;  and,  if  297  be  added  to  the  number,  the  result  will  be 
expressed  by  the  same  figures  in  reversed  order. 

36.  A  man  in  36  minutes  goes  one  mile.  In  x  of  these 
minutes  he  goes  y  yards,  z  feet,  and  4  inches.  Eequired 
the  values  of  a;,  y,  and  2?,  if  x  is  the  least  whole  number 
possible. 
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Inequalities. 

Definitions  and  Principles. 

362.  An  expression  denoting  that  two  quantities  are 
unequal  in  value  is  an  IneqiiaKiy. 

363.  The  symbol  of  inequality  is  an  angle  written  be- 
tween the  two  quantities,  with  the  opening  toward  the 
greater  one. 

niostration. — Thus,  a>b,  read  a  greater  than  b,  and 
a<by  read  a  less  than  b,  are  inequalities. 

364.  The  quantities  separated  by  the  symbol  of  in- 
equality are  the  members  of  the  inequality. 

365.  Two  inequalities  are  said  to  subsist  in  the  sams 
sense,  when  the  first  member  of  each  is  either  greater  or 
less  than  the  second. 

366.  In  the  doctrine  of  inequalities,  a  positive  quantity 
is  considered  greater  than  a  negative  quantity  irrespective 
of  their  numerical  value ;  and,  of  two  negative  quantities, 
that  is  considered  the  greater  which  has  the  least  numeri- 
cal value. 

Hote.— Some  authors  express  this  fact  by  saying  that  "positive 
quantities  are  greater  than  zero,  and  negative  quantities  are  less  than 
zero." 

367.  Inequalities  like  equations  may  be  transformed  in 
various  ways  without  changing  their  sense ;  as  follows : 

1.  The  same  or  eqtml  quantities  may  be  added  to  both 
members  of  an  inequality. 

2.  The  same  or  equal  quantities  may  be  subtracted  from 
both  members  of  an  inequality. 

3.  Both  members  of  an  inequality  may  be  multiplied  by 
the  same  or  equal  positive  quantities. 

Jh  Both  members  of  an  inequality  may  be  divided  by 
the  same  or  equal  positive  quantitits. 
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6.  Both  members  of  an  inequality,  if  they  are  positive^ 
may  be  raised  to  the  sams  or  eqticU  powers. 

6.  The  same  or  equal  roots  may  be  taken  of  both  mem- 
bers of  an  inequality,  provided  the  members  are  positive, 
and  the  positive  values  of  the  roots  only  are  considered. 

7.  Two  or  more  inequalities  subsisting  in  the  same 
sense  may  be  added,  member  by  member. 

8.  Two  or  more  inequalities  with  positive  members,  and 
subsisting  in  the  same  sense,  may  be  multiplied  together, 
member  by  member. 

368.  The  square  of  every  quantity,  whether  positive  or 
negative,  is  positive ;  hence, 

{a  —  *)*  >  0  for  all  real  values  of  a  and  b ;        (1) 
or,  a^-2ab  +  b^>0.  (2) 

Adding  2 ab  to  both  members  [367,  1], 

a^  +  b^>2ab.    Therefore, 
Brin.  1. — The  sum  of  the  squares  of  two  quantities  is 
greater  than  twice  their  product. 

369.  a^  +  V>2ab  (1) 
a^-\-(?>2ac  (2) 
y  +  c*>2ic                                       (3) 

Add,      2a«  +  2J«  +  2c«>  2aJ  +  2a£?  +  2Jc[367,7]  (4) 
Divide  by  2,  a*  +  ^  +  ^  >  ab-\-ac-\-bc.     Therefore, 

:Prin.  2. — The  sum  of  the  squares  of  three  quantities  is 
greater  than  the  sum  of  their  products  taken  two  and  two. 

Problems  and  Examples. 

ninstration. — Which  is  the  greater,  x^  +  y^  or 

a?y'\-xy^,  for  positive  integral  values  of  x  and  y  ? 
Bolntion  1:  a;'  +  y'>  =  <a;*y  +  xy^  (1) 

Factor,         {x  +  y)  (a;«  -xy  +  y^>  =  <xy(x  +  y)  (2) 

Divide  by  a;  +  y,       «•  —  a;y  +  y*  >  =  <  a:y  (3) 

Add  xy,  a;«  +  y« >  =  <2xy  (4) 

But,  a;«  +  y*>  2xy  [P.  1] 

a;»  +  3^>  x^y  +  xy\ 


Digitized  by 


Google 


214  ADVANCED  ALGEBRA. 

8ohition2:  a;*  +  y«>  2a;y  [P.  1] 

Subtract  xy^  x*^xy  +  y*>  xy 

Multiply  by  a;  +  y,  «»  +  y*  >  x*y  +  xyK 

EXERCISE    64. 

1.  a  =  J  and  c>d,  is  a  —  c>  =  <J  —  d? 

2.  a^  }^  c,  and  d  are  positive  quantities^  a  =  b  and  (;  >  rf, 

isarf>  =  <Jc?    Is— «£?>  =  <— *(Z? 

3.  Changing  the  signs  of  both  members  of  an  inequality 

has  what  effect  upon  the  sense  of  the  inequality  ? 

4.  If  —  a  >  —  J  and  — c>—  rf,  is  ac>  =  <J(Z? 

->  =  <!?    -flc>  =  <-Jd? 
c  a 

ft  ft        [        /!• 

6.  Which  is  the  greater,  -^  or  ,  J_    ,  when  a  <  J  ? 

When  a  >  J  ? 

6.  Which  is  the  greater,  -^  or  ,  __    ,  when  a  <  J  ? 

When  a  >  J  ? 

7.  Show  that  p>2a2-&« 

8.  What  integral  values  of  a:  will  satisfy  both  the  inequali- 

ties: 4a;  — 8<2a;  +  2and2a?  +  3>15  — 2a;? 

9.  Between  what  two  values  must  x  lie,  if 

ft  Qfi  f^  Jk  /»•  ^2 

—  •■{-l)x^ah>  — ,  and  -^  ^ax  —  abK  y? 

10.  If  a;^  =  771*  +  w*  and  ^  =  j!?*  +  g'*,  prove  that 

xy>  mp  +  nq 

11-  Which  is  the  greater,  ^"["^  or      "{"^  ,  if  x>y? 

12.  a;y  >  18  and  a;  <  6,  show  that  y  >  3. 


2 


xy=^  vp?  and  y  <  w*,  is  a;  >  =  <  — g  ? 
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13.  «  —  y  >  3  and  xy  >  18,  show  that  a;  >  6 

and  that  y  is  indeterminate. 

In  the  following  exercises,  all  the  letters  are  supposed 
to  represent  unequal  positive  quantities : 

14.  Which  is  the  greater,  a:'  +  y*  or  a;*  —  a:y  +  y** 

if  a;  +  y>l? 

15.  Which  is  the  greater, 

(m*  +  a^) (w*  +  y*)  or  {mn  +  xyY? 

16.  Prove  that 

Oy  by  and  c  being  positive  integers  greater  than  1. 

17.  Show  that  Vc^  +  a*<^  +  a*l^>abc{a  +  b  +  c) 


18. 

Show  that 

a  —  x      c?  —  7^ 

a  +  x  '^  a^'  +  ix^' 

it  x<a 

19. 

Show  that 

{a  +  b  +  c){d 

'  +  S»  +  c*)>9« 

(be 

20. 

Show  that 

2             2 

-.1       1    „  1 

-  + 

9 

1      ..     1 

21.  Show  that  {xy  +  xz  +  yzy>3xyz{x  +  y  +  z) 

22.  Show  that  -  +  ^  +  -  +  -  >  4 

y   *   X   *    u    *    z 

23.  Show  that  ,    :f\l+'\,  >  ^^iffetl) 

{n  +  ly  {n  —  1)  {n  +  2y  n 

24.  Show  that  xyz>{X'\'y  —  z){x-\-Z'-y){y-\-z  —  x)y 

if  each  quantity  is  greater  than  the  difference  of  the 
other  two. 

26.  If  a;  >  y,  prove  that  x  —  y>  {Vx  —  Vy  )* 
ae.  If  ^  >  !^*  >  !i'  >  ^*  =  r, 

Vx  Vfi  V3         v^  ^ 


showthat^^  +  ^^»  +  ^3       !f4 

Vl  +  V,  +  V3  V4 

also  that    !^i±i^3±Jf!  <  !^ 

^4  +  V3  +  Vg  Vi 

Digitized  by  VjOOQ IC 


CHAPTER  VI. 

RATIO,    THEOBY  OF  LIMITS,   P  BOP  OR- 

TIOJ^,    VABIATIOJ^,   AJ^D 

LOOABITHMS. 


Ratio. 

Definitions  and  Principles. 

370.  The  numerical  measure  of  the  relation  existing 
between  the  magnitudes  of  two  similar  quantities  is  the 
Ratio  of  the  quantities. 

371.  To  find  the  ratio  between  two  quantities,  it  is 
manifestly  important  to  know  which  one  is  to  be  taken  as 
the  lase  of  comparison.    Thus,  the  ratio  between  a  and  J, 

if  a  =  w  S,  is  w  if  a  be  compared  with  J,  but  —  if  J  be 
compared  with  a. 

372.  To  obviate  ambiguity  in  meaning,  it  is  customary 
to  name  first  the  quantity  to  be  compared  and  afterward 
the  base  of  comparison,  using  the  preposition  to  instead 
of  between  to  show  their  relation.  Thus,  *Hhe  ratio  of 
a  to  * "  is  an  expression  whose  meaning  is  unmistakable. 

373.  The  quantity  to  be  compared,  or  the  one  first 
mentioned,  is  called  the  antecedent,  and  the  base  of  com- 
parison, or  the  one  which  follows  is  called  the  consequent. 

374.  Since  the  ratio  of  a  to  J,  when  a  =znb,  is  n,  it  \s 
evident  that  the  ratio  equals  the  antecedent  divided  by  the 

consequent ;  or  r  =  —  (a  denoting  an teced.  and  c  conseq.). 
c 
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376.  A  ratio  may  be  expressed  by  writing  the  ante- 
cedent before  the  consequent,  with  a  colon  between  them, 
or  the  antecedent  over  the  consequent  in  the  form  of  a 
fraction.     Thus,  the  ratio  of  a  to  J  is  denoted  by  a :  J, 

a 
or  -J-. 

0 

376.  The  expression  of  a  ratio  is  also  called  a  ratio,  but 
great  care  should  be  taken  to  distinguish  between  it  and 
the  true  ratio,  which  is  the  value  of  the  expression. 

377.  If  two  quantities  have  a  common  unit  of  measure, 
their  ratio  is  said  to  be  commensurable,  and  may  be  ex- 
pressed by  an  integer  or  a  common  fraction. 

Thus,  if  a  contains  c  m  times,  and  b  contains  c  n  times, 

m> 
the  ratio  of  a  to  J  is  commensurable,  and  is  — . 

n 

378.  If  two  quantities  do  not  contain  a  common  unit 
of  measure,  their  ratio  is  said  to  be  incommensurable,  and 
can  not  be  expressed  by  an  integer  or  a  common  fraction  ; 
but,  by  successive  approximations,  a  common  fraction  may 
be  obtained  that  will  differ  from  it  by  less  than  any  assign- 
able quantity. 

Thus :  If  &  =  the  side  of  a  square,  and  a  = 
the  diagonal,  a*  =2  J*,  and  a  =  JA/2;  and  the 

ratio  of  a  to  J  =  — r —  =  V^,  an  incommensu-        h 
rable  quantity. 

Divide  h  into  n  equal  parts,  and  let  one  of  these  parts  be  c ;  then 
b=zne.  Now,  suppose  c  to  be  contained  in  a  more  than  m  times, 
but  less  than  m  +  1  times,  then  a^mc,  but  a  <  (m  +  1)  c.    Hence, 

-j-  >  — ,  or  — ,  and  -j-  <  ^ ^—  or .    Now,  the  difference 

b  ^  7ie*        n*  b  ^       nc      ^  n  * 

between and  —  is  — ,  /.  the  difference  between and  -r 

n  n       n  n  b 

is  <  — .    Also,  the  difference  between  -r-  and  —  is  <  — .    Hence,  if 
n  '  b  n  n 
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we  take  either  the  common  fraction  —  or for  the  incommen- 

n  n 

surable  ratio  -^ ,  we  will  be  correct  to  within  --.    But,  as  n  may  be 

continuously  increased  by  doubling  it,  until  it  becomes  greater  than 

any  assignable  quantity,  —  may  be  continuously  diminished  by  halving 

it  until  it  becomes  less  than  any  assignable  quantity. 

379.  Since  r  =  ~  [374],  it  follows  that 

a  =  cr,  and  c  =  —.    Or, 
r 

1.  The  antecedent  equals  the  consequent  multiplied  by 
the  ratio. 

2.  The  consequent  equals  the  antecedent  divided  by 
the  ratio. 

380.  Since  r  =  -  [374], 

nr  =  nx  —  ^  —  or .    Therefore, 

c        c         c-i-  n 

Prin.  1. — Multiplying  the  antecedent  or  dividing  the 

consequent  multiplies  the  ratio. 

381.  Since  r  =  -, 

c 

r-^w  =  — r-w  = or  — .     Therefore, 

c  c  en 

:Prin.  2. — Dividing  the  antecedent  or  multiplying  the 

consequent  divides  the  ratio. 

382.  Since  r  =  -  =  —  = , 

c       mc      c-^m 

Prin.  3. — Multiplying  or  dividing  both  terms  of  a  ratio 
by  the  sams  quantity  does  not  change  the  ratio. 

383.  A  compound  ratio  is  the  product  of  two  or  more 
simple  ratios. 

Thus,  \c  \d  ^=yX-^X-7  = 


b  "^  d^  f  '^  bdf 
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384.  The  duplicate  ratio  of  two  quantities  is  the  ratio 
of  their  squares;  the  triplicate  ratio  the  ratio  of  their 
cubes;  the  sub-dupUcate  ratio  the  ratio  of  their  square 
roots ;  and  the  sub-triplicate  ratio  the  ratio  of  their  cube 
roots. 

385.  A  ratio  of  equMity  is  one  whose  terms  are  equal ;  a 
ratio  of  greater  inequality,  one  whose  antecedent  is  greater 
than  the  consequent ;  and  a  ratio  of  lesser  inequality,  one 
whose  antecedent  is  less  than  the  consequent. 

EXERCISE  es. 

1.  Find  the  ratio  of  12  to  4 ;  18  to  90  ;  ■=■  to  5  ;  8  to  ^ ; 

O  o 

I  to  I J  8  J  to  12  J ;  3-25  to  5-75 

O  D  o  A 

2.  Find  the  value  of  a  +  S:a  —  J;  x-\-y  \^  —  y^', 

a?'\-f:a?-'xy  +  f 

3.  Find  the  value  of  ^:^^^'' 

a  —  i     c?  —  V 


V^^-V      ^c?V 


2ab     '^a^^i^ 
4.  Compound  the  ratios 


;   Vx  {x  +  y)  :  Vxy{X'-y) 


6:9,   6:8,   §|:4i,   and  1-7: -05 

6.  Compound  the  ratios  :    g"!"   «,  .         .g,  and 

a  -p-  Qu      la ~p~  xj  X  y 

6.  Compound  the  duplicate  ratio  of  a  +  x  to  a  —  x, 
the  triplicate  ratio  of  a  —  x  to  a  +  x,  and  the  simple  ratio 
of  a  +  x  to  a  —  x. 

7.  Compound  the  sub  -  duplicate  ratios  of  x  +  y  to 
a?  —  y^;  x  —  y  to  x  +  y;  and  xy  to  x  +  y. 

8.  Which  is  the  greater,  a  ratio  of  greater  inequality  or 
its  duplicate  ? 
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9.  Which  is  the  greater,  a  ratio  of  lesser  inequality  or 
its  daplicate  ? 

10.  What  quantity  must  be  added  to  both  terms  of  the 
ratio  xiy  to  produce  the  ratio  mm? 

11.  What  quantity  must  be  subtracted  from  both  terms 

of  — ' —  to  produce  ^—^-^  ? 
m  —  n      ^  i^  ~? 

12.  A  in  6  days  and  B  in  9  days  earn  as  much  as  A  in 
9  days  and  B  in  2  days.  What  are  their  relative  wages 
per  day  ? 

13.  The  length  of  a  rectangle  increased  by  12  rods  bears 
the  same  relation  to  the  width  increased  by  12  rods  as  the 
length  increased  by  6  rods  does  to  the  width  increased  by 
6  rods.     What  is  the  ratio  of  the  length  to  the  width  ? 

14.  A  man  has  two  horses  and  a  saddle.  The  yalue  of 
the  first  horse  and  saddle  bears  the  same  relation  to  the 
value  of  the  second  horse  that  the  value  of  the  second 
horse  and  saddle  bears  to  the  value  of  the  first  horse. 
Compare  the  values  of  the  two  horses. 

16.  If  the  area  of  a  rectangle  equals  the  area  of  a  given 
square,  prove  thafc  the  length  of  the  rectangle  bears  the 
same  relation  to  the  side  of  the  square  that  the  side  of  the 
square  does  to  the  width  of  the  rectangle. 

16.  A's  money  bears  the  same  relation  to  B's  that  B's 
bears  to  C's ;  A^s  exceeds  C*s  by  1600,  and  the  three  to- 
gether have  11400.     How  much  has  each  ? 

17.  Two  boys  are  a  certain  distance  apart.  If  they 
approach  each  other  they  will  meet  in  6  minutes,  but  if 
they  walk  in  the  same  direction  one  will  overtake  the  other 
in  one  hour.     What  are  their  relative  rates  of  walking  ? 

18.  Arrange  in  the  order  of  magnitude  the  ratios 

a  +  ^     ^^  +  y     ,,.    (a  +  W 

when  a  and  i  are  positive  integers,  and  a  >  5. 
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Theory  of  Limits. 

386.  A  quantity  that  retains  the  same  value  throughout 
an  operation  or  a  discussion  is  a  Constant. 

887.  A  quantity  whose  value  is  supposed  to  change  is 
a  Variable. 

388.  Constants  are  generally  expressed  by  the  first  and 
variables  by  the  last  letters  of  the  alphabet. 

389.  A  unit  of  conceivable  value  is  a  Finite  Unity  and 
a  quantity  that  can  be  expressed  in  finite  units  is  a  finite 
quantity. 

390.  A  quantity  too  small  to  be  expressed  in  finite 
units  is  said  to  be  infinitely  small. 

391.  An  infinitely  small  variable  is  called  an  Infinitesi- 
maly  and  is  expressed  by  the  character  o ,  read  an  infini- 
tesimal,  or  zeroid. 

392.  An  infinitely  small  quantity  is  less  than  any  finite 
unit,  however  small  the  unit  be  taken  ;  hence, 

PHn.  1. — A  finite  quantity  increased  or  diminished  by 
an  infinitely  small  quantity  is  still  a  finite  quantity. 

393.  A  quantity  too  large  to  be  expressed  in  finite 
units  is  said  to  be  infinitely  large. 

394.  An  infinitely  large  variable  is  called  an.  Infinite, 
and  is  expressed  by  the  character  a,  read  an  infinite. 

396.  An  infinite  unit,  however  small  it  be  taken,  is 
greater  than  a  finite  quantity ;  hence, 

I^Hn.  2. — An  infinitely  large  quantity  diminished  by  a 
finite  or  infinitely  small  quantity  is  still  infinitely  large. 

396.  The  entire  absence  of  quantity  is  called  naught, 
or  zero,  and  is  expressed  by  the  character  0,  read  zero. 
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897.  The  unlimited  whole  of  quantity,  or,  better,  un- 
limited quantity,  is  called  Infinityy  and  is  expressed  by 
the  character  oo,  read  infinity. 

398.  The  limit  of  a  variable  is  a  constant  which  the 
variable,  from  and  after  a  fixed  stage,  is  supposed  to  con- 
tinually approach,  but  which  it  can  never  equal,  although 
it  may  be  made  to  differ  from  it  by  only  an  infinitesimal. 

399.  The  limit  of  a  variable  may  be  a  finite  constant, 
zero,  or  infinity. 

Illustration. — 1.  Let  a  point  start  at  A,  and  move  the 
distance  A  0  (=  V«  A  B)  the  first  minute,  0  D  (=  V^  C  B) 
the  second  minute,  and  so  on, 

unceasingly.     It  is  evident  that     ^ i         i         p 

the  whole  distance  {x)  traversed 

by  the  point  continually  approaches  the  distance  {c)  from 
A  to  B,  and  will  eventually  differ  from  it  by  only  an  in- 
finitesimal.   Therefore,  lim.  {x)  =  c,  a  finite  constant. 

2.  If  we  represent  the  distance  from  the  moving  point 
to  B  by  y,  y  decreases  continually  toward  zero,  and  will 
eventually  differ  from  zero  by  only  an  infinitesimal.  There- 
fore, lim.  (y)  =  0. 

3.  If  a  point  start  at  A  and  move  unceasingly  in  a 
straight  line,  going  each  minute  twice  as  far  as  the  preced- 
ing, the  entire  distance  {x)  traversed  by  the  point  increases 
without  limit,  which  fact  is  expressed  by  lim.  (a;)  =  oo . 

Note.— From  these  illustrations  it  will  be  seen  that  a  variable,  in 
approaching  its  limit,  may  pass  from  the  finite  to  the  infinitesimal,  or 
the  infinite  state,  or  may  remain,  forever,  a  finite  variable. 

400.  The  final  state  of  a  variable  as  it  approaches  its 
limit  is  called  its  ultimum.     Therefore, 

Prin.  3. — Lim.  {x)  is  a  finite  constant  if  ult.  {x)  is  a 
finite  variable,  and  conversely. 

Prin.  4. — lAm.  {x)  is  0,  if  ult.  {x)  is  o ,  and  con- 
versely. 
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FHn.  5. — Lim.  (z)  is  oo,  if  uU.  (x)  is  a,  and  con- 
versely. 

401.  Let  ^  =^  Vy  Hm.  {x)  =  a,  and  lim.  (y)  =  I. 
Then,  since        a^  =  y,  a  —  x=ia'-y. 

But    nit.  (a  —  a:)  =  o ,  since  lim.  {x)  =  a. 

.-.    nit  (a  —  y)  =  o  ; 

whence  lim.  y  =  a. 
But  lim.  y  =^  b. 

a  =z  b.     Therefore, 

.  Prin.  6. — If  two  variables  are  always  equal  their  limits 
are  eqiMl. 

X 

402,  If,  in  the  fraction  — ,  x  decreases  by  a  constant 

ratio  until  it  becomes  an  infinitesimal  and  a  remains  a 
finite  constant,  the  yalue  of  the  fraction  decreases  in  the 
same  ratio  [189,  P.  3],  and  becomes  an  infinitesimal. 

Therefore, 

o 
Prin.  7.    —  =  o .  An  infinitesimal  divided  by  a  finite 

constant  is  an  infinitesimal. 

CoroUary. — Lim.  (— I  =  lim.  o    [P.  6];   therefore, 

a 

408.  Since  —  =  o ,  it  follows  that, 
a 

Prin.  8.    oX«  =  o.     An  infinitesimal  multiplied 
by  a  finite  constant  is  an  infinitesimal. 

Car. — Lim.   (o  X  a)  =  lim.  (o)   [P.  6];   therefore, 
OXa  =  0. 


404.  Since  o  x  a  =  o ,  it  follows  that, 

o 
PH».  9.     —  =  a.     An  mfinitesim^ 

infinitesimal  may  be  any  finite  constant, 


Prin*  9.     —  =  a.     An  infinitesimal  divided  by  an 
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x 
406.  If,  in  the  fraction  — ,  x  increases  by  a  constant 

ratio  until  it  becomes  an  infinite,  and  a  remains  a  finite 
constant,  the  yalue  of  the  fraction  increases  in  the  same 
ratio  [187,  P.  1],  and  becomes  an  infinite.     Therefore, 

^rin.  10.    —  =  a .    An  infinite  divided  by  a  finite 
constant  is  an  infinite. 

Cm*. — Lim.  ( — )  =  lim,  <x  ;  therefore,  —  =  oo . 
\  a  I  a 

406.  Since  —  =  a ,  it  follows  that, 
a 

Brin.  11.     a  X  a  =  ex .     An  infinite  multiplied  ly 

a  finite  constant  is  an  infinite. 

Car. — Lim.  (  a  X  «)  =  lim.  ( oc ) ;  therefore,  oo  x  a  =  oo . 


Prin.  12.    —  =  a.     An  infinite  divided  by  an  infinite 


407.  Since  a  X  a  =  oc ,  it  follows  that, 

rHn.  12.    —=  a.     A 

a 

may  be  any  finite  constant. 

408.  If,  in  the  fraction  -,  x  decreases  by  a  constant 

ratio  until  it  becomes  an  infinitesimal  and  a  remains  a 
finite  constant,  the  yalue  of  the  fraction  increases  in  the 
same  ratio  [188,  P.  2],  and  becomes  an  infinite. 

Therefore, 

Prin.  13.  —  =  cc.  A  finite  constant  divided  by  an 
infinitesimal  is  an  infinite. 

Cor. — Lim.  I  —  J  =  lim.  a  ;  therefore,  -  =  oo . 

409.  Since  —  =  a ,  it  follows  that, 

o 

Prin.  14.  o  X  oc  =  a.  The  product  of  an  infinitesi- 
mal and  an  infinite  may  be  any  finite  constant. 
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410.  Since  o  x  oc  =  a,  it  follows  that, 

Prin.  15.  —  =  o  •  A  finite  constant  divided  by  an 
infinite  is  an  infinitesimal 

Cor. — Lim.  I  —  J  =  lim.  o  ;  therefore,  —  =  0. 

o      oc 

411.  Since  — ,  — ,  and  a  X  o   may  each  be  satisfied 

by  any  finite  constant,  they  are  symbols  of  indetermina- 
tion. 

412.  Let  iiy  fg,  and  —is  be  three  different  infini- 
tesimals. 

1.  Put  ii  + 1,  =  /i ; 
Then        t'l  =  Ii  —  it. 

Now,  since  t^  is  an  infinitesimal,  /i  can  not  be  either 
finite  or  infinite,  else  would  ti  be  finite  [392,  P.  1],  or 
infinite  [396,  P.  2], 

.*.    /i  is  an  infinitesimal. 

2.  Put  /i  —  ta  =  /g ; 
Then       /i  =  72  +  13. 

Kow,  since  /i  and  i^  are  infinitesimals,  /^  must  also 
be  an  infinitesimal  [P.  1  and  P.  2].     Therefore, 

Prin.  16. — The  algebraic  sum  of  a  finite  number  of 
infinitesimals  is  an  infinitesimal. 

418.  Let  lim..  a:  =  a,  lim.  y  =  J,  and  lim.  2;  =  c. 

Put  a  —  ir  =  oi,  b  —  y=  o,,  and  c—'Z=  03  [398] ; 

then  (a  +  b  —  c)  '~{x-\-y  —  z)  = 

oi  +  02  —  03  =  o  [P.  16]  ; 
.•.    Lim.  {x  +  y  —  z)  =  a  +  b''C  [398].     Therefore, 

^rin.  17. — The  limit  of  the  algebraic  sum  of  a  finite 
number  of  variables  equals  the  algebraic  sum  of  their 
limits. 
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414.  Since  aXa;  =  a;  +  a;  +  a;  +  a?  +  ....  to  a  terms^ 
Lim.  {ax)  =  lim.  a?  +  lim.  a?  +  lim,  x  +  lim.  a;  + . . , .  to 

a  terms  [P.  17]  =  a  lim.  {x).    Therefore, 

Trin.  18. — The  limit  of  a  constant  times  a  variable 
equals  the  constant  times  the  limit  of  the  variable. 

415.  Let  lim.  x  =^  a,  and  lim.  y  =  b. 

Put  a  —  a;  =  Oi,  and  J  —  y  =  oj  [398]  ; 

then  (a  —  a;)  (J  —  y)  =  Oi  X  o,, 

or  flJ  — ay  —  Ja;  +  a;y  =  Oj  X  o,  =  o. 

.-.  Lim.  {ab  —  ay  —  bx-\-xy)  =  0  [P.  6], 
or  ab'-ab  —  ab  +  lim.xy=zO[P.n], 
or  lim.  xy  =  ab.    Therefore, 

Prin.  19. — TJie  limit  of  the  product  of  two  variables 
equals  the  product  of  their  limits. 


416. 

Since  lim.  x  X  lim.  y 

=  lim. 

xy. 

,.              lim. 

lim.  X  =  -rp — 

lim 

■  y 

But 

xy 

y 

(xy\  _  lim. 

^y 

Thfii 

,.  •    Therefore, 

y  y  /        hm.  y 

Prin.  20. — The  limit  of  the  quotient  of  two  variables 
equals  the  quotient  of  their  limits. 

niustrative  Examples. — 

1.  Find  the  limit  of ,  if  lim.  a;c=  0. 

X     ' 
Solution : 

Lim.  ( I         =  lim,  (1 J         =1  —  oo  =  — oo. 

2.  Find  the  limit  of when  lim.  a;  =  oo . 

X 

Solutioii: 

Lim.  f^=^)  =  lim.  f  *  - 1)  =  0- 1  =  - 1. 

\    X    /x=ico  \x         /a;  =  00 

Digitized  by  VjOOQ IC 


THEORY  OF  LIMITS.  227 

3.  Find  the  limit  of when  lim.  a?  =  a. 

X 

SolutiQii : 

UnuC^^        =lim.(^-0         =1-1=0. 

4.  Find  lim.  f?^-^) 

Sdntioii :  Lim.  (  ^-^^ —  )        =  — '^^—  =  77 ,  which  is  an  irredu- 
\x^a  /x  =  a       a  — a        0 

(X*  —  a*\ 
~~z — ) 

=  ult.  (x  +  a).    Therefore, 

)         =  lim.  (x  +  a)x  =  a  =  a  +  a  =  2a. 

x  —  a/x^a 

Note. — It  is  usually  best  to  reduce  an  improper  fraction  to  the 
integral  or  mixed  form  before  passing  to  the  limit 

EXERCISB    66. 

Find  the  value  of  : 

4.  Lim.  |— r — I  11.  Lim.  ^-r jY 

5.  Lim.  (^)^_^  12.  Lim.  |^[^^^ 

,.  Lim.  (t+M+3l±^) 

\  x  +  a  /aj  =  0 

p 

/Google 


Digitized  by' 


228  ADVANCED  ALGEBRA. 

14.  Lim.  ( — ^)  17.  Linu  \ — ^^\ 

16-  Lim,  \—^ — tX  18-  I^«i-  "i /  g       of 

I  x  +  c  )«  =  « 


Proportion. 


417.  A  Proportion  is  an  expression  of  equality  between 
two  equal  ratios. 

418.  A  proportion  is  expressed  bf  writing  a  double 
colon,  or  the  symbol  rf  c^nality,  between  the  equal  ratios. 

Thus,  a:b  : :  c:  d,  read  a  is  to  £  as  e;  is  to  e? ; 

a:b  =  c  :  dy  read  the  ratio  of  a  to  J  equals  the 
ratio  of  c  to  e? ;  and 

■J  =  - ,  read  as  either  of  the  above,  or  a  divided 

by  b  equals  c  divided  by  e?,  are  proportions. 

419.  Since  each  ratio  has  two  terms,  a  proportion  has 
four  terms.  The  first  and  fourth  are  called  the  extremes ; 
the  second  and  third  the  means ;  the  first  and  third  the 
antecedents;  the  second  and  fourth  the  consequents;  the 
first  and  second  the  first  couplet;  and  the  third  and 
fourth  the  second  couplet. 

420.  A  mean  proportional  between  two  quantities  is  a 
quantity  to  which  the  first  bears  the  same  relation  as  the 
mean  bears  to  the  second. 

Thus,  &  is  a  mean  proportional  between  a  and  c  when 
a  :  b  : :  b  :  c. 
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421.  A  third  proportional  to  two  quantities  is  a  quan- 
tity to  which  the  second  bears  the  same  relation  as  the 
first  bears  to  the  second. 

Thus^  c  is  a  third  proportional  to  a  and  b^  when 
a\h  \\h  :c. 

422.  A  compound  proportion  is  one  in  which  one  or 
both  ratios  are  compound. 

423.  A  multiple  proportion  is  one  in  which  three  or 
more  ratios  are  placed  equal  to  one  another. 

Thus,  a'.hi\cid::e:f:igihi\i:j  is  a  multiple 
proportion. 

424.  A  continued  proportion  is  a  multiple  proportion 
in  which  each  consequent  equals  the  following  antecedent ; 
as,  a:b  ::b  :c  ::c  :d,  etc. 

425.  A  proportion  is  taken  by  alternation  when  ante- 
cedent is  compared  with  antecedent  and  consequent  with 
consequent. 

426.  A  proportion  is  taken  by  inversion  when  the  con- 
sequents are  made  the  antecedents  and  the  antecedents  the 
consequents. 

427.  A  proportion  is  taken  by  composition  when  the 
sum  of  the  terms  of  each  ratio  is  compared  with  either 
term  of  that  ratio. 

428.  A  proportion  is  taken  by  division  when  the  differ- 
ence of  the  terms  of  each  ratio  is  compared  with  either 
term  of  that  ratio. 

429.  Four  quantities  are  inversely  or  reciprocally  pro- 
portional when  the  first  is  to  the  second  as  the  fourth  is 
to  the  third,  or  as  the  reciprocal  of  the  third  is  to  the 
reciprocal  of  the  fourth. 
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Theorems. 

430.  In  any  proportion  the  product  of  the  extremes 
equals  the  product  of  the  means. 

Given  a  :b  :  :c:  d.    Prove  axd=^bxc. 

Bemonitratloii  i  -^  =z  -j  [418].    Clearing  of  fractions, 

a  X  d  =  b  X  e, 
CoroUary  1. — Either  extreme  equals  the  product  of  the 
means  divided  by  the  other  extreme. 

Car.  2. — Either  mean  equals  the  product  of  the  extremes 
divided  by  the  other  mean. 


431.  If  the  product  of  two  factors  equals  the  product 
of  two  other  factors,  either  pair  may  be  taken  as  the  means 
and  tlis  other  pair  as  the  extremes  of  a  proportion. 

Given  axd  =  bxc  to  prove 

(1)  a:b  ::c:  d  {5)  c  :a  :  :d  :b 

(2)  a:c::b:d  (6)  c:d::a:b 

(3)  .b:a::d:c  (K)  d:b::c:a 

(4)  b:d::a:c  (8)  d:c::b:a 
Demonstration :  1.  Given  a  x  d  =  b  x  c  (A) 
Divide  (A)  hj  b  x  d,        -^  =  -j; 

whence  a:b ::  c:d, 

2.  Divide  (A)  hj  c  x  d,    —  =  -7; 

whence  aicibid. 

In  a  similar  manner  all  the  rest  may  be  derived. 


432.  In  any  proportion,  the  means  or  the  extremes  may 
be  interchanged,  severally  or  jointly. 
Given  a\b:\c:  d  Uy  prove 

{I)  a:c:\b:d  {2)  d:b::c:a 

(3)  d:c::b:a 
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Demonstration :  Since  aihxicidj   a  x  d  =  b  x  c  [430] ;  whence 
(1),  (2),  and  (8)  follow  according  to  431. 

Car. — If  four  quantities  are  in  proportion,  they  are 
also  in  proportion  by  alternation. 


433.  In  any  proportion^  the  means  may  exchange  places 
with  the  extremes  in  any  order. 

Given  a  :  J  : :  c  :  d  to  prove 

iX)  i'.aiidic  {^)  ciaiidib 

(2)  i  :  J  : :  a  :  c  {^  cidiiaih 

Demonitration :  Since  aihwcid^    a  x  d  =  b  x  c  [430] ;  whence 
(1),  (2),  (3),  and  (4)  follow  according  to  431. 

Car. — If  four  quantities  are  in  proportion,  they  are 
also  in  proportion  by  inversion. 


434.  If  four  quantities  are  in  proportion,  they  are  also 
in  proportion  by  composition. 
Given  a  i  b  : '.aid  to  prove 

(1)  a  +  b:b::c  +  did 

(2)  a  +  b  laxic-^dic 

Demonstration :  Given   a:h  ',:c:d, 

then  aicwh  id  hj  alternation. 
Let  r  =  the  common  ratio,  then 


-  =  r,  and  J  =  r, 

whence 

a^  cr  and  h  =  dr, 

and 

a  +  ft  =  {e-\'d)r; 

a  +  6              ah 

or, 

c  +d~''~  0  "  d' 

,•, 

a  +  6:c  +  d::    a     :c 

and 

a-\-h:e-¥d\i     h     \d\ 

whence 

a  +  J:    a     ::c  +  d:6by  alternation ; 

also, 

a  +  6:    h     ::c  +  d:dby  alternation. 

435.  If  four  quantities  are  in  proportion,  they  are  also 

in  proportion  by  division. 
11 
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Given  a  :  J  : :  c  :  d  to  proye 

(1)  a  —  b:b::c  —  d:cl 

(2)  a^b  :a::c  —  d  :  c 

]>aiioiiftr»tiim :  a:e::b:d  hj alternation. 
Let  r  =  the  common  ratio,  then 


a  _ 

r,  and  J  = 

r. 

whence 

a  = 

er  and  b  =  < 

ir. 

and 

a- 

-6  = 

(c-d)r; 

a- 

-6 

a       6 

or, 

C  ' 

—d  = 

'■  =  7  =  3- 

•  • 

a- 

-6:c 

-d::    a 

:e 

and 

a- 

-6:c 

-d::     6 

id 

' 

whence 

a- 

-bi 

a     ',\c  —  d 

:c 

by  alternation, 

and 

a- 

-6: 

b     iie-^d 

:d 

by  alternation. 

436.  If  four  quantities  are  in  proportion,  they  are  in 
proportion  by  composition  and  division. 
Given  a:b  :  :c  :d  to  prove 

a  +  b:a^b  ::c  +  d:c~-d 
Demonitration :  Since      a     ibi:     e     id, 

a-^b:b::c  +  d:d  [434]  (A) 

and  a^bibiiC'-did  [435].  (B) 

Taking  (A)  and  (B)  by  alternation, 

a+  b       b        ,  a  — ft       b       , 

J  =  -J,  ana 3  =  -7;  wnence 

a  +  6      a—  6 
— Tj  = J »  or 

by  alternation,  a  +  6:o  —  d::c  +  d:c  —  d. 


437.  /tj  any  proportion^  the  antecedents  or  the  conse- 
quents may  be  multiplied  or  divided  by  the  same  quantity, 
severally  or  Jointly. 

Given  a:b  t  :c:  d  to  prove 
{1)  ma:  b   :  :mc  :  d 

(2)  a    :  nb  : :    c    :nd 

(3)  ma:  nb  ::mc  :nd 
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(4) 
(5) 

(6) 

Denumitration :  (1)  is  true,  since  both  ratios  are  multiplied  by  m. 

(2)  is  true,  since  both  ratios  are  divided  by  n. 

(3)  is  true,  since  both  ratios  are  multiplied  by  m  and  divided  by  n. 

(4)  is  true,  since  both  ratios  are  divided  by  m. 

(5)  is  true,  since  both  ratios  are  multiplied  by  n, 

(6)  is  true,  since  both  ratios  are  divided  by  m  and  multiplied  by  n. 


a 
m 

:  b   ::  ^  :  d 

m 

a 

b                d 

:  —  : :    c    :  — 

n                n 

a 
m 

'  n  "  m  '  n 

488.  In  any  proportion,  either  extreme  or  mean  may  be 
multiplied  and  the  other  extreme  or  msan  divided  by  the 
same  quantity. 


Given  a  :b  ::c  :  d  to  proye 

(1)  am:   b' ::  c   :   — 
^  ^                              m 

(5)  am:bn::  -  :  — 
^  ^                      n       m 

(2)    -  :   b   ::  c   :dm 

^  '    m 

US)  am:  -  ::cn:  — 
^  ^            n                m 

(3)    a    :bn::  ^  :    d 

^  '                     n 

(7)  —  :bn:  :  —  :dm 
^  ^    m                n 

(4)    a    :  -   ::cn:    d 

^  '            n 

(8)  —  :  -  ::cn:  dm 
^  '    m      n 

BemonstratiQn :  (1)  is  true,  since  both  ratios  are  multiplied  by  m. 

(2)  is  true,  since  both  ratios  are  divided  by  m. 

(3)  is  true,  since  both  ratios  are  divided  by  n. 

(4)  is  true,  since  both  ratios  are  multiplied  by  n. 

(5)  is  true,  since  both  ratios  are  multiplied  by  m  and  divided  by  n. 

(6)  is  true,  since  both  ratios  are  multiplied  by  m  and  n. 

(7)  is  true,  since  both  ratios  are  divided  by  m  and  n. 

(8)  is  true,  since  both  ratios  are  divided  by  m  and  multiplied  by  n. 


489.  If  four  quantities  are  in  proportion,  any  equi- 
multiples of  the  first  couplet  are  proportional  to  any  equi- 
multiples of  the  second  couplet. 
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Qiyen  a\bx:c\d  ia prove 

ma  :  mb  unci  nd 

Dflmaiiitratton :  This  proposition  is  evident,  since  the  value  of 
neither  ratio  is  changed. 

Car. — Equimultiples  of  two  quantities  are  proportional 
to  the  quantities  themselves. 

Thus,  ma  :mb  ::a:b. 

Scholium,  m  and  n  may  be  either  integral  or  frac- 
tional.   

440.  If  four  quantities  are  in  proportion,  the  terms 
of  the  first  couplet,  increased  or  diminished  by  like  parts 
of  themselves,  are  proportional  to  the  terms  of  the  second 
couplet  increased  or  diminished  by  like  parts  of  them- 
selves. 

Given  a:b  :  :c  :  d  to  proye 

a±  —a:b  ±  —b::c±  -c:d±  -d 
n  n  s  s 

Bemonstration:  U  a:b  ::c:d, 

Expand,       a  ±  —  a    :    h  ±  —h    ::     c  ±  —  c    :    d  ±  —d. 

Car. — If  two  quantities  be  increased  or  diminished  by 
like  parts  of  themselves,  the  results  will  be  proportional  to 
the  quantities  themselves. 


Thus,  (l±^)«:(l±g6::«:«. 

Whence,  a±  —a    :    b  ±  —  b    ::a:b. 

n  n 


441.  If  four  quantities  are  in  proportion,  like  powers 
and  like  roots  of  them  are  also  in  proportion. 
Giyen  a:b  ::c  :d  to  prove 

(1)  a"*  :    J*"  :  :  c"   :  ef" 

(2)  Va  :  Vb  : :  ^Tc  :  Vd 
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Demoxmtratlon :  Giyen  -r-  =  ^ .    Raise  both  members  to  the  mth 


power ;  and  extract  the  nth  root  of  both  members. 

!•  i:^  =  j=-  2.  -^-^  =  -^-f^ ;  whence, 

(1)  o-  :  ft"  : :  c«  :  c?"  (2)  Va  :  V^  : :  aA^  :  V^. 


442.  A  mean  proportional  between  two  quantities  equals 
the  square  root  of  their  product. 

Given  h  a  mean  proportional  between  a  and  c  to  prove 
that  S  =  Vac. 

Demonstratioii :  Since  ft  is  a  mean  proportional  between  a  and  c, 
a  :  ft  : :  ft  :  c  ;  whence 

ft>  =  a  c  [430].    Extracting  square  root  of 
both  members,        ft  =  \/aci 


443.  If  two  proportions  have  a  couplet  in  each  the  same, 
the  remaining  couplets  form  a  proportion. 
Giyen  a:b  :  :  c  :  d  and 

a  :b  ::m  :n  to  prove 

c  :  d  ::m  :n 

Benumstration :  -j-  =  -j  and  -r-  =  —  ;  hence  -j  =  — ,  or 
b       d  ft       n  '  d       n* 

cid  ::m  :n. 


444.  If  two  proportions  have  their  antecedents  equal 

their  consequents  are  in  proportion,  and  if  they  have  their 

consequents  equal  their  antecedents  are  in  proportion. 

1.  Given  a  :b  :  :  c  :  d  and 

a:  X  :  :  c  :  y  to  prove 

b  :  d  ::x  :y 

Bemonstration :  a:c::b  :d  and 

a:c  ::x:y,  by  alternation ; 
b:d::x:y  [4^]. 
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2.  Oiven  a  :b  ::  c  :d  and 

m:b  ::  n  :d  to  proTe 

a  zc  ::  m:n 

Denumitratlon :  a  :e  ::b  :d  and 

m:n::b  :d,  hy  alternation ; 
a  :c  iimin  [443]. 


445.  If  two  proportions  have  a  couplet  in  each  in  pro- 
portion,  the  remaining  couplets  form  a  proportion. 

Given  a  :  b  : :  c  :  d,  (A) 

m  :n  : :  p  :  q,  and  (B) 

c  :  d  : :  p  :  q,  to  prove  (C) 

a  :b  :  :m  :  n 

Bemonstration :  From  (A)  and  (C)  we  have 

a:b::p  :q  [443].  (D) 

From  (D)  and  (B)  we  have 
a:b::m:n  [443]. 


448.  If  two  proportions  have  three  terms  of  the  one 
equal  to  three  terms  of  the  other,  each  to  each,  the  remain- 
ing terms  are  also  equal. 
Given  a  :b  : :  c  :  d  and 

a  :  b  :  :  c  :x  to  prove 
d  =  X 

BemoDfltration:  d  =  ^-^  [430,  Cor.  1], 

and        X  =  ^-^  [430,  Cor.  1], 
d  =  X. 


447.  The  products  or  quotients  of  the  corresponding 
terms  of  two  proportions  form  a  proportion. 
Given  a  :b  :  :m:n  and 

c  :  d  : :  p  :  q  to  prove 
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^       a  b  m  n 

2,        ;       ••       •       

c     '     d      '  '     p      '     q 

Demoiittration xaxn^hxm  [430]  (A) 

c  X  g  =  d  X  i>  [430]  (B) 

1.  Multiply  (A)  by  (B), 

(a  X  c)(n  X  q)  =  (J>  X  d)(m  X p)'j  whence, 
axcibxd'.imxpinxq  [431]. 

2.  Divide  (A)  by  (B), 

a  xn      b  xm         a       n       b      m      , 

=  T ,or—  X  —  =-jx— ;  whence, 

c  X  q      a  X  p  ^        e       q       a      p  ' 

£  .  A  . .  ?? .  ^  r4311 


448.  The  corresponding  members  of  two  equations  form 

a  proportion, 

Giyen  a  =  J  and  c  =  rf  to  proye 

a:c    :  :    bid 

Denumitration :  Dividing  a  =  &  by  c  —  d^  member  by  member, 

—  =  -J ;  whence  a:e\\b\d, 
c        a 


449.  In  any  multiple  proportion,  the  sum  of  the  ante- 
cedents  is  to  the  sum  of  the  conseqtients  as  any  antecedent 
is  to  its  consequent. 

Given  a  :  b  : :  c  :  d  : :  e  :f : :  g  :  h  to  proye 
a  +  c  +  e  +  g  :  b-\-d+f+h  iiaib 

Demonstration :  Let  j  =  r;  ^  =  r;-^  =  r;  t  =  *'J  ^^®^ 

a  =  br;  e  =  dr;  e=fr;  g  =  hr;  adding 
a  +  c  +  e  -^  g  =  {b  +  d  +  f  ■¥  h)r ;  dividing 

5-j-^^j-^  =  r  =  ^;  therefore, 

a  +  c-¥e-{-g:b  -^d+f-hh::a:b. 


450.  If  any  number  of  quantities  are  in  continued  pro- 
portion, the  first  is  to  the  third  as  the  square  of  the  first 
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is  to  the  square  of  the  second;  the  first  is  to  the  fourth  as 
the  cube  of  the  first  is  to  the  cube  of  the  second,  etc. 
Given  a  :b  : :  b  :  c  \  :  c  :  d  \ :  d  :  e  \  i  e  if  to  prove 
{1)  aiciia^iV  (3)  a  :  e  : :  «*  :  ** 

(2)  a:rf::a»:J»  (4)  aifiia^ib^ 

Dmttwtration:  1.  y  =  y  ^-5=6  ^'  f  "^  T 

»,  —  =  x  ^~~  =  x 

CO  e       o 

Take  the  product  of  1  and  2, 

—  =  T5 ;  whence  a:ei:a*  :bK 
e       6* 

Take  the  product  of  1,  2,  and  3, 

-J  =  Tj;  whence  a:dz:a^:b^. 
a       (r 

Take  the  product  of  1,  2,  8,  and  4, 

—  =  -rj ;  whence  axeiic^i  6*. 
Take  the  product  of  1,  2,  8,  4,  and  5, 

—  =  ^ ;  whence  a  :  / : :  a* :  6*. 


451.  If  the  successive  approximations  of  two  incom- 
mensurable ratios  are  eqtuil,  each  to  each,  the  ratios  tJiem- 
selves  are  equal. 

Benumstration :  The  successive  approximations  of  each  ratio  may 
be  regarded  as  successive  values  of  a  variable  whose  limit  is  the  incom- 
mensurable ratio.  But,  if  the  successive  approximations  are  always 
equal,  each  to  each,  the  variables  are  always  equal,  and,  therefore, 
their  limits,  or  the  incommensurable  ratios,  are  equal  [401,  P.  6]. 

niiutrative  Examples. — 1.  It  a  :b  ::  c  :  d,  prove  that 

ma  +  nb  ima^nb  :  :mc-\-nd  :mc--nd. 

Solution :  Given  a:b::c:d. 

Multiply  antecedents  by  m  and  consequents  by  n, 

ma  :nb::mc:nd  [437]. 
Take  this  proportion  by  composition  and  division, 

ma  +  nb  :ma  —  nb  ::mc  +  nd  imc^nd  [436]. 
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ft  __  ^  cS^  —  flj' 

^  Qiven .  =  J,  to  find  the  values  of  x. 

a  +  V  a*  —  Q? 

Sobition :  Write  the  equation  in  the  form  of  a  proportion, 

a  —  \/«'  ~  **  •  ^  •*•  Vc^*  —  a?*  ::&:!. 
Take  this  proportion  by  composition  and  division, 

2a:2\/a*  — a?»::6  +  1 :1  — ft; 
Divide  the  terms  of  the  first  couplet  by  2, 

a:  Va*-a;»::ft  +  l:l-6; 
Square  both  couplets^ 

a» :  o»  - «« : :  6«  +  2ft  +  1 : 1  -  2ft  +  6»; 
Take  this  proportion  by  division, 

ic«:a«;:4ft:ft«  +  2ft  +  l; 
Extract  the  square  root  of  both  couplets, 

jc  :  a  : :  ±  2  V^ :  ft  +  1 ;  whenee 
.  2aV^ 

EXERCISE    67. 

\t  axlwcxdy  prove  that 

1.  m^:nc::mft:7»a 

2.  a  — *:c  — d::a  +  ft:c  +  {? 

3.  2a  +  3J:2a  — 3ft::2c  +  3rf:2c  — 3rf 

6.  3a  +  2J:3c  +  2rf::2a  +  3ft:2c  +  3d 

V  T  f)  T 

6.  a+=^a:J J::c+~c:rf rf 

g  «  q  8 

1.  pa  +  qc:pb  +  qd::  a:b 

8.  a*a;  +  aJy  +  ft*y  :  c^x  +  cdy  +  d^jf  ::V  :d* 
It  a  :b  ::b  :c,  prove  that 

9.  a  +  b  :b-\-c  :  :b  :  c 

10.  wa  +  mft:wft  +  i/ic::a:5 

11.  (a  +  by:{b  +  cy::a:c 
I2.'iimxy  =  xxny  prove  that 
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13.  If  (w  +  n •\'p •^q){jn'-n  — ^  +  ?)  = 

prove  that  m\n\\p  \q 

14.  If  J!?  =  i/- ?,  proye  that  jt) :  1  : :  V~q  :  '/i 

IB.  If  a  :  J  : :  c  :  d  : :  «  :/,  prove  that 

a  +  b  :a  —  b  ::c  +  d:c  —  d  ::e  +f :  6  — / 

16.  It  a  —  b  :x  :  ib  —  ciy  ::c-~a:z, 

prove  that  x  +  y  +  z  =  0 

n.  It  a  :  b  : :  c  :  d,  prove  that  a+x  :  J+a: : :  c+x  :  d+a; 

is  false  for  aoy  finite  value  of  x. 

18.  Given  x  +  l:a;  +  4::2a:  —  l:a:  +  6 

to  find  the  value  of  x. 

19.  Given  a;:^:*  —  1::15  —  7a;:8  —  8a: 

to  find  the  value  of  x. 

20.  Given  a  +  Vic  :  a  —  Vic  ::b+  Vc  :  b  —  \/c 

to  find  the  value  of  x. 

21   Solve  ]^  +  y-^-y--2-n 

22.  Solve  K  +  y'-^  +  y--7:ll 

{a^  —  y^ :  X  —  y  : :  5  : 1) 

23.  Solve  K  +  ^^?  +  ^)'  =  ^^^(^  +  y)^^n 

(a;  +  y  =  3  ) 

«.      Gl  X+VS  —  X  ^  «e      G    1  V^+Vl  « 

24.  Solve  — ' — 7—  =  3  26.  Solve     ^   ;=  =  -r 

a:— V3  — a;  Vx-^Vb       ^ 

^^   a  ,      a  +  Va^  —  a^      a  +  x 
26.  Solve  — ' — ,  =  — ?— 


_   G  1      V^x  +  l  +  2Vx       ^ 

27.  Solve     .      ^     ^ p=  =  9 

V4:X  +  l  —  2Vx 

28.  Solve   ,.   "[.^  ,.        ■  =  2 

V  a;  + 1  —  Vx  —  1 
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29.  Solve 


^+f'.^-xy  +  f\:-::^ 


Qi?—  f:(x?+xy  +  f: 


1  .  1 
3  •  6 


Concrete  Examples. 

ninstration.— 1.  A's  age  is  to  B's  as  3  is  to  4 ;  but,  20 
years  hence,  their  ages  will  be  to  each  other  as  5  is  to  6. 
Bequired  the  age  of  each. 

Mution :  Let  8  a;  =  A's  age,  then  will 

4a;  =  B'sage;  and 
8  a;  +  20  =  A's  age  20  years  hence,  and 
4  a;  +  20  =  B's  age  20  years  hence ;  whence 
8a;  +  20:4a;  +  20::5:6;  or 

a; :  8a;  +  20  : :  1 :  5,  by  diyision. 
Therefore,  5  a;  =  8  a;  -f  20,  or 

2a;  =  20,  and  a;  =  10; 
8a;  =  30,  A'sage, 
4a;  =  40,  B'sag^ 


2.  If  a  men, 
in  h  days, 
working  c  hours  a  day, 
can  dig  a  ditch  d  rods  long, 
e  feet  wide, 
and  /  feet  deep, 


How  many  {x)  men, 
in  m  days, 
working  n  hours  a  day, 
can  dig  a  ditch  r  rods  long, 
8  feet  wide, 
and  t  feet  deep  ? 


Sdation :  Since  the  number  of  men  needed  diminiahea  as  the  num- 
ber of  days  and  the  number  of  hours  per  day  increase,  and  increases 
as  the  number  of  rods  in  length,  feet  in  width,  and  feet  in  depth 
increase,  it  is  in  indirect  ratio  with  the  first  two  mentioned,  and  in 
direct  ratio  with  the  last  three ;  therefore, 
'  h\m 
c  :  n 
r :  d 
8 :  e 

axbxcxrxsxt 


whence    x  = 


mxnxdxexf 
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exercise:  ea 

1.  The  length  of  a  certain  rectangle  is  to  its  width  as 
5  to  4;  and,  if  8  feet  be  added  to  each  dimension,  the 
length  will  be  to  the  width  as  7  to  6.  Required  the 
length  and  the  breadth. 

2.  The  sum  of  two  numbers  is  to  their  difference  as 
7  to  3,  and  the  sum  of  their  squares  equals  1856.  What 
are  the  numbera  ? 

3.  Eight  silver  and  3  gold  coins  are  worth  as  much  aa 
4  silver  and  4  gold  ones.  What  is  the  relative  value  of  a 
silver  to  a  gold  coin  ? 

4.  In  what  time  will  a  dollars  at  r  per  cent  gain  as 
much  as  i  dollars  in  t  years  at  n  per  cent  ? 

6.  A  farmer,  having  mixed  a  certain  number  of  bushels 
of  com  and  oats,  found  that,  if  he  had  mixed  10  more 
bushels  of  each,  there  would  have  been  4  bushels  of  oats 
to  3  bushels  of  com ;  but,  if  he  had  mixed  5  bushels  less 
of  each,  there  would  j^ve  been  6  bushels  of  oats  to  3 
bushels  of  corn.     How  many  bushels  of  each  did  he  mix  ? 

6.  A  hare  is  50  of  her  leaps  before  a  hound,  and  takes 
4  leaps  to  the  hound's  3 ;  but  two  of  the  hound's  leaps  are 
equal  to  three  of  the  hare's.  How  many  leaps  must  the 
hound  take  to  catch  the  hare  ? 

7.  When  two  trains  run  in  opposite  directions  they  pass 
each  other  in  2  seconds;  but,  if  they  run  in  the  same 
direction,  the  faster  train  passes  the  slower  one  in  30  sec- 
onds.    Compare  the  rates  of  the  two  trains. 

8.  A  passenger  on  a  fast  train  observes  that  he  passes  a 
slow  train  in  20  seconds  when  the  trains  run  in  the  same 
direction,  and  in  2  seconds  when  they  run  in  opposite 
directions.     Compare  the  rates  of  the  trains. 

9.  What  number  must  be  added  to  each  of  the  num- 
bers 3,  7,  and  13,  to  make  the  second  one  a  mean  pro- 
portional between  the  other  two  ? 
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10.  There  is  a  number  consisting  of  three  digits^  the 
first  (or  hundreds')  of  which  is  to  the  second  as  the  second 
is  to  the  third;  the  number  itself  is  to  the  sum  of  the 
digits  as  124  to  7 ;  and^  if  594  be  added  to  the  number, 
the  digits  will  be  inyerted.    What  is  the  number  ? 

11.  Show  that  no  number  added  to  three  consecutive 
numbers  will  make  the  second  a  mean  proportional  between 
the  other  two. 

12.  Two  cog-wheels,  one  having  a  cogs  and  the  other  b^ 
run  together.  In  how  many  revolutions  of  the  former 
will  the  latter  gain  c  revolutions  ? 

13-  If  an  o-cent  loaf  of  bread  weighs  b  ounces  when 
flour  is  c  dollars  a  barrel,  how  many  ounces  should  an 
r-cent  loaf  weigh  when  flour  is  t  dollars  a  barrel  ? 

14.  One  cask  contains  10  gallons  of  alcohol  and  6  gal- 
lons of  water,  while  another  contains  12  gallons  of  alcohol 
and  5  gallons  of  water.  If  one  gallon  be  taken  from  each 
cask  and  mixed,  what  will  be  tb«  relative  quantities  of 
alcohol  and  water  in  the  mixture  ? 

16.  What  quantity  must  be  added  to  each  of  the  quan- 
tities py  q,  r,  and  8,  to  make  them  proportional  ? 

16.  If  a  men  in  b  days  can  build  c  rods  of  wall,  how 
many  men  can  build  d  rods  of  wall  —  as  high  and  ~  as 
thick  in  e  days  ? 

17.  The  quantities  of  water  that  flow  through  cylindri- 
cal pipes  are  to  each  other  as  the  squares  of  the  diameters 
of  the  pipes.  If  a  pipe  whose  diameter  is  a  inches  fills  a 
cistern  in  c  hours,  in  what  time  will  a  pipe  whose  diameter 
is  n  inches  fill  it  ? 

18.  Similar  volumes  are  to  each  other  as  the  cubes  of 
their  like  dimensions.  What  is  the  diameter  of  a  ball  that 
weighs  as  much  as  the  sum  of  two  balls  whose  diameters 
are  a  inches  and  b  inches  respectively? 
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Variation. 

452.  Two  qnaDtities  may  be  so  related  that  when  one 
of  them  yaries  the  other  varies  also. 

niiutration. — ^The  yalue  of  a  pile  of  lumber  varies  as 
the  amount  in  the  pile  varies. 

453.  One  quantity  varies  directly  as  another  when  it 
retains  a  constant  ratio  to  the  other. 

niiutration. — The  distance  a  train  goes  varies  directly  as 
the  time  it  runs^  since  it  retains  a  constant  ratio  to  the  time. 

454.  One  quantity  varies  inversely  as  another  when  it 
varies  directly  as  the  reciprocal  of  the  other. 

niiutration. — The  number  of  days  required  to  do  a  given 
piece  of  work  varies  inversely  as  the  number  of  men  em- 
ployed, since  it  varies  directly  as  the  reciprocal  of  the 
number  of  men  employed. 

455.  One  quantity  varies  jointly  as  two  others  when 
it  varies  directly  as  their  product 

Illustration. — The  area  of  a  rectangle  varies  jointly  as  the 
base  and  altitude^  since  it  varies  directly  as  their  product. 

456.  One  quantity  varies  directly  as  a  second  and  in- 
versely as  a  third  when  it  varies  directly  as  their  quotient. 

Illustration. — The  altitude  of  a  rectangle  varies  directly 
as  the  area  and  inversely  as  the  base,  since  it  varies  directly 
as  their  quotient. 

457.  A  Variation  is  an  expression  denoting  that  one 
algebraic  quantity  varies  directly  as  another.  The  symbol  of 
variation  is  a  *,  read  varies  as,  meaning  varies  directly  as. 

Illustration. — That  x  varies  directly  as  y  is  expressed 
by  a;  a  y,  read  x  varies  as  y. 

*  As  a  symbol  of  quantity,  oc  denotes  cm  infinite ;  as  a  symbol  of 
relation,  vaHea  as.  No  ambiguity  can  arise  from  this  double  use  of 
the  symbol. 
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That  X  Taries  inversely  as  y  is  expressed  by  a:  a  - ,  read 
z  varies  as  one  divided  by  y.  V  , 

That  X  varies  jointly  as  y  and  z  is  expressed  by  x  ocyz, 
read  x  varies  as  y  times  z,  or  as  y  2;. 

That  a:  varies  directly  as  y  and  inversely  as  iS  is  ex- 
pressed by  a:  a  — ,  read  x  varies  as  y  divided  by  z. 


Principles. 

458.  If  one  quantity  varies  as  another  it  is  a  constant 
number  of  times  the  other. 

Given  a:  ay  to  prove  that  x^ry,  in  which  r  is  a 
constant. 

DemonstratioiL — ^Sinoe  xccy,  —  =  r,  a  constant  ratio  [453], 

y 

Clear  of  fractions,  z  =  ry. 

459.  If  one  variable  quantity  is  a  constant  number  of 
timss  another  it  varies  as  the  other. 

Given  x^ry,  in  which  r  is  constant,  to  prove  that 
a;  ay. 

Demonstiration. — Since  x  =  ry,  —  =  r,  a  constant; 
whence  xocy  [453]. 

460.  If  one  quantity  varies  as  a  second  and  the  second 
varies  as  a  third,  the  first  varies  as  the  third. 

Given  a:  a  y  and  y  ocz,  to  prove  that  x  ccz. 

Demonstratioii. —  x  =  ry,  in  which  r  is  a  constant,       (A) 

y  =  r'  z,  in  which  r'  is  a  constant,      (B) 
Substitute  (B)  into  (A),  x  =  rr"  z,  in  which  rr'  is  a  constant. 
Therefore,  x  cc  z  [453]. 

461.  If  two  quantities  vary  as  the  same  quantity,  their 
sum,  their  difference,  and  the  square  root  of  their  product 
vary  as  that  quantity. 
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Giyen  x(xz  and  y  a  «  to  prove  that 

^  +  y<^^^  x^y  <xzy  and  Vxy  <x  z. 

Dcmanitratioii.—  x  —  rz,  in  which  r  is  constant  (A) 

y  =  r'  Zy  in  which  r'  is  constant.  (B) 

Add  (A)  and  (B),  a;  +  y  =  (r  +  r') «,  in  which  r  +  r'  is  constant ; 

hence,  x -^  y  <x  z. 

Subtract  (B)  from  (A),  x^y  =z  {r  —  r')Zy  in  which  r  —  r*  is  constant ; 

hence,  x^y  cc  z. 

Multiply  (A)  by  (B),  xy  =  rr'xzK 

Extract  Vi  ^xy  =  ^rr'x  z,  in  which  ^rr'  is  constant ; 

hence,  ^/Sy  a  z. 

462.  The  prodtict  or  quotient  of  the  first  members  of 
two  variations  vary  as  the  product  or  quotient  of  the  sec- 
ond members. 

Given  x  ccy  and  z  ccw. 

]>eiiion8tration. — 1.    a;  =  ry,  in  which  r  is  constant.  (A) 

z  =  r'Wy  in  which  r'  is  constant.  (B) 

Multiply  (A)  by  (B),    xz  =  rr'  x  yw,  in  which  rr'  is  constant; 
hence,  xz  a  yw. 

X  T  V  T 

2.  Divide  (A)  by  (B),    —  =  -7  x  —  ,  in  which  —,  is  constant ; 

hence,  —  a  — . 

^  z        w 

463.  If  one  quantity  varies  as  another y  any  power  or 
root  of  the  first  varies  as  the  same  power  or  root  of  the 
second. 

Given  x  <xy  io  prove  that  of"  ccy''  and  Vx  <x  Vy. 

Demonstration. —       x  =  ry,  in  which  r  is  constant.  (A) 

Raise  both  members  to  the  nth  power, 

X*  =  r*y*,  in  which  r»  is  constant; 
hence,  ic»  a  y\ 

Extract  the  nth  root  of  both  members  of  (A), 

!t/x  =  V^  X  Vy»  ^^  which  ^/r  is  constant ; 
hence,  !^/x  a  !t/y, 

464.  If  xocy  when  z  is  constant^  and  xocz  when  y  is 
constant,  then  xccyz  when  y  and  z  both  vary. 
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Ssmniftntioii.  x^ry  when  y  yaries  and  z  is  constant  Since 
r  is  constant  it  can  not  contain  the  yariable  y ;  hence,  x  can  contain 
y  only  once  as  a  factor. 

Again,  x^r'z  when  z  varies  and  y  is  constant.  Since  r'  is  con- 
stant it  can  not  contain  the  yariable  z ;  hence,  x  can  contain  z  only 
once  as  a  factor. 

Again,  since  y  may  be  constant  when  z  varies,  and  z  constant 
when  y  varies,  neither  cff  these  quantities  can  contain  the  other  as  a 
factor ;  nor  can  they  contain  a  common  variable  factor. 

Therefore,  y  and  2;  are  both  factors  of  x,  and  are  the  only  factors 
that  may  vary;  or  a;  is  some  constant  number  of  times  yz,  as  r"yz; 
whence  x  <xyz. 

ninstrative  Zxamples.  — 1.  U  xccy\  and  2;  =  6  when 

1  3 

y  =  2^,  what  will  x  equal  when  y  =  4 j  ? 

Mution  :Ifa;ay,  a;  =  ry,  in  which  r  is  constant    Since  a;  =  6 

1  1  *       12  12 

when  y  =  2-5-,  ^^r  x2-^\  whence  r=-^.    Therefore,  a:  =  -g-  y . 

Substituting  y  =  4  -j  in  this  equation,  a;  =  -g-  x  T^^^'s' 

2.  If  x^u  +  v  and  uccy  and  t;  a  y* ;  also  when 
y  =  2,  V  =  4,  and  w  =  6  ;  what  is  the  equation  between 
X  and  y  ? 

Sohition:  If  way  and  vay*,  w  =  ry  and  v  =  r'y',  in  which 
r  and  r'  are  constants. 

Since         v  =  4        and  w  =  6  when  y  =  2, 
6  =  r  X  2  and  4  =  r*  x  4 ;  whence 
r  =  3         and  r'  =  1 ;  therefore, 
w  =  3  y      and  v  =  y* ;  and 
«  + v  =  a;  =  3y +  y*. 

3.  If  12  sheep  cost  $9G^  what  will  25  sheep  cost  at 
the  same  price  per  head  ? 

Sohition :  Let       x  =  the  cost  of  any  number  of  sheep, 

and       y  =  any  number  of  sheep. 
Since  the  cost  varies  directly  as  the  number, 

xccy,  and  x  =  ryf  in  which  r  is  constant 
Since  x  is  96  when  y  is  12,  96  =  r  x  12,  or  r  =  8. 
Therefore,  a;  =  8y.    Substituting  25  for  y, 

a;  =  8  X  25  =  200,  the  cost  in  dollars. 
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4.  The  attraction  of  bodies  varies  inyersely  as  the  square 
of  the  distance  they  are  apart.  If  the  body  A  attracts  the 
body  B  with  a  force  of  10  pounds  when  they  are  5  feet 
apart,  with  what  force  does  it  attract  it  when  they  are  25 
feet  apart  ? 

Sdution :  Let  x  =  the  force  of  attraction  at  any  distance, 

and  y  =  any  distance  mtasured  in  feet 

1  r 

Now,  x<x-z  or  a;  =  -5,  in  which  r  is  constant, 

y*  y* 

Clearing  of  fractions,  r  z:zxy^\  but  y  =  6  when  a;  =  10 ;  hence, 

r  =  10  X  5«  =  250;  and 

250 
X  =  — ^  *    Now  substitute  25  for  y, 

250       2     -  , 

a;  =  2^  =  g  of  a  pound. 


EXERCISE    69. 

1.  If  a:  a  y  prove  that  xccmyin  which  m  is  constant. 

2.11  X  cxy  prove  that  vx  <x  vy  in  which  v  may  be 
either  a  constant  or  a  variable. 

X 

3.  If  »  a  vy,  prove  that  v  <x—. 

^It  xccvy  and  v  ccz  and  y  a  7?y  prove  that  x  oc  s?. 

6.  If  xcxy  when  v  and  z  are  constant,  x  ocv  when 
y  and  z  are  constant,  and  x  <xz  when  t;  and  y  are  constant, 
prove  that  x  <xyz  when  v  alone  is  constant,  x  ccvy  when 
js;  alone  is  constant,  x  ccvz  when  y  alone  is  constant,  and 
X  ccvyz  when  all  vary. 

6.  xcxy  and  when  x  =  8,  y  =  20.  What  is  the  value 
of  y  when  a;  =  20  ? 

1,  X  ocy  and  y  a  —  ;  also,  when  z  =  6,  ir  =  10.    What 

^         1      — 
is  the  value  of  x  when  ^  =  ^  V2  ? 

®«  aj+yaa;  —  y,  a:av  and  y  a  2; ;  when  t?  =  4,  a;  =  10 ; 
when  2;  =  6,  y  =  15  ;  and  when  y  =  10,  a;  =  25.  What  is 
the  ratio  of  t;  to  «  ? 
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9.  X  =z  V  -{-  Wy   in  which  v  cc  y   and    w  a  -  ;    when 

y  r=  1,  a;  =  6  ;  and  when  y  =  2,  x  =  5.     Find  the  equa- 
tion between  x  and  y. 

10.  The  space  {s)  through  which  a  falling  body  passes 
varies  as  the  square  of  the  time  {t^)  when  the  force  of 
gravity  (/)  is  constant;  and  «  a/,  when  t  is  constant; 
also,  2«=/,  when  ^  =  1  second.  Find  the  equation  be- 
tween /,  8y  and  U 

11.  What  will  a  pounds  of  sugar  cost  if  J  pounds  cost 
c  cents  ? 

12.  If  a  men  can  do  a  piece  of  work  in  c  days,  in  how 
many  days  can  d  men  do  it  ? 

13.  The  area  of  a  circle  varies  jointly  as  the  circumfer- 
ence and  diameter,  and  the  circumference  varies  as  the 
diameter.  Prove  that  the  area  varies  as  the  square  of  the 
diameter. 

14.  The  volume  of  a  sphere  varies  jointly  as  the  surface 
and  diameter,  and  the  surface  varies  as  the  square  of  the 
diameter.  Prove  that  the  volun^e  varies  as  the  cube  of  the 
diameter. 

16.  The  circumference  of  a  circle  varies  as  the  diameter, 
and  when  the  diameter  is  one  the  circumference  is  3*1416. 
What  must  the  diameter  be  that  the 'circumference  may 
be  one^ 

16.  The  velocity  acquired  by  a  falling  body  varies  as 
the  square  root  of  the  height  of  its  fall.  If  the  height  is 
16-08  feet  when  the  velocity  is  32*16  feet,  what  is  the 
velocity  when  the  height  is  257*28  feet? 

17.  The  amount  of  water  flowing  through  a  pipe  varies 
as  the  square  of  the  diameter  of  the  pipe  when  the  time  is 
constant,  and  as  the  time  when  the  diameter  of  the  pipe 
is  constant.  Prove  that  the  time  varies  inversely  as  the 
square  of  the  diameter  when  the  amount  is  constant. 
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18.  The  height  through  which  a  body  falls  varies  as  the 
square  of  the  time.  If  in  3  seconds  it  falls  144*72  feet^  in 
how  many  seconds  will  it  fall  402  feet  ? 

19.  The  velocity  with  which  a  liquid  escapes  from  an 
orifice  varies  as  the  square  root  of  the  depth  of  the  liquid 
above  the  orifice ;  when  the  depth  is  402  inches  the  velocity 
is  160*8  inches.  What  is  the  velocity  when  the  depth  is 
16-08  inches  ? 

2a  The  square  of  the  time  required  for  a  planet  to 
revolve  around  the  sun  varies  as  the  cube  of  its  distance 
from  the  sun.  The  earth  is  93,000,000  miles  from  the 
sun,  and  revolves  around  it  in  one  year;  in  how  many 
years  will  Saturn,  whose  distance  from  the  sun  is  890,- 
000,000  miles,  make  a  revolution  ? 


Logarithms. 

General  Definitions  and  Principles. 

466.  The  logarithm  of  a  quantity  is  the  exponent  by 
which  an  assumed  quantity,  called  the  base,  must  be 
affected  to  produce  the  quantity. 

Olostration. — If  we  assume  a  as  the  base,  and  suppose 
a*  =  7n,  then  will  x  be  the  logarithm  of  w,  which  is  ex- 
pressed by  log.  w  =  a;. 

466.  Since  a^  =  a  and  a^  =  1,  log.  a  =  1  and  log.  1  =  0. 
Therefore, 

Brin.  l.—The  logarithm  of  the  base  is  unity  and  the 
logarithm  of  unity  is  zero. 

467.  Let  (f  z=z  m  and  a"  =  », 
then,        log.  m  =  X  and  log.  n=^y. 

Now,  a'^'  =z  mXn  and  flT""  =  m  -5-  w  ; 

.:.  log.  {m  X  n)  =  X  +  y,  and  log.  (wi  -5-  w)  =  a;  —  y. 
Therefore, 
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Brin.  2. — Ths  logarithm  of  the  product  of  two  quanti- 
ties equals  the  sum  of  their  logarithms. 

Brin.  S. — The  logarithm  of  the  quotient  of  two  quanti-^ 
ties  equals  the  logarithm  of  the  dividend  minus  the  loga- 
rithm of  the  divisor. 

468.  Suppose  c^  =z  m,  then  log.  m  =  x. 
Now,  (c^y  =  m",  or  «••'  =  wi". 

log.  (m")  =  xy  =  y  log.  m.    Therefore, 
Prin.  4» — The  logarithm  of  a  quantity  affected  by  any 
exponent  equals  the  eaponent  times  the  logarithm  of  the 
quantity. 

The  Common  System  of  Logarithms. 

469.  In  the  common  system  of  logarithms,  the  assumed 
base  is  10,  the  radix  of  the  decimal  system  of  notatioD. 

Since  10^  =   10,  log.    10  =  1. 

Since  10*  =  100,  log.  100  =  2. 

Therefore,  the  logarithm  of  any  number  lying  between 
10  and  100  lies  between  1  and  2,  or  is  1  +  a  decimal. 
From  this  we  see  that  a  logarithm  may  consist  of  two 
parts,  an  integral  and  a  decimal  part.  The  integral  part  is 
called  the  characteristic  and  the  decimal  part  the  mantissa. 

470.  10«  =  1  .-.  log.  1  =  0 
10^=  10  .-.  log.  10  =  1 
10«=  100  .'.  log.  100  =  2 
10' =  1000  .-.  log.  1000  =  3 
etc.,    etc.,  etc.,      etc. 

Since  log.  1  =  0  and  log.  10  =  1,  the  logarithm  of  any  number 
between  1  and  10,  as  3*25,  lies  between  0  and  1,  or  is  a  pure  decimal. 
That  is,  if  a  number  contains  one  and  only  one  integral  place,  the 
characteristic  of  its  logarithm  is  zero. 

Since  log.  10  =  1  and  log.  100  =  3,  the  logarithm  of  any  number 
between  10  and  100,  as  42*3,  lies  between  1  and  2,  or  is  1  +  a  decimaL 
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That  is,  if  a  number  contains  two  and  only  two  integral  places,  the 
characteristic  of  its  logarithm  is  1. 

In  a  similar  manner  it  may  be  shown  that  if  a  number  contains 
8,  4,  5,  etc.,  integral  places,  the  characteristic  of  its  logarithm  will  be 
2,  3,  4,  etc.    Therefore, 

Prin.  5. — The  characteristic  of  the  logarithm  of  any 
whole  or  mixed  number  is  positive^  and  numerically  one 
less  than  the  number  of  integral  places  in  the  number. 

471.  10«  =  1  .-.  log.  1=0 
10-1=  -1  ^.^  log^  •l  =  -.l 
10-«=  -01  .-.  log.  -01  =  -2 
10-»  =  .001  .'.  log.  -001  =  -  3 
etc.,     etc.,                 etc.,         etc. 

For  convenience,  the  characteristic  of  a  logarithm  will  always  be 
so  taken  as  to  make  the  mantissa  positive. 

Since  log.  1  =  0  and  log.  •!  =  —  1,  the  logarithm  of  any  number 
between  1  and  *1,  as  *35,  lies  between  0  and  —  1,  or  is  —  1  +  a  deci- 
mal. That  is,  if  a  pure  decimal  contains  no  cipher  between  the  deci- 
mal point  and  the  first  significant  figure,  the  characteristic  of  its 
logarithm  is  —  1. 

Since  log.  •!  =  —  1  and  log.  •01  =  —  3,  the  logarithm  of  any  deci- 
mal between  "1  and  '01,  as  "025  lies  between  —  1  and  —  2,  or  is  —  2  + 
a  decimal.  That  is,  if  a  pure  decimal  contains  one  cipher  between  the 
decimal  point  and  the  first  significant  figure,  the  characteristic  of  its 
logarithm  is  —2. 

In  a  similar  manner  it  may  be  shown  that  if  a  pure  decimal  con- 
tains two,  three,  four,  five,  etc.,  ciphers  before  the  first  significant 
figure,  the  characteristic  of  its  logarithm  will  be  —  3,  —  4,  —  5,  —  6, 
etc.    Therefore, 

1*H».  6* — The  characteristic  of  the  logarithm  of  a  pure 
decimal  is  negative,  and  is  numerically  one  greater  than 
the  number  of  ciphers  between  the  decimal  point  and  the 
first  significant  figure. 

472.  To  designate  that  the  characteristic  is  negative 
and  the  mantissa  positive,  it  is  customary  to  write  the 
negative  sign  above  the  characteristic. 

Thus,  3-1472  =  -  3  +  -1472. 
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473.  By  adding  10  to  a  logarithm  with  a  negatiTe  char- 
acteristic^ then  indicating  the  subtraction  of  10  from  the 
result,  the  characteristic  may  be  made  positive. 

Thus,  3-4675  =  7*4675  -  10. 

474.  Since  log.  {n  X  10)  =  log.  n  +  log.  10  [P.  2]  = 
log.  n  +  ly  it  follows  that  annexing  a  cipher  to  a  number, 
or  moving  the  decimal  point  one  place  rightward,  increases 
the  characteristic  of  its  logarithm  by  unity,  but  does  not 
alter  the  mantissa. 

Again,  since  log.  {n  -5- 10)  =  log.  n  —  log.  10  [P.  3]  = 
log.  n  —  1,  it  follows  that  moving  the  decimal  point  one 
place  leftward  in  a  number,  decreases  the  characteristic  of 
its  logarithm  by  unity,  but  does  not  alter  the  mantissa. 

Therefore, 

:Prin.  y. — The  logarithms  of  all  numbers  composed  of 
the  earns  significant  figures  arranged  in  the  same  order , 
irrespective  of  the  position  of  the  decimal  pointy  have  the 
same  mantissa. 

Thus,  Log.  355  =  2-55023  log.  35-5  =  1-55023 

Log.  3550  =  3-55023  log.  3-55  =  0-55023 

Log.  35500  =  4  -55023  log.  -355  =  T-55023 

Also,   Log.  7  =  0-84510  log.  •7=1-84510 

Log.  70  =  1  -84510  log.  -07  =  2-84510 

Log.  700  =  2-84510  log.  -007  =  3-84510 

Log.  7000  =  3  -84510  log.  '0007  =  1-84510 

475.  The  following  five-place  table  of  mantissas,  ar- 
ranged from  Funfstellige  logarithmisch-trigonometrische 
Tafeln  von  Theodor  Wittstein,  Hannover,  will  answer  all 
purposes  here  intended,  namely,  to  familiarize  the  pupil 
with  the  use  of  logarithms  in  multiplication,  division,  in- 
volution, and  evolution. 
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Table  of  Logarithms. 


N. 

0 

1 

a 

3 

4 

5 

6 

7 

8 

9 

10 

00000 

00432 

00860 

01284 

01703  ■  02119 

02581 

02938 

03342 

03748 

11 

04189 

04532 

04922 

05308 

05690  ;  06070 

06446 

06819 

07188 

07556 

12 

07918 

08279 

08686 

08991 

09342  09691 

10037 

10880 

10721 

11059 

18 

11894 

11727 

12057 

12385 

12710  1S033 

18854 

18672 

13988 

14301 

14 

14618 

14922 

15229 

15534 

15836  16137 

16435 

16782 

17026 

17819 

15 

17609 

17898 

18184 

18469 

18752  19033 

19312 

19590 

19866 

20140 

16 

20412 

20688 

20952 

21219 

21484  21748 

22011 

22272 

22631 

22789 

17 

28045 

23800 

23553 

23805 

24055  24304 

24561 

24797 

25042 

25289 

18 

26527 

25768 

26007 

26245 

26482  26717 

26961 

27184 

27416 

27646 

19 

27875 

28103 

28380 

28556 

28780  29003 

29226 

29447 

29667 

29886 

20 

80108 

80820 

80585 

30750 

80963  81175 

81887 

81597 

81806 

82015 

21 

82222 

82428 

82634 

82838 

88041  i  88244 

33445 

83646 

38846 

84044 

22 

34242 

84439 

34635 

34830 

85026  :  85218 

85411 

85603 

86793 

86984 

28 

86178 

86361 

36549 

36736 

86922  '  87107 

87291 

87475 

87668 

87840 

24 

88021 

88202 

88882 

88561 

88739  88917 

39094 

89270 

89445 

89620 

25 

39794 

89967 

40140 

40312 

40483  40654 

40824 

40993 

41162 

41330 

26 

41497 

41661 

41830 

41996 

42160  !  42325 

42488 

42661 

42818 

42975 

27 

43186 

43297 

43457 

43616 

43776  I  43938 

44091 

44248 

44404 

44560 

28 

44716 

44871 

45025 

45179 

46832  1  45484 

45637 

46788 

45989 

46090 

29 

46240 

46389 

46588 

46687 

46835  46982 

47129 

47276 

47422 

47567 

80 

47712 

47857 

48001 

48144 

48287  48430 

48572 

48714 

48855 

48996 

31 

49136 

49276 

49415 

49554 

49693  49831 

49969 

50106 

60248 

50379 

82 

50515 

50651 

50786 

50920 

61056  61188 

61322 

61455 

61587 

61720 

88 

51851 

519R3 

52114 

52244 

52375  52504 

62634 

62763 

62892  53020  | 

84 

58148 

53275 

58403 

58529 

63656  63782 

53908 

54083 

64168 

54288 

85 

54407 

54531 

54654 

54777 

54900  55023 

55145 

55267 

55888 

55509 

86 

55630 

55751 

55871 

55991 

56110  5C229 

56348 

56467 

56586 

56703 

37 

56820 

56937 

57054 

57171 

67287  1  57403 

57519 

57634 

57749 

57864 

38 

57978 

58092 

58206 

58320 

58433  I  58546 

58659 

58771 

58883 

68995 

39 

59106 

59218 

59329 

59439 

59650  59660 

69770 

69879 

69988 

60097 

40 

60206 

60314 

60423 

60531 

60638  60746 

60853 

60959 

61066 

61172 

41 

61278 

61384 

61490 

61695 

61700  :  61805 

61909 

62014 

62118 

62221 

42 

62325 

62428 

62531 

62634 

62737  1  62839 

62941 

63043 

63144 

63246 

43 

63347 

63448 

63548 

63649 

63749  1  63849 

63949 

64048 

64147 

64246 

44 

64345 

64444 

64542 

64640 

64738 

64836 

64938 

66031 

65128 

65226 

45 

65321 

65418 

65514 

65610 

65706 

65801 

65896 

65992 

66087 

66181 

46 

66276 

66370 

66464 

66558 

66652 

66745 

66839 

66932 

67025 

67117 

47 

67210 

67302 

67394 

67486 

67578 

67669 

67761 

67862 

67943 

68034 

48 

68124 

68215 

68305 

68395 

68486 

68574 

68664 

68758 

68842 

68931 

49 

69020 

69108 

69197 

69285 

69373 

69461 

69548 

69636 

69723 

69810 

50 

69897 

69984 

70070 

70157 

70243 

70329 

70415 

70501 

70586 

70672 

51 

70757 

70842 

70927 

71012 

71096 

71181 

71266 

71849 

71488 

71617 

52 

71600 

71684 

71767 

71850 

71933 

72016 

72099 

72181 

72268 

72346 

53 

72428 

72509 

72691 

72673 

72754 

72835 

72916 

72997 

73078 

78159 

54 

73239 

78320 

73400 

73480 

73560 

73640 

73719 

73799 

73879 

73957 
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Table  of  Logarithms. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

55 

74036 

74115 

74194 

74273 

74361 

74429 

74507 

74686 

74668 

74741 

56 

74819 

74896 

74974 

75051 

75128 

75205 

75282 

76358 

75435 

75511 

57 

75587 

75664 

75740 

75815 

75891 

75967 

76042 

76118 

76193 

76268 

58 

76348 

76418 

76492 

76567 

76641 

76716 

76790 

76864 

76988 

77012 

59 

77085 

77159 

77232 

77305 

77379 

77452 

77526 

77597 

77670 

77743 

60 

77815 

77887 

77960 

78082 

78104 

78176 

78247 

78819 

78890 

78462 

61 

78583 

78604 

78675 

78746 

78817 

78888 

78958 

79029 

79099 

79169 

62 

79239 

79309 

79379 

79449 

79518 

79588 

79657 

79727 

79796 

79865 

63 

79934 

80003 

80072 

80140 

80209 

80277 

80346 

80414 

80482 

80550 

64 

80618 

80686 

80754 

80821 

80889 

80956 

81023 

81090 

81158 

81224 

65 

81291 

81358 

81425 

81491 

81558 

81624 

81690 

81757 

81828 

81889 

66 

81954 

82020 

82086 

82151 

82217 

.82282 

82347 

82418 

82478 

82548 

67 

82607 

82672 

82737 

82802 

82866 

82930 

82995 

83059 

88128 

88187 

68 

83251 

83315 

83378 

83442 

88506 

83569 

88682 

83696 

83759 

83822 

69 

83885 

83948 

84011 

84073 

84136 

84198 

84261 

84828 

84386 

84448 

70 

84610 

84572 

84634 

84696 

84757 

84819 

84880 

84942 

85008 

86065 

71 

85126 

85187 

85248 

85309 

86370 

85431 

85491 

85552 

85612 

86673 

72 

85733 

85794 

86854 

85914 

85974 

86034 

86094 

86163 

86218 

86273 

73 

86332 

86392 

86451 

86510 

86570 

86629 

86688 

86747 

86806 

86864 

74 

86923 

86982 

87040 

87099 

87167 

87216 

87274 

87332 

87390 

87448 

75 

87506 

87564 

87622 

87679 

87737 

87795 

87852 

87910 

87967 

88024 

76 

88081 

88138 

88196 

88252 

88309 

88366 

88423 

88480 

88536 

88598 

77 

88649 

88705 

88762 

88818 

88874 

88930 

88986 

89042 

89098 

89154 

78 

89209 

89265 

89321 

89376 

89432 

89487 

89542 

89597 

89653 

89708 

79 

89768 

89818 

89873 

89927 

89982 

90037 

90091 

90146 

90200 

90256 

80 

90309 

90363 

90417 

90472 

90526 

90580 

90684 

90687 

90741 

90795 

81 

90849 

90902 

90956 

91009 

91062 

91116 

91169 

91222 

91275 

91328 

82 

91381 

91434 

91487 

91540 

91593 

91645 

91698 

91751 

91808 

91855 

83 

91908 

91960 

92012 

92065 

92117 

92169 

92221 

92278 

92824 

92376 

84 

92428 

92480 

92531 

92588 

92634 

92686 

92787 

92788 

92840 

92891 

85 

92942 

92993 

93044 

93095 

93146 

98197 

98247 

98298 

93349 

93399 

86 

93450 

93500 

93551 

93601 

93651 

93702 

93752 

93802 

93852 

93902 

87 

93952 

94002 

94052 

94101 

94151 

94201 

94250 

94300 

94349 

94399 

88 

94448 

94498 

94547 

94596 

94645 

94694 

94743 

94792 

94841 

94890 

89 

94939 

94988 

95036 

95085 

96134 

95182 

95231 

95279 

95328 

96376 

90 

95424 

95472 

95521 

95569 

95617 

95665 

95713 

95761 

95809 

95856 

91 

95904 

95952 

95999 

96047 

96095 

96142 

96190 

96237 

96284 

96332 

92 

96379 

96426 

96473 

96520 

96567 

96614 

96661 

96708 

96765 

96802 

93 

96848 

96895 

96942 

96988 

97035 

97081 

97128 

97174 

97220 

97267 

94 

97313 

97359 

97405 

97451 

97497 

97543 

97589 

97686 

97681 

97727 

95 

97772 

97818 

97864 

97909 

97955 

98000 

98046 

98091 

98187 

98182 

96 

98227 

98272 

98318 

98363 

98408 

98458 

98498 

98548 

98588 

98632 

97 

98677 

98722 

98767 

98811 

98856 

98900 

98945 

98989 

99034 

99078 

98 

99123 

99167 

99211 

99255 

99300 

99344 

99388 

99432 

99476 

99520 

99 

99564 

99607 

99651 

99695 

99739  99782 

99826 

99870 

99918 

99957 

12 
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Problems. 

1.  To  find  the  logaxithm  of  a  number  by  the  Table. 

Olnitrationa. — 1.  Find  the  logarithm  of  247. 

Bolutkm :  In  column  headed  '^  N "  look  for  24.  Opposite  this,  in 
column  headed  7,  see  89270,  the  required  mantissa.  The  character- 
istic is  2  [P.  5]. 

Therefore,  log.  247  =  2-39270. 

2.  Find  the  logarithm  of  '035. 
Solution:  Man.  -085  =  man.  350  [P.  7]. 

In  column  headed  <'  N "  look  for  85.  Opposite  this,  in  column 
headed  0,  see  54407,  the  required  mantissa.  The  characteristic  is  2" 
[P.6J. 

.'.    Log.  035  =  2^54407,  or  8-54407  - 10. 

3.  Find  log.  6. 

Solution:  Man.  6  =  man.  800  [P.  7]. 

In  column  headed  '*  N "  look  for  60,  and  opposite  it,  in  column 
headed  0,  see  77815,  the  required  mantissa.  The  characteristic  is  0 
[P.  5]. 

.-.    Log.  6  =  0-77815. 

4.  Find  log.  43-752. 

Solution:  Man.  43-752  =  man.  437-52  [P.  7]. 

Man.  437  =  64048;  man.  438  =  64147;  difference  =  99. 

If  a  difference  of  1  in  two  numbers  makes  a  difference  of  99  in 
the  mantissas,  a  difference  of  -52  in  the  numbers  makes  a  difference  of 
*52  X  99  =  51*48  in  the  mantissas.    Discard  *48,  being  less  than  -5. 

.-.    Man.  43-752  =  64048  +  51  =  64099,  and  log.  43-752  =  1-64099. 

EXERCISE    70. 

Find  the  logarithms  of : 


1.  376 

7.  -002 

13.  4862 

2.  856 

8.  -0043 

14.  3476 

3.  904 

9.  -0001 

16.  34-24 

4.700 

10.  -0463 

16.  900*9 

6.  401 

11.  1-47 

17.  -0046325 

6.  1-00 

la.  34-8 

18.  -187643 
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2.  To  find  the  number  corresponding  to  a  given 
logarithm. 

476.  The  number  corresponding  to  a  given  logarithm 
is  called  the  antilogarithm. 

mnitrationa— 1.  To  find  the  antilog.  of  1-48144. 

86hiti<m :  Look  for  the  mantissa  48144  This  is  found  in  column 
headed  3,  opposite  30,  in  column  headed  '*  N/'  Therefore,  the  num- 
ber, irrespective  of  the  decimal  point,  is  803 ;  but  the  characteristic 
is  1,  hence  the  number  of  integral  places  in  the  number  is  2  [P.  5]. 

/.    Antilog.  1-48144  =  30-3. 

2.  Find  the  antilog.  of  2*63749. 

Bolution :  Mantissa  63749  is  found  in  column  4,  opposite  43,  in 
column  "  N."  Therefore,  the  number,  irrespective  of  decimal  point, 
is  434    But  the  characteristic  is  ¥. 

.%    Antilog.  of  ^-6375  =  -0434  [P.  6]. 

3.  Find  antilog.  of  4-51250. 

Bolution :  The  mantissa  51250  is  not  found  in  the  table.  It,  how- 
ever, lies  between  51188  (the  mantissa  corresponding  to  325)  and  51322 
(the  mantissa  corresponding  to  326). 

The  difference  between  51250  and  51188  is  62. 

The  difference  between  51322  and  51188  is  134. 

If  a  difference  of  one  in  two  numbers  makes  a  difference  of  134  in 

their  mantissas,  to  make  a  difference  of  62  in  their  mantissas  it  will 

62 
require  a  difference  of  jht  of  1,  or  *46  in  the  numbers. 

.•.    '51250  is  the  mantissa  of  325*46,  irrespective  of  the  position 
of  the  decimal  point ;  but,  since  the  characteristic  is  4, 
AntUog.  of  4-5125  =  32546  [P.  5], 

EXERCISE    71. 

Find  the  antilogarithms  of : 

1.  2-54777  3.  3-71096  6.  2-51851 

2.  1-62014  4.  0-50243  6.  2-00000 

7.  T-41162  10.  6-43775-10 

8.  6-66181  -  10  11.  3-42564  -  10 

9.  0-47712  12.  7-30400-10 
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13.  3-00012  16.  O'lllll  17.  1-00000 

14.  6-32015  16.  0-00000  18.  7-34260 

19.  2-00000  -  10  22.  5-04044 

20.  3-47635  -  10  23.  5-55555  - 10 

21.  8-00064  - 10  24.  8-40603  - 10 

3.  To  find  the  colograritlim  of  a  number. 

477.  The  cologarithm  of  a  nnmber  is  the  logarithm  of 
the  reciprocal  of  the  number. 

Thus,  colog.  N=  log,  -^. 

478.  Log.  -i  =  log.  1  -  log.  N^  -  log.  iV^=  10- 

log.  JVr  - 10  =  (10  -  log.  JV^)  - 10.    Therefore, 

Colog.  iV^  =  (10  -  log.  N)  -  10. 

To  find  the  value  of  10  —  log.  N,  begin  at  the  left  hand  and  sub- 
tract each  figure  of  log.  N  from  9,  except  the  last  significant  figure, 
which  subtract  from  10. 

EXERCISE    72. 

Find  the  colog.  of : 

1.  42  7.  -0135  13.  4-732 

2.  350  8.  43-21  14.  '0086 

3.  425  9.  -6375  16.  -00043 

4.  6-75  10.  4000  16.  -OOOOi 
6.  -0432  11.  3-06  17.  7*002 
6.  4270  12.  -0004  18.  -000018 

4.  To  multiply  by  logaritlmifl. 

ninitrations.— 1.  Find  the  product  of  24*36  and  3*45. 
Solution:  Log.  (24-36  x  8-45)  =  log.  24-36  +  log.  3-45  [P.  2]. 

log.    24-36  =  1-38668 

log.     3-45  =  0-53782 

log.  prod.   =  1-92450 

antilog.       =  84-042  Ana. 
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2.  Find  the  product  of  2*45,  -0016,  and  -034:6. 
Sdlutioa:   Log.  (2*45  x  -0016  x  -0346)  =  log.  (2*45  x  -0016)  +  log. 
•0346  =  log.  2-45  +  log.  •0016  +  log.  -0346. 

log.    2-45=    0-38917 

log.  -0016  =    7-20412  - 10 

log.  -0346  =    8-53908-10 

log.  prod.  =  16-13237  -  20  =  ¥-13237 
antilog.     =  -0001356. 

EXERCISE    78. 

Find  the  value  of : 

1.  325  X  478  7.  -0436  X  2*45  X  "072 

2.  4-36  X  3-48  8,  21-42  X  21-42  X  3  1416 

3.  -0645  X  3-047  9.  -00036  X  40-04  X  3-24 

4.  560-2  X  -00082  10.  2-02  X  20-2  X  "0202 
6.  3-746  X  2-415  11.  4763  X  3451  X  '00625 
6.  3456  X  3-1416  12.  -7854  X  "6666  X  3*303 

6.  To  divide  by  logarithms. 


479.  Log.  U  j  =  log.  a  -  log.  I  [P.  3]  =  log.  a  + 10 

—  log.  J  — 10  =  log.  a  +  colog.  J.    Therefore, 

Brin.  8. — The  logarithm  of  the  quotient  of  two  quan- 
tities eqtuils  the  logarithm  of  the  dividend^  plus  the  cologa- 
rithm  of  the  divisor. 

Dlnitratioiii.— 1.  Divide  432  by  -0143. 
Sdlution  1 :  Log.  (432  -i-  -0143)  =  log.  432  -  log.  -0143 

log.         432  =  2-63548 

log.      -0143  =  ^-15534 

log.  of  quot.  =  4-48014 
antilog.         =  30208. 

Solution  2 :  Log.  (432  -i-  -0143)  =  log.  432  +  colog.  "0143  [P.  8]. 
log.         432=    2-63548 
colog.  ^0143  =  11-84466-10 


log.  of  quot.  =  14-48014  -  10 
antilog.         =  30208. 
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^    T,.    ,  ,,        ,        .  -0436  X  3-072 
2.  Find  the  value  of 


4072  X  -00016 
0436  x3H 
4072  X  KM 
4072  +  colog.  -00016 


**'**~-  ^^-  ^^2x^6  =  ^^^-  "^^  +  ^^^-  ^*^^  +  ^^^^^• 


log.       -0436=    8-63949-10 
log.       3-072=    0-48742 
colog.    4072=    6-39020-10 
colog.  -00016  =  13-79588-10 

log.  of  quot  =  29-31299  -  30  =  T-31299 
antilog.  =  -20558. 

EXERCISE    74. 

Find  the  value  of : 

1.  1342  -5-  67  7.  3-25  X  2-14  -^  5 -16 

2.  4063  -5-  24-6  8.  1-42  X  3*42  -^  -0014 

3.  -0075  -h  2-45  9.  3-004  -5-  245  X  5-06 

4.  3000 -7- 1  -24  10.  (18-6 X 300) -^ (425 X 305) 
42-75   3-85  8   ;001   ^   3;25 

*■  -0016  ^  4-27  ^^*  9^-7^  -008  ^  -006 

56-3   -0016  40-09  X  3-702  X  25 

^'  3-75  ^  98-7  •  -075  X  100  X  2050 

Find  the  value  of  a;  in  : 

,.     >.n«      o  r,AK      Aoa       ,.     ^^^     ^042        347 

13.  40-5  :3a:::  7-45:  48-6     14.3^:^^::—::. 


6.  To  a£fect  a  number  by  any  exponent. 

ninitratipns.— 1.  Find  the  value  of  (2-45)^ 
Sdlutioii :  Log.  (2-45)*  =  5  log.  2-45  [P.  4] 

5  log.   2-45  =  5  X  0-38917  =  1-94585 

antilog.        =  88-277  Ana, 


2.  Find  V-0345. 

Bolution :  Log.  (0345)^^  =  ^  log.  -0345  =  y  of  ^-53782  = 

i  of  (7  +"2-53782-7)  =  y  of  (5-53782-7)  =  -79112 -1  =T-79112 
antilog.  =  -61819. 
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Kote.— Before  dividing  a  logarithm  with  a  negative  characteristic 
by  a  number  not  a  factor  of  the  characteristic,  add  to  the  logarithm 
the  divisor,  or  such  a  multiple  of  the  divisor  as  will  make  the  char- 
acteristic positive,  and  indicate  the  subtraction  of  the  same  number 
from  the  result. 

3.  Find  the  value  of  (2-45«  X  -0463)^ 

Solution :  Log.  (245*  x  -(M^f  =  ~  log.  (2-45«  x  •046»)  = 

■|  [2  log.  2*45  +  8  log.  -046] 

2  log.  2-45  =  2  X  0-38917    =0-77834 
8  log. -046  =  3  X  2"-66276    =  3'-98828 

¥-76662 

%  of  1-76662  =  4  of  T-53324  =  T-07618 

7  7 

antilog.      =  -11917. 


EXERCISE    78. 


Find  the  yalne  of  ; 
1.  3 -24* 


4.  Vie^ 

6.  3684«  X  2-45* 
6.  4-72*  X  '0472* 


2.  -BTS®  3.  42-6* 

8.  280«  -J- 136» 

9.  8*  X  9*  X  10> 
10.  (400«  X  6000^)* 


/4'36«  X  98'6^\»  10  / 

\7-52*^  6-367  "'  y 


^k 


5  X  g  X  -25 


Exponential  Equations. 


480.  An  exponential  equation  is  an  equation  in  which 
the  unknown  quantities  appear  as  exponents ;  as^  a*  =  iy 
or  a*"*""  =  h  and  a'"""  =  c. 
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OlnitratiYe  Examples. — 1.  Solve  3'  =  7. 
Sdhitioii :  Take  the  logarithm  of  both  members, 

«log.8  =  log.7  (1) 

_  log'  7  _  '84510  _  84510  _ 

•'•    ^  ~  log.  8  ""  -47712  ~  47712  ~  ^^^^ 


2.  Solve 


(5'+''  = 
(3—"  = 


100) 
10) 


Sdlution:  {z  +  y)  log.  5  =  log.  100  =  2  (1) 

(a; -y)  log.  3  =  log.   10  =  1  (2) 

^  +  2/  =  b|5  =  ^  =  ^-^«  (^) 

^  ^     =209  (4) 


•"     ^  ""  log.  8  ""  -4771 

2  a;  =  4-95    (5),    whence  x  =  2-48     (6) 
2y=    -77    (7),    whence  y=    -89     (8) 

3.  Solve  {a  -  J)*  -cP-l^. 
BolutUm :  x  log.  (a  —  ft)  =  log.  (a»  —  &•) 

—  log«  («'  —  &*)  _  log,  (g  —  &)  4-  log,  (g*  +  a6  +  &*) 
^•"  log.(g-&)  "  log.(g-&) 

EXERCISE    76. 

Solve : 

1.  10*  =  1000  3.  1-25'  =  8-42  6.  w**  =  c^ 

2.  7'  =  300  4.  a-  =  J  6.  ar— ^  =  Z 

7.  (m  -  w)^'  =i)*  16.  «•+«  =  ««-*» 

8.  jt?'  j—^  =  r*  16-  i?"'  ?•  =  5""' 

9.  («•+«'  =  J)  17.   (10'+''  =  1000) 


(10—"=   100) 


V-«'=df) 

10.  ja"-«'*  =  ?7i3|  18.  Ja"'   =w) 

11.  (a3-+2r=jt?-3)  19.  J(3a)— ''=if+'  (^ 
(a^— 2i'  =  gr-4                        |a;y  =  log.^  +  log.  3a) 

13.  (a-&)«'  +  («-S)'  =  a2-** 

14.  10«'  +  4  X  10'  =  12 
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CHAPTER  Vll. 

PBOGBESSIOJfS,   INTEREST.  AJfD 
AJ^J^UITIES. 


Arithmetical  Progression* 

481.  A  Progression  is  a  series  of  quantities  that  vary 
according  to  some  definite  law. 

The  quantities  which  form  the  series  are  called  its 
terms. 

482.  An  arithmetical  progression  is  one  in  which  each 
term  after  the  first  is  derived  from  the  preceding  one  by 
the  addition  of  a  common  difference. 

483.  When  the  common  difference  is  a  positiye  quantity 
the  series  is  ascending ;  when  negative^  it  is  descending, 

niostration. — Thus^  a^  Sa^  5a^  7a^  9  a  is  an  ascending 
series  whose  common  difference  is  +  ^  ^  >  ^^^^ 

9  a,  7  «,  5  a,  3  a,  a  is  a  descending  series  whose  common 
difference  is  —  2  a. 

484.  In  the  general  discussion  of  arithmetical  series, 
a  represents  the  first  term,  d  the  common  difference,  I  the 
last  term,  n  the  number  of  terms,  and  8  the  sum  of  all 
the  terms.  

486.  If  we  represent  the  first  term  by  a  and  the  com- 
mon difference  by  rf,  the 

2d  term  =z  a  +  d  4th  term  =  a  +  3  rf 

3d  term  =  a  +  2d  5th  term  =:z  a  +  4^d 
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264  ADVANCED  ALGEBRA. 

Here,  we  obseire  that  each  term  equals  the  first  term 
plus  the  common  difference  multiplied  by  one  less  than 
the  number  of  the  term ;  hence,  the 

wth  term  =  a  +  (w  —  1)  rf ; 
but  the  nth  term  is  the  last  term  I ;  theref ore, 

l=ia  +  {n-l)d.  (A) 

486.  If  we  represent  the  sum  by  fi>  we  have 
/S=a  +  (a  +  rf)  +  (a  +  2rf)+....  +  (Z-rf)  +  Z;  also, 
8=l  +  {l-d)  +  {l-2d)  +  ....  +  {a  +  d)+ai  adding 

2 /?  =  (l+a)  +  {l+a)  +  {l+a)+.. ..+(l+a)+{l+a) ;  or 

2^5=  (/  +  a)»;  and 

^=(?+«)f  or(^-±^)n.  (B) 

niufltrative  Examples. — 1.  Find  the  sum  of  12  terms 
of  the  series  5  +  9  +  13  +  17+ etc. 

Solation:  Here  a  =  5,  (2  =  4,  n  =  12,  to  find  I  and  S, 

1.  /  =a  +  (n-l)d 

Z  =  5  +  11  X  4  =  49. 

2.  ^=(Z  +  a)| 

iS  =  (49  +  5)  X  6  =  824 

2.  Given  a  =  20,  Z  =  4,  and  rf  =  —  4,  find  n. 

Sdlntion :  Substitute  the  given  values  in  formula  (A). 
I  =  a  +  (n  — 1)<2, 
4  =  20  +  (n  —  1)  X  (—  4) ;  whence 
4(w-l)=il6;  and 
n  =  5. 

3.  Given  e?  =  3,  ^  =  26,  and  /S=124,  find  a. 
Solation :  1.        Z  =  a  +  (w  —  1)  <? ;  substitute  given  values, 

26  =  a  +  (w  — 1)3;  whence 
a  +  8n=:29  (A) 

2.       /S  =  (Z  +  a)  g- ;  substitute  given  values, 

124  =  (26  +  a)  ^ ;  whence 
26»  +  a»  =  248  (B) 
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29 /■ 

From  equation  (A),      n  =  — 5 —  (1) 

248 
From  equation  (B),      n  =  5^ (2) 

Compare  (1)  and  (2), 

29  -  a         248 


(3) 


8      ~  26  +  a 
Clear  of  fractions, 

754  +  3a-a»  =  744  (4) 

Simplify,  a»-3a=    10  (5) 

-whence  a  =     5  or  —  2. 

4.  Insert  4  arithmetical  means  between  6  and  31. 
Solution :  Since  the  number  of  means  is  4,  the  number  of  terms 

is  6 ;  also,  a  =  6  and  I  =  31.    Use  formula  (A). 
Z  =  a  +  (n  —  1)  d ;  or 
31  =  6  +  5(i;  whence 
(2  =  5;  and 
11,  16,  21,  26  are  the  means. 

5.  The  snm  of  n  terms  of  an  arithmetical  progression 
is  ^  (3  »*  +  n)y  find  the  series. 

Sdlntion :      iS'  =  -g  (3  n*  +  w),  in  which  n  is  a  variable. 

Let  n  be  successively  1,  2,  3,  4, 

^1  =  2  =  a,  iS,  =  15 

S^  =  7,  S^  =  26 

Since  the  first  term  is  2  and  the  sum  of  two  terms  is  7,  the  second 
term  is  5 ;  the  third  term  is  15  —  7  =  8 ;  th«  fourth  term  is  26  —  15 
=  11 ;  hence,  the  series  is  2,  5,  8,  11,  etc. 

EXERCISE    77. 

1.  Find  the  lOth  term  of  the  series  :  3,  6,  7,  9,  etc. 

15     7 

2.  Find  the  SOfch  term  of  the  series  :  77 ,  77  >  -^  >  etc. 

/COO 

3.  Find  the  wth  term  of  the  series  :  15,  12,  9,  6,  etc. 

4.  Given  Z  =  35,  a  =  5,  w  =  11,  find  d 

5.  Given  Z  =  36,  w  =  9,  and  eZ  =  —  3,  find  a 

6.  Given  ^  =  51  t  ,  a  =  2*^ ,  and  cZ  =  3  -r ,  find  n 

4  2  4 
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7.  Find  the  sum  of  : 

(1)  1,  3,  5,  7,  etc.,  to  20  terms. 

(2)  3,  6,  9,  12,  etc.,  to  45  terms, 

(3)  2~,  4,  5^,  etc.,  to  n  terms. 

(4)  50,  47,  44,  etc.,  to  n  terms. 

1  2 

8.  Given  /S=  143-5^,  a=  ^^  and  n  =  20,  find  I  and  d 

•t>i  o 

9.  Given  /S=200,  w  =  12,  and  rf  =  5,  find  ?  and  a 

2 
la  Given  »  =  20,  a  =  5,  and  rf=27r,  find  I  and  /S 

11.  Given  Z  =  100,  a  =  40,  and  rf=10,  to  find  n  and  /S 

2  1 

12.  Given  a  =  100^,  Z  =  20^,  and  n  =  16,  to  find  8  and  d 

o  o 

13.  Given  rf  =  12^,  fi  =  40,  and  Z  =  200,  to  find  8  and  a 

14.  Given  cZ  =  6,  Z  =  154|,  and  iS'=2062|, 

to  find  a  and  ;i 

15.  Given  fi  =  20,  Z=166^,  and  £^=3000, 

to  find  a  and  d 

16.  Given  a  =  200,  I  =  88,  and  /S=  2160,  to  find  eZ  and  n 

2 

17.  Given  a  =  8,  ^  =  2«,  and  /S=200,  to  find  I  and  w 

18.  Prove  that  the  arithmetical  mean  between  a  and  h  is 

g  +  &      What  principle  is  deducible  from  this  ex- 
2~'  ample? 

19.  Insert  an  arithmetical  mean  between  18  and  25 ;  be- 

2  3 

tween  16  «^  and  18  j ;  between  m^  +  w*  and  w?  —  n^ 

20.  Insert  4  arithmetical  means  between  32  and  45 ; 

between  x  and  y 

21.  Insert  3  arithmetical  means  between  x  —  2y  and 

x  +  2y;  between  a  and  a 4-45 
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22.  Prove  the  trnth  of  the  following  formulsd  : 


267 


No. 


Given. 


Required. 


FormiilsB. 


a  d  n 

ad  S 

an  S 

dn  S 


I  =a  +  (n-l)d 
I 

I 

I 


2S 


j^^dS  +  ifl-^^df 


w  "^      2 


a  d  n 
a  d  I 
a  n  I 
d  n  I 


S 


=  ^w[2a  +  (n-l)d] 

_l  +  a      l^'-a* 
~     2     "^     2d 

=  ln[2Z-(n-l)rf] 


9 
10 

11 
12 


d  n  I 

d  n  S 

d  I  S 

n  I  S 


a  : 
a  : 

a 
a 


;Z_(n-l)d 
S      «-l 
n 


2 


d 


=  y±^{l  +  ^d)^-2dS 


=  — -./ 


13 
14 
15 
16 


a  n  I 
a  n  S 
a  I  S 
n  I  S 


d. 
d 
d: 
d. 


l-a 
n-1 
2(S-an) 
n(n  —  l) 

2S-l-a 

2{nl-'S) 

n(n-l) 


17 
18 
19 


a  d  I 

a  d  S 

a  I  S 

d  I  S 


n  : 

n  •■ 
n  : 


l-a 


+  1 


d-2a±^/{2a-'df  +  %dS 

2d 
2S 

l  +  a 

2l-\'d±^(2l  +  df-^%dS 

2d 
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268  ADVANCED  ALGEBRA. 

23.  Find  the  series  whose  nth  term  is  2  n  -|- 1 

24.  Find  the  series  whose  2  nth  term  is  6  n  +  2 

ft 
26.  Find  the  series  of  n  terms  whose  sum  is  (n  + 1)  — 

26.  The  sum  of  20  terms  of  a  series  is  400  x  and  the  com- 

mon difFerence  is  22;.     Find  the  series. 

27.  Insert  m  arithmetical  means  between  a  and  h 

28.  Insert  4  arithmetical  means  between  a^  and  a"^ 

487.  To  represent  an  odd  number  of  quantities  in 
arithmetical  progression,  it  is  often  convenient  to  put  x 
for  the  middle  term  and  y  for  the  common  difference. 

Thus,  a;  — 2y,  a?  — y,  «,  a;  +  y,  and  a?  +  2y  represent 
fiye  quantities  in  arithmetical  progression. 

488.  An  even  number  of  quantities  in  arithmetical  pro- 
gression may  be  expressed  by  placing  x-^-y  and  a?  — y  for 
the  two  middle  terms,  making  %y  the  common  difference. 

Thus,  x  —  6y,  a;  — 3y,  a?  — y,  x  +  y,  x  +  dy,  and 
x  +  6y  represent  six  quantities  in  arithmetical  progres- 
sion. 

ninstrative  Examples. — 1.  The  sum  of  five  numbers  in 
arithmetical  progression  is  40,  and  the  product  of  the  two 
extremes  is  28.    Find  the  numbers. 

Solution :  Let  x  —  2y,  x  —  y,  x,  x  +  y,  and  x  +  2y  represent  the 
nnmbers;  then 

{x-2y)  +  (x-y)  +  x  +  (X  -^  y)  +  (a;  +  2y)  =  40; 
Collecting  terms,  6  a;  =  40;  whence  a;  =  8        (A) 

Again,  (a;-2y)(a;  +  2y)  =  28;  or 

a;«-4y«  =  28  (B) 

Substitute  (A)  in  (B),    64  -  4y«  =  28 ;  whence 
4y«  =  86,  andy  =  ±3. 
jc-ay  =  8--(±6)  =    2  or  14 
a;-y  =  8-(±3)  =    5  or  11 
JB  =  8  or    8 

a;  +  y  =  8 +  (±3)  =  11  or    5 
a;  +  2y  =  8  +  (±6)  =  14  or    2 
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ARITHMETICAL  PROGRESSION. 

2.  The  product  of  the  means  of  four  numbers  in  arith- 
metical progression  is  88,  and  the  product  of  the  extremes 
is  70.     Find  the  numbers. 

Solation :  Let  x  —  Sy,  x  —  y,  x  +  y,  and  x-hdy  he  the  numbers, 
(x  +  y){x  —  y)  =  88,  or 

a;«-ys  =  88  (A) 

(a;  +  3y)(a;-3y)  =  70,  or 

a;«-9y«  =  70  (B) 

8  19 

Reduce  (A)  and  (B),      y=z  ±  -^  and  x=  ±  -^ 

a?-3y  =  (±^)-(±  J)=  5,14,  -5,-14 
--y=(±¥)-(±{)=  8,11,  -8,-11 
a;  +  y=(±y)  +  (±J)  =  ll,    8,-11,    -8 

a;  +  3y  =  (±~)  +  (±  J)  =  14,    5,-14,    -5 

3.  The  sum  of  2r  terms  of  the  series  1,  3,  5,  etc.,  is 
to  the  sum  of  the  last  r  terms  as  a;. is  to  1.  Find  the 
value  of  X. 

1.  Find  the  sum  of  2  r  terms. 

I  =a  +  (n-l)d  =  l  +  (2f-l)2  =  4f-l 

S  =  (l-^a)^         =4rxr  =4f».  (A) 

2.  Find  the  sum  of  the  last  r  terms. 

The  first  term  of  the  last  r  terms  is  the  (r+l)th  term  of  the  series, 
(r  +  l)th  term  =  l  +  (r +  1-1)2        =l  +  2r 

S=(l  +  a)^  =(4r-l  +  l  +  2r)^  =  3r*         (B) 

.%     4r*  :  3r*  : :  a; :  1 ;  whence 

^=3=^3- 

EXERCISE    7a 

1.  The  product  of  the  third  and  fourth  terms  of  an 
arithmetical  progression  exceeds  the  product  of  the  first 
and  sixth  by  24 ;  and  the  product  of  the  second  and  fifth 
divided  by  the  product  of  the  third  and  fourth  is  ^/^. 
Find  the  series. 
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270  ADVANCED  ALGEBRA. 

2.  There  are  three  numbers  in  arithmetical  progression 
whose  sum  is  24  and  the  sum  of  whose  squares  is  224. 
Find  the  numbers. 

3.  The  sum  of  four  numbers  in  arithmetical  progression 
is  42^  and  the  difference  of  the  squares  of  the  extremes 
exceeds  the  difference  of  the  squares  of  the  means  by  210. 
Find  the  numbers. 

4.  If  a  body  falls  16  Vw  feet  in  1  second,  three  times 
that  distance  in  the  2d  second,  five  times  that  distance  in 
the  3d  second,  how  far  will  it  fall  in  the  30th  second  ? 

6.  A  sum  of  money  at  simple  interest  will  amount  to 
$189  in  1  year,  $198  in  2  years,  $207  in  3  years,  etc. 
What  will  it  amount  to  in  25  years  ? 

6.  The  sum  of  five  numbers  in  arithmetical  progres- 
sion is  60,  and  the  sum  of  their  squares  is  880.  Find  the 
numbers. 

7.  How  many  arithmetical  means  must  be  inserted  be- 
tween 4  and  34  in  order  that  the  sum  of  the  first  two  may 
be  to  the  sum  of  the  last  two  as  23  to  53  ? 

8.  A  travels  uniformly  30  miles  a  day ;  B  starts  two 
days  later  and  travels  6  miles  the  first  day,  10  miles  the 
second,  14  miles  the  third,  and  so  on,  in  arithmetical  pro- 
gression.    In  how  many  days  will  B  overtake  A  ? 

9.  Two  men  are  147  miles  apart  and  approach  each 
other ;  the  first  day  they  travel  2  and  5  miles  respectively, 
the  second  day  6  and  8  miles,  the  third  day  10  and  11 
miles,  and  so  on.     In  what  time  will  they  meet  ? 

10.  The  three  sides  of  a  right-angled  triangle,  whose 
area  is  54  square  rods,  are  in  arithmetical  progression. 
Find  the  sides. 

11.  The  first  of  16  numbers  in  arithmetical  progression 
is  2,  and  the  sum  of  the  first  half  is  to  the  sum  of  the  last 
half  as  25  to  73.  Find  the  common  difference  and  the 
last  term. 
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12.  The  three  sides  of  a  triangle  are  in  arithmetical 
progression^  and  the  rectangle  on  the  two  longer  sides 
exceeds  the  square  on  the  shorter  side  by  68  square  feet ; 
and  the  sum  of  the  three  sides  is  36  feet.  Bequired  the 
length  of  the  sides. 

13.  The  three  dimensions  of  a  room  are  in  arithmetical 
progression ;  the  sum  of  its  edges  is  180  feet^  and  its  entire 
surface  is  1300  square  feet.     Eequired  its  dimensions. 

14.  A  man  started  at  a  certain  place  and  traveled  4 
miles  the  first  day,  6V3  miles  the  second,  6%  miles  the 
third,  and  so  on.  Two  days  later  another  man  started 
from  the  same  place  and  traveled  3  miles  the  first  day, 
5%  miles  the  second,  8^7  miles  the  third,  and  so  on.  In 
how  many  days  will  they  be  together  ? 

16.  A  and  B  are  539  miles  apart  and  approach  each 
other.  A  travels  4  miles  the  first  day,  8  the  second,  12 
the  third,  and  so  on.  B  travels  50  miles  the  first  day,  45 
the  second,  40  the  third,  and  so  on.  In  how  many  days 
will  they  meet  ? 

16.  The  sum  of  n  arithmetical  means  between  10  and 
50  :  the  sum  of  the  first  w  —  3  of  them  : :  7  :  3.  Find  n 
and  d. 

17.  Find  the  difference  between  the  sum  of  the  even 
and  the  sum  of  the  odd  numbers  from  1  to  100  inclusive. 

18.  Show  that,  if  the  same  quantity  be  added  to  every 
term  of  an  arithmetical  progression,  the  sums  will  be  in 
arithmetical  progression ;  also,  if  every  term  of  an  arith- 
metical progression  be  multiplied  by  the  same  quantity, 
the  products  will  be  in  arithmetical  progression. 

19.  Show  that,  if  a  series  of  terms  in  arithmetical  pro- 
gression be  separated  into  groups  of  n  terms  each,  and 
the  sum  of  each  group  be  taken,  the  results  will  form  an 
arithmetical  progression  whose  common  difference  :  the 
original  common  difference  : :  w*  :  1. 
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20.  The  snm  of  n  terms  of  the  series  3^  5^  7^  etc.^ 
exceeds  the  wth  term  by  63.    Find  the  value  of  n. 

21.  If  /S'  be  the  sum  of  any  number  of  terms  of  the 
series  1  +  2  +  3  +  ....,  prove  that  S/S'+l  is  always  a 
square.  How  many  terms  of  the  series  must  be  taken  to 
make  21  ? 

22.  If  four  quantities  are  in  A.  P.,  show  that  the  sum 
of  the  squares  of  the  extremes  is  greater  than  the  sum  of 
the  squares  of  the  means,  and  that  the  product  of  the 
extremes  is  less  than  the  product  of  the  means. 

23.  Find  the  sum  of  n  terms  of  the  series  obtained  by 
taking  the  1st,  rth,  2rth,  3rth,  etc.,  terms  of  the  A.  P. 
whose  first  term  is  a  and  common  difference  I. 


Geometrical  Progressions. 

489.  A  Geometrical  Progression  is  a  series  of  quantities 
in  which  each  term  after  the  first  is  derived  from  the  pre- 
ceding one  by  multiplying  it  by  a  common  ratio. 

490.  When  the  ratio  is  greater  than  unity  the  series  is 
ascending;  when  less  than  unity  it  is  descending. 

Thus,    2,    4,  8,  16,  32,  etc.,  is  an  ascending  series. 
32,  16,  8,    4,    2,  etc.,  is  a  descending  series. 

491.  In  the  general  discussion  of  a  geometrical  series, 
a  represents  the  first  term,  r  the  ratio,  I  the  last  term, 
n  the  number  of  terms,  and  S  the  sum  of  all  the  terms. 


492.  If  we  represent  the  first  term  by  a  and  the  ratio 
by  r,  the 

2d  term  =  ar  4th  term  =  ar* 

3d  term  =  ar^  6th  term  =  ar* 
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Here  we  observe  that  each  term  equals  the  first  term 
multiplied  by  the  ratio  raised  to  a  power  denoted  by  the 
number  of  the  term  less  one ;  hence,  the 

wth  term  =  a  r"""^ ; 
but  the  nth  is  the  last  term,  since  n  is  the  number  of  terms. 
l^ar^-\  (A) 


493.  If  we  represent  the  sum  of  the  series  by  /S>  we 

T 

Multiplying  byr,    r/S=    ar  +  ar*  +  ....H yi+lr'y 

Subtracting,  (r  —  1)  fi^  =  Zr  — •  a  ; 

Dividing  by  r-1,    S=^-^.  (B) 


ninstrative  Examples. —  1.  Find  the  sum  of  10  terms 
of  the  series  3,  9,  27,  etc. 

Solution :  Here  a  =  3,  r  =  3,  and  n  =  10,  tx)  find  I  and  S. 

1.  /  =  ar^-^  =  3  X  3»  =  59049. 

r  — 1  3 

2.  Given  /S=  93,  1  =  48,  and  a  =  3,  to  find  n. 
Ckflation:  I  =  ar^-^;  substituting 

48  =  3r«-i ;  dividing  by  3, 
r— 1  =  16  (A) 

S  =  — —^ ;  substituting 

93  =  — -£^  ;  clearing  of  fractions, 

93r-93  =  48r-3;  whence 

r  =  2.  (B) 

Substitute  (B)  in  (A), 

2—1  =  16  =  2*; 
(n  -  1)  log.  2  =  4  log.  3 ; 
n-1  =  4 
n  =  5. 
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3.  Find  the  series  whose  sum  is  3"  —  1. 
Solutioii  I  S  =  3*  —  1,  in  which  n  is  a  variable. 
Let  n  be  successively  1,  2,  8,  4, 

Sx  =  2,  Si  =  8,  S$  =  26,  S4  =  80. 
Since  the  first  term  is  2,  and  the  sum  of  two  terms  is  8,  the 
second  term  is  6 ;  the  third  term  is  26  —  8  =  18 ;  the  fourth  term  is 
80  —  26  =  54;  hence,  the  series  is  2,  6,  18,  64,  etc. 

4.  Find  3  geometrical  means  between  4  and  324. 
Ckflutiom :  Since  the  number  of  means  is  3,  the  number  of  terms 

is  5.    a  =  4  and  2  =  324. 

I  =  ar^"^ ;  substituting, 
324  =  4r*;  whence, 
r*  =  81,  and 
r  =    3 ;  therefore, 
12,  36,  108  are  the  means. 

EXERCISE    79. 

1.  Find  the  8th  term  of  3,  9,  27,  etc. 

7th  term  of  8,  20,  60,  etc. 

1        1     25 
9th  term  of  6-r,  2r^,  ^,  etc. 
4       14    00 

6th  term  of  25,  —  6aS,  ISa^J,  etc. 

2.  Find  the  sum  of  : 

8  +  24  +  72  +  ....  to  6  terms. 

20  +  5 +  lj  + to  8  terms. 

•^  +  ^  +  =-r  +  ....  to  4  terms. 
u        o        lo 

J* 

a  +  b-\ h to  5  terms. 

a 

3.  Given  a  =  6,  r  =  4,  and  w  =  8,  to  find  I  and  S 

4.  Given  a  =  4,  r  =  3,  and  S=  1456,  to  find  I  and  n 

6.  Given  a  =  5,  w  =  4,  and  iS  =  200,  to  find  r  and  I 

2  29 

6-  Given  r  =  —  «^,  w  =  6,  and  /S'=  11  qT,  to  find  a  and  Z 

7-  Given  a  =  5,  r  =  2,  and  I  =  80,  find  S  and  w 
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8.  Given  a  =  64,  w  =  6,  and  ?  =  2,  find  r  and  8 

5  1 

9.  Given  r=  ^,  w  =  5,  and  Z  =  104-,  find  a  and  /? 

0  o 

10.  Given  r  =  3,  Z  =  90,  and  /S'=130,  find  a  and  n 

11.  Given  w  =  3,  Z  =  100,  and  iS'=124,  find  a  and  r 

12.  Given  a  =  5,  ?  =  125,  and  fi'  =  155,  find  r  and  w 

13.  Prove  that  a  geometrical  mean  between  two  quantities 

equals  the  square  root  of  their  product. 

14.  Insert  a  geometrical  mean  between  27  and  48 ; 

OK  7 

4^  and  21-^  ;  a  and  J;  3a«  and  12  J* 

16.  Insert  two  geometrical  means  between  8  and  216 ; 

a  and  a(a-\-hyi  —  and  — 

16.  The  wth  term  of  a  geometrical  series  is  3*""^.     Find 

the  series. 

17.  The  sum  of  n  terms  of  a  geometrical  progression  is 

5*"^  —  1.     Find  the  series. 

18.  Find  the  wth  term  of  the  series  1,  —  ^-^  "f"  Z^  ®^^' 

2     4 

19.  Find  the  sum  of  n  terms  of  the  series  1,  —  ^,  ^,  etc. 

20.  In  an  odd  number  of  terms,  show  that  the  product  of 

the  two  extremes  equals  the  square  of  the  middle 
term. 

21.  How  many  terms  of  the  series  '5,  '25,  '125,  etc.,  will 

amount  to  -99609375  ? 

22.  The  first  two  terms  of  a  series  are  2  and  6.     Extend 

the  series  so  that  the  first,  second,  and  third  terms 
shall  be  in  geometrical  progression  ;  the  second, 
third,  and  fourth  terms  in  arithmetical  progression  ; 
the  third,  fourth,  and  fifth  terms  in  geometrical 
progression,  and  so  on  alternately. 
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23.  ProYO  the  tmih  of  the  following  formulae  : 


No. 


Oiven. 


Required. 


FormulaB. 


a  r  n 
a  r  S 
an  S 
rn  S 


a  r  n 
art 
a  n  I 
rti  I 


I  ^o  +  (r-l)^ 

r 
/(^-Q— i-a(^-a)— 1  =  0 
(r-l)iS'r— 1 


/  =: 


r--l 


S 


S  = 
S  = 
S  = 
^  = 


«(r«~l) 
rZ  — a 


r-1 

Zr«-? 
r»  —  r«-i 


9 

10 

11 
12 


r  n  I 

r  n  S 

r  I  S 

n  I  S 


r*  — 1 
a  =rZ-(r-l)^ 
a(5-  a)-- 1  -  Z(/S-  Z)«-i  =  0 


13 
14 
15 
16 


a  n  I 
a  n  S 
a  I  S 
nl  S 


'-VI 


r* r  + =  0 

a  a 

S-a 
r» — -  r»-i  +  —  0 


17 
18 
19 

20 


a  r  I 
a  r  S 
a  I  S 

rl  S 


loff.  I  —  loff.  a 

n  =  — ^-^i ^ —  +  1 

log.  r 

^  _  log,  [g  +  (r  - 1)  S]  -  log,  g 

log.  r 

log.  I  —  log.  a 


log,  (S -a) -log.  (S- 1) 


+  1 


^  ^  log.Z-log.pr-(r-l)6-] 
log.  r 
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494.  Since  the  geometric  mean  between  two  quantities 
equals  the  square  root  of  their  product  [Ex.  13],  three 
quantities  in  geometrical  progression  may  be  represented 
^y  Xy  Vxyy  and  y,  or 

ofy  xjfy  and  y*. 

495.  Four  numbers  in  geometrical  progression  may  be 
represented  by  — ,  Xy  y,  77 ,  in  which  the  ratio  is  — . 

496.  Any  number  of  quantities  in  geometrical  progres- 
sion may  be  represented  by  a;,  xyy  xy^y  xt^y  etc. 

ninstrative  Examples. — 1.  Find  three  numbers  in  geo- 
metrical progression  whose  sum  is  13^  and  the  sum  of 
whose  squares  is  91. 

Solution :  Let  x,  ^s/xy,  and  y  be  the  three  numbers; 


then 

X  +  ^xy  +  y  =  13 

(A) 

and 

a;'  +  a;y  +  3/«  =  91 

(B) 

Divide  (B)  by  (A), 

X—  ^xy  ■\-y  =    7 

(1) 

Subtract  (1)  from  (A), 

2^xy=    6 

(2) 

Divide  by  2, 

^xy  =    3 

(3) 

Square  (3), 

xy=    d 

(4) 

Subtract  (3)  from  (A), 

x  +  y  =  10 

(5) 

Reduce  (4)  and  (5), 

x=    9  or  1 
y  =    1  or  9. 

The  numbers  are  9,  3, 

and  1,  or  1,  3,  and  9. 

2.  In  a  geometrical  series  of  an  odd  number  of  terms^ 
show  that  the  square  of  the  middle  term  is  equal  to  the 
product  of  the  first  and  last  terms. 

Solutioii :  Since  2  n  +  1  is  an  odd  number  for  all  integral  values 
of  n,  let  2n  +  1  be  the  number  of  terms,  a  the  first  term,  and  r  the 
ratio. 

1.  The  (2n  +  l)th  term  =  ar*«,  the  last  term. 

2.  The     (n  +  l)th  tenn  =  ar"*,  the  middle  term. 
Now,  a  X  ar^*  =  a^r^*  =  (at*f, 

.*.  The  square  of  the  middle  term  equals  the  product  of  the  first 
and  last  terms. 
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EXERCISE    80. 

1.  Find  three  numbers  in  geometrical  progression  whose 
sum  is  39^  and  whose  product  is  729. 

2.  Find  three  numbers  in  geometrical  progression  whose 
sum  is  21^  and  the  third  is  four  times  the  product  of  the 
first  two. 

3.  There  are  four  numbers  in  geometrical  progression. 
The  sum  of  the  means  is  60  and  the  sum  of  the  extremes 
is  140.     Find  the  numbers. 

4.  If  four  numbers  are  in  geometrical  progression,  prove 
that  the  first  is  to  the  third  as  the  second  is  to  the  fourth. 

6.  If  any  number  of  quantities  are  in  geometrical  pro- 
gression, prove  that  the  first  plus  the  second  is  to  the 
second  plus  the  third  as  the  third  plus  the  fourth  is  to  the 
fourth  plus  the  fifth,  and  so  on. 

6.  Show  that  the  compound  amounts  of  II  for  1,  2,  3, 
4,  5,  6  years,  form  a  geometrical  progression.  What  is 
the  compound  amount  of  II  for  6  years  at  6  per  cent  ? 

7.  The  sum  of  the  first  and  third  of  four  numbers  in 
geometrical  progression  is  40,  and  the  sum  of  the  second 
and  fourth  is  120.     What  are  the  numbers  ? 

8.  There  are  three  numbers  in  geometrical  progression  ; 
the  sum  of  the  first  and  second  is  28,  and  the  difference 
of  the  third  and  second  is  42.     Eequired  the  numbers. 

9.  The  perimeter  of  a  pentagon  whose  sides  are  in 
geometrical  progression  is  31,  and  the  sum  of  the  squares 
of  the  sides  is  341.     Find  the  sides. 

10.  Show  that,  if  a  series  of  numbers  are  in  geometrical 
progression,  like  powers  and  like  roots  of  them  are  also  in 
geometrical  progression. 

11.  The  sum  of  six  numbers  in  geometrical  progression 
is  189,  and  the  sum  of  the  third  and  fourth  is  36.  Find 
the  numbers. 
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12.  The  three  sides  of  a  triangle  are  in  geometrical  pro- 
gression. The  sum  of  the  squares  of  the  sides  is  2275 
square  feet,  and  the  perimeter  is  65  feet.  Required  the 
length  of  each  side. 

13.  One  third  of  a  stick  was  broken  off ;  then  Ya  of  the 
remainder;  then  Ya  of  what  then  remained,  and  so  on, 
until  10  parts  were  broken  off.  What  part  of  the  stick 
remained  ? 

14.  One  fifth  of  a  keg  of  wine  was  drawn  off,  and  the 
keg  filled  with  water ;  then  one  fifth  of  that  was  drawn 
off,  and  the  keg  filled  with  water.  This  process  was  per- 
formed five  timfes.  What  part  of  the  contents  was  then 
wine  ? 

16.  A  has  11000  and  B  $15-625  ;  if  A  now  doubles  his 
capital  and  B  quadruples  his  every  decade,  in  how  many 
years  will  B  be  worth  as  much  as  A,  and  how  much  will 
each  be  worth  ? 

16.  The  sides  of  a  triangle  form  a  geometrical  progres- 
sion whose  ratio  is  2,  and  the  sum  of  the  squares  on  the 
sides  is  2100.     Eequired  the  length  of  the  sides. 

17.  A's,  B's,  and  C's  fortunes  form  a  geometrical  pro- 
gression whose  ratio  is  3,  and  the  sum  of  their  interests 
at  6  ji^  amount  to  12340.    What  is  the  fortune  of  each  ? 


Infinite  Series. 

497.  A  series  of   quantities  containing  an  unlimited 
number  of  terms  is  called  an  Infinite  Series. 

Illustration.    1»  2'  4'  8'  l6'  32'  ^^ '^^fi^^^'^^- 

498.  The  limit  of  the  sum  of  an  infinite  series  is  a 

quantity  which  the  sum  of  n  terms  continually  approaches 

as  »  is  increased  indefinitely,  and  from  which  it  will  event- 
13 
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Bally  differ  by  less  than  any  assignable  quantity^  but  which 
it  can  never  equal. 

Kote. — The  limit  of  the  sum  of  an  infinite  series  is  often  called  the 
limit  of  the  series. 

499.  The  sum  {8)  of  any  descending  geometrical  series 

CL  -~"  Z  T 

of  n  terms  is  -:; .     If  »  is  made  to  increase  indefi- 

nitely^  I  will  decrease  by  a  constant  ratio^  and  its  limit  will 
be  zero ;  whence  lim.  Ir  will  be  zerOy  and  lim.  8=  -i . 

Therefore, 

Brin. — The  limit  of  an  infinite  descending  geometrical 

series  is  -z ,  in  which  a  is  the  first  term  and  r  is  the 

1  —  r 

ratio. 

niustrative  Examples. — 

1.  Find  the  limit  of  m^  t>  of  Taf  (^d  infinitum. 

^      4      o      lb 

Jl. 

Bdlntion :  Lim.  S  =  yZT  ~         -i  ~  ^' 

^      1  — — 

2.  Find  the  limit  of  •12121212  etc.,  ad  infinitum. 

12  12 

Solution :  -1212  etc.  =  j^  +  jg^  +  etc.    Therefore, 


Lim.  '1212  etc.  = 


12 

100  12       4 


^      100 


3.  Find  the  limit  of  '3222  etc.,  ad  infinitum. 
Solntion:  -322  etc.  =  ^  +  (_^  +  _^  +  etc.) 


2 


^./2  2  ^\         100  2  , 

^^"^(lOO  +  1000  +  etc.j  =— ^  =  ^:  and 

^      10 

T-        Qoo    .  3        2        29 

Lmi.   •322etc.  =  jg  +  ^  =  ^. 
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4.  At  what  time  after  3  o'clock  are  the  hour  and  min- 
ute hands  of  a  watch  together  ? 

Solution :  While  the  minute  hand  goes  over  an  arc  the  hour  hand 
goes  over  :r^  of  an  equal  arc.  At  3  o'clock,  the  minute  hand  is  15 
minute  spaces  behind  the  hour  hand ;  while  the  minute  hand  goes 
these  15  spaces  the  hour  hand  goes  t^  spaces ;  while  the  minute  hand 

1  '^  1  ^ 

goes  T^  spaces  the  hour  hand  goes  ^tt  spaces ;  while  the  minute  hand 

goes  ^72  spaces  the  hour  hand  goes  p=^  spaces,  and  so  on  ad  infini^ 
turn ;  hence,  the  whole  distance  the  minute  hand  goes  is  15  +  r^  + 

iS  "^  1728  "*"  ®*^'  ^^ r  ^P*®®^  ~  ^^  11  ^P*^®**   Therefore  they 

^""12 
4 
are  together  at  3  o'clock  16^:7  minutes. 


EXERCISE    81. 

Find  the  limit  of : 

^•i+i  +  r6  +  i  +  «*<'- 
^•^+l  +  l  +  r7  +  «*«- 

^3l  +  2|  +  2|  +  23^  +  etc. 


6.  a  + 1  +  fl-^  +  «-«  +  etc.,  if  o  >  1 

7.  a  —  a*  +  1  —  a""i  +  etc.,  if  a  >  1 

8.  a  —  J-| 5  +  etc.,  if  o  >  J 


9.  -34,   -03,   -124,   -006  10.  -34,   -003,   -124,  1-2 
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11.  At  what  time  after  8  o'clock  are  the  minute  and 
hour  hands  of  a  clock  together  ? 

12.  A  dog  is  90  rods  behind  a  fox^  and  runs  5  rods 
while  the  fox  runs  3.  How  many  rods  must  the  dog  run 
to  catch  the  fox  ? 

13.  A  man  has  160^  and  earns  12  as  often  as  he  spends 
15.     How  much  must  he  spend  to  become  bankrupt  ? 

14.  A  cistern  contains  400  barrels  of  water,  and  receives 
10  barrels  as  often  as  12  barrels  are  used.  How  many  bar- 
rels may  be  used  before  the  cistern  is  empty  ? 

16.  If  the  ratio  of  an  infinite  series  is  less  than  -jr,  show 

that  each  term  is  greater  than  the  sum  of  the  following  terms. 

16.  The  first  term  of  a  geometrical  series  is  9,  and  the 
sum  of  the  first  four  terms  is  to  the  sum  of  an  infinite 
number  of  terms  as  80  to  81.    Find  the  series. 


Arithmetico-Geometric  Series. 

500,  An  arithmetico-geometrio  series  is  a  series  of  the 
form  of        a,  {a-\-d)x,  {a-\-2,d)7?y  (a  +  3e?)ar*, 

{a  +  (w  — l)e?}ic"-S 

Problem.    To  find  the  sum  of  n  terms  of  an  arithmetico- 
geometrio  series. 

Solution : 

Put  S—  a  +  {a-\'d)x  +  {a-\-2d)z^  + 

then,  xS=i  ax-\-{a'\-d)x^  + +  ja  +  (w  — 2)(?}a?»-i 

whence,  (1  —  a;)iS  =  a  +  ^a;  +  dx^+ . . . .  +  da?»-i  —  {a  +  (n—l)d]  «• 

and  S=^^  <^-^-y''  -  1«  +  (;>-l)'?t^     [D] 

\—x  (1  —  a;)*  1  —  a;  *■   •* 
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Cor. — Let  x<l  and  Urn.  »  =  oo ,  and  write  the  series 
in  the  form 

^_      a  dx Tf'd         {a'{-{n  —  l)d}Qf 

'^~l-a;+(l-a:)«       {l-xf  1-x  ' 

then  will  Urn.  8  =  z [-  jz r^  (E) 

X  ^~  X         ( X  "~*  x\ 

niustrative  Examples. — 1.  Find  the  sum  of  10  terms 
of  the  series:  1  +  3  .  2  +  5  .  2^  +  7  .  2^+ .... 

Solution :  Here  a  =  1,  d  =  2,  a;  =  2,  and  n  =  10.    Substitute  these 
values  in  formula  [D], 

1  (l-2»)4       {(l  +  9)2}2'o_ 

'^""  1-2  "^   (l-2)«  1-2        "" 

-1-2044  +  20480=18435. 

2.  Find  the  sum  of  the  infinite  series  : 

l  +  3.i  +  5.i  +  .... 

Solution :  Here  a  =  l,  (2  =  2,  a5  =  -o»  *^d  n  =  oo , 

a  dx     _      1  1         _  6 


1-a;  •  (l-a;)8 


'-i  ('-4)" 


EXERCISE    82. 

1.  Sum  l  +  2r  +  3r«  +  4r3  + to  n  terms. 

2.  Sum  2  +  4. 3  +  6. 9  +  8.  27  +  ... .to  7  terms. 

3.  Sum  3  +  5.i  +  7.j  +  9.^+....to8  terms. 

3        6         7 

4.  Sum  l+4  +  j;g  +  ^+----*o  infinity. 

6.  Sum  l  +  3r  +  5r«+7r»  +  ....  to  infinity,  if  r  <  1 

4.         7  10 

6.  Sam  1  +  J  +  ^  +  ^  +. . . .  to  infinity. 

7.  Sum  3  +  I  +  I  +  y^  +. . . .  to  infinity. 
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Harmonical  Progressions. 

601.  A  Harmonical  Progression  is  a  series  the  recipro- 
cals of  whose  terms  are  in  arithmetical  progression. 

Goncnl  Foniit 
1111  1 


a'  a  +  d'  a  +  2d'  a  +  3d'"'  a  +  {n-l)d 

EXERCISB    Sa 

1.  Find  the  9th  term  of  the  series  o  >  t  >  ■«  >  ©te. 

Snggflftion.— The  9th  term  pf  the  series  -qi  -gt  -y*  etc.,  is  the 
reciprocal  of  the  0th  term  of  the  series  8,  5,  7,  etc 

2.  Insert  four  harmonical  means  between  ^  and  j^y 

Suggestion.— The  four  harmonical  means  between  jr  and  7=  are 
the  reciprocals  of  the  four  arithmetical  means  between  2  and  17. 

3.  Find  the  20th  term  of  the  series  ^,  -,  —-,  etc. 

o     o     13 

3     3     3 

4.  Find  the  15th  term  of  the  series  1>  -r  >  ly  >  q  >  etc. 

6.  Find  the  nth  term  of  the  series  -,  ^z—y  r— ,  etc. 

a    oa    oa 

6.  Insert  three  harmonical  means  between  5  and  15. 

7.  Insert  a  harmonical  mean  between  a  and  b,  and 
derive  therefrom  a  principle. 

8.  Arrange  in  the  order  of  magnitude  the  arithmeti- 
cal^ the  geometrical^  and  the  harmonical  means  between 
2  and  8. 

9.  Prove  that  the  geometrical  mean  between  two  quan- 
tities is  a  mean  proportional  between  the  arithmetical  and 
harmonical  means. 
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10.  When  tty  b,  and  ^  are  in  barmonical  progression^ 
show  that  a:ciia  —  b:b  —  c. 

11.  If  o,  J,  and  c  are  in  arithmetical  progression,  and 
by  Cy  and  d  are  in  harmonical  pn^^ression^  show  that 
a  :  b  : :  c  :  d. 

12.  Show  that,  if  a,b,che  in  harmonical  progression^ 
then  will 

b       b  —  a      b  —  c  b  —  a      b  —  c 

^  b     b       b  b 

13.  Three  numbers  are  in  geometrical  progression ;  if 
each  be  increased  by  15,  they  are  in  harmonical  progres- 
sion.   Eequired  the  middle  number. 

14.  Between  two  quantities  a  harmonic  mean  is  in- 
serted ;  and  between  each  adjacent  pair  of  the  three  quan- 
tities thus  obtained  is  inserted  a  geometric  mean.  It  is 
now  found  that  the  three  inserted  means  are  in  arithmeti- 
cal progression.  Show  that  the  ratio  of  the  two  quantities 
is  7-4V3  :1. 


Miscellaneous  Series. 

502.  Any  series  whose  wth  term  is  given  may  be  de- 
rived by  substituting  successively  1,  2,  3,  4,  etc.,  for  n  in 
the  wth  term. 

Illustration. — ^Find  the  series  whose  wth  term  is  »  +  w*- 
Let  w  =  1,  2,  3,  4,  5 ....  ;  then  will  result  the  series  : 
1  +  1,  2  +  4,  3  +  9,  4  +  16,  5  +  25...., 
or  the  series:     2  6  12         20,         30      

503.  If  the  corresponding  terms  of  two  series  be  added 
or  subtracted,  a  new  series  will  be  formed  whose  wth  term 
is  the  sum  or  difference  of  the  wth  terms  of  the  two  series. 
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niustration. — Assnme  the  two  series  : 

1,  4,  9,  16,  25 ... .  n^y  and 

1,  2,  3,    4,     5....  Uy 

then  will  the  series  formed  by  the  sum  and  the  difference 
of  the  corresponding  terms  be 

2,  6,  12,  20,  30....  n^  +  riy  and 
0,  2,     6,  12,  20....  n^-n. 

504.  The  sum  of  a  series  whose  terms  are  the  sums  or 
differences  of  the  corresponding  terms  of  two  other  series, 
is  the  snm  or  the  difference  of  the  sums  of  those  series. 

Thus,  if  we  let  2  n  represent  the  sum  of  a  series  whose 
Tith  term  is  w,  and  2  n^  the  sum  of  a  series  whose  wth  term 
is  <thenwiU  S(yi^  + w)  =  Sw  + Sw^  and  2(^2-- w)  = 
S  w^  —  2  w.  This  is  evident  from  the  commutative  law  of 
addition.     Similarly, 

2(w3  +  w2-w)  =  2/i^  +  Sw^-2w, 

2(aW  —  5 w'  —  cn^)  =  a(S ^0  —  5 (S^^)  —  c(S»''),  etc. 

Problems. 

505.  Problem  1.    To  find  the  value  of  2?i. 

Solution :  The  series  whose  nth  term  is  n  is  evidently  the  series 

of  natural  numbers  1,  2,  3,  4 n,  whose  sum  is  (n  +  1)  g-  [486,  B]. 

Therefore,  S  n  =  (w  +  1)  ^ .  (A) 

506.  Problem  2.    To  find  the  value  of  ^n\ 

Solntion :  Sn«  =  1«  +  2«  +  3«  +  4«  + . . . .  w«. 

n»  —  (y^  — 1)8  =  3  w«  —  3n  +  1  for  any  value  of  n,       (1) 
Put  n  successively  equal  to  1,  2,  3,  4. ... ;  then, 

1.  l»-08  =  3x  l«-3  X  1  +  1 

2.  28-l»  =  3  X  2«-3  X  2  +  1 

3.  3«  -  28  =  3  X  3*  -  3  X  3  +  1 

4.  .  48-38  =  3  x4«-3x4  +  l 


n,    w8  —  (w  -  1)8  =  3  x  w^  —  3  X  w  +  1 
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Taking  the  sum  of  these  equations, 

n»  =  3(Sn»)  — 3(Sn)  +  n. 
y ^.  _  3(Sn)  +  n^-n  _  n(n+l)(2n+l) 


607.       Problem  3.    To  find  the  value  of  2n>. 

flolntion :  S  n»  =  1»  +  2»  +  3»  +  4»  + . . . .  n» 

w4  -  (n  -.  1)*  =  4?i»  -  6n«  +  4n  -  1  (1) 

Put  n  =  1,  2,  3,  4 ; 

1.  l*-0*  =  4x  18-6x  l«  +  4x  1-1 

2.  2*-l*  =  4x2»-6x2«  +  4x2-l 

3.  3*-2*  =  4x3»-6x3« +  4x3-1 


n.    n*  — (n  — 1)*  =  4  X  n»  — 6  X  w»  +  4  X  w  — 1 
Taking  the  sum  of  these  equations, 

n*  =  4(Sw»)--6(Sn«)  +  4(Sn)-n. 


Sn»  = 


6(Sn«)  — 4(Sn)  +  n*  +  n  __  n»(n  +  l)* 


^  /n(n +  l)y 


508.    Problem  4.    To  find  the  value  of  S  !!^^_tl). 

Solutioii:  S  !!:i5Lti)  =  ^  s  (^«  +  n)  =  1  {S»»  +  Snt 

_  1  {n{n  +  l)(2n+  1)       (n+l)?i)  _n(n+l)(n  +  2) 
""  2  I  6  "*■        2       1  ""  6 

^n(n  +  l)_n(n  +  l)(^  +  2)  ^ 

609.    Problem  6.    To  find  the  value  of  S  w  (a  —  J  +  n). 

Solution:  Sn(a  — &  + w)  =  S(an  — 6n  +  n«)  =  (a  — &)Sw  +  Sn» 
,  /n(n+l)\       n(n+l)(2n+l)  _  n(w+l)(3a— 36+2n+t) 
-  ^'^''^A~¥~)  "^  6  -  6 

...        2;n(a-5  +  n)  =  "^"-^^)^^^^/^-^^"-^^)  (E) 

Cor. — i/*  S  =  w,  we  Aave 

xj     /  .     \       /^(7^  +  l)(3a  — w  +  1) 
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Applications  to  Piles  of  Shot  and  Shell.  . 

610.  To  find  the  number  of  shot  in  a  complete  square 
pyramid. 

Bolatioii :  Let  n  be  the  namber  in  one  row  of  the  lower  course ; 
then  will  n  also  be  the  number  of  courses. 

The  top  course  contains  1  shot,  the  next  course  4,  the  next  9, 
and  so  on.    Therefore,  the  whole  number  of  shot  equals 

Sn«  =  l  +  2«-fy-f4«-H....n«  =  ^^^  +  ^y^"^^>[506,B]. 

Example. — What  is  the  number  of  shot  in  a  square 
pyramid  that  contains  25  shot  in  one  row  of  the  base  ? 

861atio& :  S  n*  =  — ^ '-^ = ^ =  5525. 

511.  To  find  the  number  of  shot  in  a  complete  pyramid 

whose  base  is  an  equilateral  triangle. 

Solution :  The  top  course  contains  1  shot,  the  second  course  1  +  2, 

the  third  1  +  2  +  3,  the  fourth  1  +  2  +  3  +  4,  and  the  nth  course 

n(n  +  1) 
1  +  2  +  3  + . .   .  n,  or  — ^5 — -' .    Therefore,  a  pjrramid  of  n  courses 

.  .      „  n(n  +  1)      n{n  +  l)(n  +  2)  ^^^0  -ni 
contams  2  — ^-5 =  -^^ ^ [508,  DJ. 

Example. — Find  the  number  of  cannon  balls  in  a  pyra- 
mid whose  base  is  an  equilateral  triangle  containing  ten 
balls  in  the  longest  row. 

a  o  o 

512.  To  find  the  number  of  shot  in  a  complete  rectangu- 
lar pile  whose  base  is  m  shots  long  and  n  shots  wide. 

Solution :  Since  the  base  is  n  shots  wide,  and  m  shots  long,  there 
will  be  n  courses  of  shot,  each  containing  one  row  less,  and  each  row 
one  shot  less  than  the  one  immediately  below  it.  Therefore,  the  top 
course  will  contain  (m  —  n)  shot ;  the  second  course,  2  (w  —  n  +  1) ;  the 
third  course,  3  (m  —  n  +  2) ;  the  wth  course,  nim-r-n  +  n).  Therefore, 
the  pile  will  contain 

2  n(m  —  n  +  n)  =  — ^^ '-^ [509,  F]. 
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Example. — Find  the  nnmber  of  cannon  balls  in  a  recfc- 
angnlar  pile  whose  base  is  20  balls  long  and  16  balls  wide. 
Solution :  Here  m  =  20  and  n  =  16 ;  therefore, 
S  n  (m  —  n  +  w)  = ^ = ^ =  2040. 

513.  To  find  the  nnmber  of  shot  in  an  incomplete  pile^ 
it  is  generally  best  to  compute  the  nnmber  for  a  complete 
pile  and  subtract  therefrom  the  number  required  to  com- 
plete the  pile. 

Example. — ^Find  the  number  of  shot  in  an  incomplete 
rectangular  pile  of  10  layers,  whose  top  layer  is  8  shots 
long  and  4  shots  wide. 

Solution :  The  lower  layer  is  8  +  9  or  17  shots  long,  and  4  +  9  or 
13  shots  wide ;  hence,  the  pile,  if  complete,  would  contain 

S  n(m-n+n)  =  >*("+l)(y-»+l)  =  l?2i^  =  ngs  shots. 

The  lower  base  of  the  top  removed  is  8  —  1  or  7  shots  long,  and 

3  X  4  X 19 
4  —  1  or  3  shots  wide ;  hence,  it  would  contain ^ =  38  shots. 

.'.   The  incomplete  pile  contains  1183  —  38  =  1145  shots. 

EXERCISE    84. 

1.  Find  the  number  of  balls  in  a  square  pile  of  15 
courses. 

2.  Find  the  number  of  balls  in  a  triangular  pile  of  16 
courses. 

3.  Find  the  number  of  balls  in  a  rectangular  pile  whose 
base  is  19  balls  long  and  12  balls  wide. 

4.  Find  the  number  of  balls  in  an  incomplete  triangular 
pile  of  8  courses  whose  base  is  14  balls  long  on  each  side. 

6.  Find  the  number  of  balls  in  an  incomplete  square 
pile,  whose  base  course  is  44  balls  long,  and  whose  top 
course  is  22  balls  long. 

6.  A  triangular  pile  contains  1140  balls.  How  many 
are  there  on  each  side  of  the  base  ? 
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7.  Find  the  number  of  shot  in  an  incomplete  rectangu- 
lar pile,  the  number  of  shot  in  the  sides  of  its  upper  course 
being  11  and  18^  and  the  number  in  the  shorter  side  of 
the  lowest  course  30. 

8.  Show  that  the  number  of  shot  in  a  square  pile  is  one 
fourth  the  number  in  a  triangular  pile  of  twice  as  many 
courses. 

9.  The  number  of  balls  in  a  triangular  pile  is  to  the 
number  in  a  square  pile  having  the  same  number  in  one 
side  of  the  base,  as  6  to  11.  Eequired  the  number  in 
each  pile. 

10.  How  many  shot  will  be  required  to  complete  a  rect- 
angular pile  haying  15  and  6  shot  in  the  longer  and  shorter 
sides  respectively,  of  its  upper  course  ? 

11.  Show  that  S  (2—*  +  8  w^  -  6  w^)  = 

2--l  +  »(w  +  l)(27j2_i) 

12.  Show  that  2{3(4-  +  2  7i2)-.4w3}  = 


IJ^TEBEST  AJfD   JJfJiTUITIHS. 


Interest. 

Definitions. 

614.  Interest  is  money  charged  for  the  use  of  money. 
The  amount  of  interest  charged  (/)  is  called  the  Interest. 

516.  The  sum  on  which  interest  is  reckoned  is  called 
the  Principal  (P). 

818.  The  number  (n)  of  fixed  periods  (usually  years) 
the  principal  is  on  interest  is  called  the  time. 

Kote.    n  may  be  integral,  fractional,  or  mixed. 
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617.  The  interest  on  a  nnit  of  money  for  a  unit  of  time 

is  called  the  rate  (r). 

Kote. — The  rate  is  usually  stated  at  a  certain  per  cent  per  annum. 
Thus,  5  %  per  annum  =  $0-05  on  $1  for  1  year. 

618.  The  sum  of  the  principal  and  interest  is  called 
the  amount  {A).  The  amount  of  $1  for  1  year,  or  1  +  r, 
is  represented  by  R. 

619.  If  interest  is  reckoned  on  the  principal  only,  it  is 
called  Simple  Interest. 

Ulustration, — The  simple  interest  of  $500  for  4  years 
at  6  ^  =  $500  X  -06  X  4  =  $120. 

620.  In  the  settlement  of  interest  accounts,  when  in- 
terests are  due  at  stated  periods,  it  is  customary,  in  some 
States,  to  add  to  the  interest  on  the  principal  the  interest 
of  each  unpaid  interest  from  the  time  it  was  due  to  the 
day  of  settlement. 

Interest  thus  reckoned  is  called  annual  or  periodic 
interest. 

Illustration, — The  interest  of  $500  for  4  years  at  6^, 
payable  annually  = 

$500  X  -06  X  4  +  $30  x  '06  X  3  + 
$30  X  -06  X  2  +  $30  X  -06  X  1  = 
$500  X  -06  X  4  +  $30  X  '06  X  6  =  $130-80. 

621.  If  the  interest  is  added  to  the  principal  at  the  end 
of  each  period  to  form  a  new  principal  for  the  next  period, 
the  interest  charged  is  called  the  Compound  Interest. 

DlnstratioiL — The  compound  amount  of  $500  for  4  yr. 
at  6  ^  =  $500  X  1-06  X  1-06  X  1'06  X  1*06  =  $500  X  1-06*. 

Note. — Though  not  gentjrally  recognized  by  law  in  the  settlement 
of  interest  accounts,  any  person  or  corporation  that  annually  collects 
all  interests  due,  and  places  them  on  interest  for  the  following  year,  is 
realizing  compound  interest  on  investments. 
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Simple  Interest. 

522.  If  r  represents  the  interest  of  $1  for  1  year,  the 
interest  of  11  for  n  years  will  be  w  r,  and  for  %P  it  will 
bQ  Pnr]  and  the  amount  of  %P  will  be  P -\' PnVy  or 
P{l  +  nr).     Therefore, 

I=Pnr     [0]  A=zP{l  +  nr)         [l] 

These  formulas  enable  us  to  solve  all  ordinary  problems 
in  simple  interest.  If  any  three  of  the  terms  P,  /,  n,  r,  A 
be  given,  the  remaining  two  may  be  found. 

523.  The  present  worth  (P)  of  a  debt  (A),  due  some 
time  hence  {n  years),  when  the  current  rate  is  r,  is  such  a 
sum  as,  paid  at  once,  is  an  equitable  equivalent  for  the 
debt.  This  is  evidently  the  principal  (P),  which  will  in 
n  years,  at  the  rate  r,  amount  to  A. 

Since,  at  simple  interest, 

A  =  P{l  +  nr)     [2]  p  =  ,^—         [3] 

524.  Discount  is  a  deduction  allowed  for  the  immediate 
payment  of  a  debt  due  at  some  future  time.  The  discount 
(D)  is  evidently  the  difference  between  the  debt  (A)  and 
the  present  worth  (P). 

l-{-nr      l-\-nr 

525.  In  practice,  for  short  periods  of  time,  it  has  be- 
come customary  to  deduct  the  interest  of  the  debt  for 
immediate  payment.  Such  deduction  is  called  Bank  Dis- 
count (B). 

The  difference  between  bank  and  true  discount  is  evi- 

B  —  D:=z  Anr  —  ^r--. =  .—. [5] 

1  +  nr      i  +  nr 
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Cor.    -f^^  Anr  -7-  z— ; =  1  +  w r 

.*.    lim.  -j^       =  lim.  (l  +  7ir)n  =  o  =  1. 

That  is,  the  shorter  the  time  a  debt  has  to  run,  the 
nearer  will  the  snbstitntion  of  bank  for  true  discount  ap- 
proach equitable  exactness. 


Annual  Interest. 

526.  Let  F  represent  the  principal,  r  the  stipulated 
rate,  ri  the  current  rate,  n  the  time  in  years,  /  the  entire 
interest,  and  A  the  amount.  Suppose  all  interests  unpaid 
until  the  debt  becomes  due. 

1.  The  interest  on  the  principal  alone  =  Pnr. 

2.  The  interest  due  at  the  end  of  each  year  is  Pr. 
The  interests  for  the  1st,  2d,  3d,  etc.,  years,  will  be  on 
interest  at  the  rate  n  for  tj  —  1,  w  —  2,  w  —  3,  etc.,  yearg, 
respectively.  That  is,  P  r  will  be  on  simple  interest  for  a 
number  of  years  equivalent  to  the  sum  of  the  arithmetical 

series  :  1  +  2  +  3  + w  —  1  =  -n{n  —  l). 

Now,  the  interest  on  P  r  for  -  ti  (yj  —  1)  years  at  the 

1 
rate  ri  =  ^  P  r  ri  t^  (w  —  1).     Therefore, 

1 
/=  Pnr+-^Prrin{n'-l)  = 

ipnrl2  +  ri(w-l)}  [6] 

A  =  ^P{2  +  2nr  +  n{n^l)rrt\  [7] 

Cor.—ltri  —  r,  7=  ^  Pwr  {  2 +  r  (;^  -  1)}  [8] 

J  =  i  P  {  2+2  n  r+n  (n-l)  r^}       [fij 
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Compound  Interest. 

627.  Let  P  represent  the  principal,  r  the  annual  rate, 
n  the  number  of  years,  /  the  compound  interest,  A  the 
compound  amount,  and  R  the  amount  of  $1  for  1  year. 
Then, 

1.  Amt.  for  1  yr.  =  P(l  +  r)   =  PR 

2.  Amt.  for  2  yr.  =  PR  XR  =  P R^ 

3.  Amt.  for  3  yr.  =  Pi?  X  R  =  P R^ 

4.  Amt.  tor  4:  yr.  =  PR^x  R  =  PR*' 

.-.  Amt.  for  w  yr.  =  P  i2*  =  P  (1  +  r)%  or 

A  =  PR^     =P(l  +  r)»  ^  [10] 

/  =  ^  -  P  =  P(i2*  -  1)  =  P  { (1  +  r)«  -  1 }         [11] 


Cor.  1. — If  the  interest  is  convertible  into  principal 
ni-annually,  the  perioc 
periods  2n.    Therefore, 


r 

semi-annually,  the  periodic  rate  is  -  and  the  number  of 


A  =  p{l+^'^  [12] 


Cor.  2. — If  the  interest  is  convertible  qtmrterly,  the 

'iodic  rate 

Therefore, 


r 

periodic  rate  is  -  and  the  number  of  periods  4w. 


=  ^(-0 


[13] 


Cor.  3. — If  the  interest  is  convertible  q  times  a  year, 

r 

the  periodic  rate  is  —  and  the  number  of  periods  q  n. 

Therefore, 

A  =  pIi  +  ^^  [14] 


C(yr.  4. — The  present  worth  (P)  of  a  debt  (A)  due  in 
n  years, 
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A 

1.  When  interest  is  convertible  annually,  is  -^ 

A 

2.  When  interest  is  convertible  semi-annually,  is 


(-^r 


A 

3.  When  interest  is  convertible  quarterly,  is  -7 T~\^ 

(i+r) 

4.  When  interest  is  convertible  q  times  a  year,  is 


i'4  =  7 TT^     [171  ^^  =  7 ;a^        [1®J 


Partial   Payments  by  Equal  Annual   Installments. 

528.  Problem.  If  a  debt  of  $P,  bearing  interest  at  the 
rate  r,  is  to  be  paid  in  n  equal  anmial  install- 
ments, what  must  each  payment  be  P 

1.  Solution  by  the  U.  S.  Eule  : 

Let  X  =  the  annual  payment,  then  the  debt  at  the  end  of  the 
1st  year  =  P(l  +  r)-'X 
2d  year  =  P(l  +  r)^  -  a;(l  +  r)  -  re 
3d  year  =  P(l  +  r)«  — a;(l  +  r)«  — a;(l  +  r)  — a; 

nth  year  =  P(l  +  r)*  — a;(l  +  r)»-i  — a;(l  +  r)«-8— —x 

But  in  n  years  the  debt  is  canceled, 

P(l  +  r)«-a;(l  +  r)«-»~a:(H-r)— 2-....-a;  =  0 
whence,    x \{\  +  r)«-i  +  (1  +  r)«-2  + +  1}  =  P(l  +  r)" 

or  ^\^^^^^^^^\  =  ^(1  +  »•)"  [493,  B] 

whence,    x  =  ^^^^^  [19] 
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2.  Solution  by  the  Merchants'  Rule. 

According  to  this  rule,  the  sum  of  the  amounts  of  the  payments 
is  regarded  equivalent  to  the  amount  of  the  debt. 

The  amount  of  the  debt  =  P  (1  -{■  nr) 

The  amount  of  the  1st  payment  =  x  +  {n  —  l)rx 

The  amount  of  the  2d  payment  =  x  +  {n  —  2)rx 

The  amount  of  the  3d  payment  =  a;  +  (n  —  3)  r  a; 

The  amount  of  the  (n  —  2)th  payment  =  a;  +  2ra; 
The  amount  of  the  (n  —  l)th  payment  =  x  +  rx 
The  amount  of  the  nth  payment  =  x 

The  sum  of  the  amounts  of  the  payments  =  nx  +  x rx 

/„    ___    -IX  ^ 

/.     nx+  n^—^rx     =P(i+nr) 


{2n-{-n{n-'l)r\x  =  2P(l+nr) 
_     2P(l  +  wr) 


[20] 


2  71  +  71  (n  —  1)  r 

Car. — If  compound  interest  is  allowed, 

The  amount  of  the  debt  =  P  (1  +  r)- 

The  amount  of  the  Ist  payment  =z  x{l-\-  r)"~^ 
The  amount  of  the  2d  payment  =  a:  (1  +  z*)""^ 
The  amount  of  tj[ie  nth  payment  =  x 

The  sum  of  the  amounts  of  the  payments  equals  the 
sum  of  the  geometrical  progression 

x+{l  +  r)x  +  ,...{l  +  r)»-2  x+{l  +  ry-^  x, 

.hlchi.^l<l+;>--'l 
Pr(l  +  r)' 

^  =  (i+rr-1  t^^J 

Illustration. — If  a  debt  of  $10,000,  bearing  6  ^  interest, 
is  to  be  paid  in  5  equal  annual  installments,  what  must 
the  annual  installment  be  ? 

Solution :  Here  P  =  $10,000,  r  =  -06,  and  n  =  5. 
Substituting  these  values  in  formulas  19,  20,  and  21,  we  have, 
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1st,  BytheD.  S.  Rule: 

Pf  (1  +  r)'  _  $10,000  X  -06  X  (l-06)»  _  «„„„.<,„ 

2d.  By  Merchants'  Rule,  at  Simple  Interest : 

_     2P(l+nr)     _  $20,000  (1  +  5  x  -06)  _  ^o'^ol^q 
^~2?i  +  w(n-l)r-      10  +  5x4x-0G     ~  ^'-^^^^  "^    ', 

3d.  By  Merchants'  Rule,  at  Compound  Interest : 

X  =  '^^^\lTi         =  $2373-96,  same  as  U.  S.  Rule. 

Query,  Why  do  the  U.  S.  Rule  and  the  Merchants'  Rule,  at  com- 
pound interest,  produce  the  same  result  ? 


Annuities. 


629.  An  Annuity  is  a  stated  sum  of  money  paid  an- 
nually, or  at  other  regular  intervals  of  time. 

630.  An  annuity  is  generally  secured  by  a  mortgage  or 
some  other  lien,  of  which  it  is  the  interest. 

631.  The  principal  sum  of  an  annuity  is  the  sum  of 
which  the  annuity  is  the  interest. 

632.  An  annuity  that  begins  and  ends  at  fixed  times 
is  an  annuity  certain. 

633.  An  annuity  whose  beginning  or  ending  depends 
upon  some  uncertain  event,  as  the  death  of  an  individual, 
is  a  contingent  annuity. 

634.  A  deferred  annuity,  or  an  annuity  in  reversion, 
is  an  annuity  that  begins  some  time  in  the  future. 

635.  A  Perpetuity  is  an  annuity  that  continues  forever. 

636.  The  final,  OY  forborne,  value  of  an  annuity  is  its 
value  at  the  conclusion,  and  equals  the  sum  of  all  the 
annuities,  together  with  interest  on  them  from  the  time 
they  were  due. 
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637.  The  present  worth  of  an  annuity  is  the  present 
worth  of  its  final  value. 

538.  Problem.    What  is  the  final  value  (^)  of  an  annuity  (a) 
that  runs  n  years,  when  the  rate  of  interest  is  r  P 

1.  At  annual  interest.     The  last  annuity  is  worth  a, 

the  preceding  a  +  «r,  the  next  preceding  a  +  2flr , 

the  first  a  +  (^i  —  1) ar ;  hence,  the  final  value  is  the  sum 
of  the  arithmetical  series  of  n  terms  : 

a-{-(a-\-ar)-\-{a-\-2ar)-\- a-\-{n  —  l)ar\  or, 

^  =  {2fl  +  (7^-.l)ar}|  [221 

2.  At  compound  interest.     The  last  annuity  is  worth  a, 

the  preceding  a  (1  +  ^)>  the  next  preceding  a  (1  +  ^)^ > 

the  first  a(l  +  ^)"~^ ;  therefore,  the  final  value  is  the  sum 
of  the  geometrical  series  of  n  terms  : 

a  +  a  (1  +  r)  +  « (1  +  0^  + . . . .  a  (1  +  r)— S  or 

^^a\il  +  rY-l]^a_iR^l)  ^^^ 

r  K  —  1 


539.  Problem.  Find  the  present  worth  (P)  of  an  annuity  (a) 
deferred  m  years  and  running  n  years,  when  the 
rate  of  interest  is  r. 

1.  At  annual  interest, 

n 
The  final  value  is  {^a-\-{n  —  \)ar}^.     The  amount 

of  II  for  m-\-n  years  is  1  +  (m  -|-  w)  r ;  hence, 
p  _  \'Za  +  {n-l)ar]n 
^"       2  +  (m  +  w)2r  ^    ^ 

Cor.—  PTAew  /w  =  0,  P  =  ^ ^.^ .  ^ — ^- ^—         [25] 

2  +  2nr 

2.  -4^  compound  interest.   The  final  value  is  — ^^ — — ^. 

ji/  —  1 

The  amount  of  $1  for  m  +  n  years  is  -B"+" ;  hence^ 
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B^{R 


R-l)\       Br) 


[26] 


Cor.  1. —  When  Urn,  w  =  oo ,  Urn,  P  =  ^— ^  pZ:^  \      t^^l 


Cor.  ;^ .— Pf  Ae;j  m  =  0,  P  =  -^-^  (l  ~  -^- j 
Cor.  3.—  Pf  Aew  /7i  =  0,  and  Urn.  n  =  oo, 


[28] 


Km.  F  =  -ij^   [29] 

ninstration.— Find  the  final  value  and  present  worth  of 
an  annuity  of  $60,  deferred  12  years  and  to  run  9  years, 
at  4Y2^,  compound  interest. 

I.  Solution :  Here  a  =  60,  r  =  -045,  w  =  9. 

r 

log.  A  =  log.  a  +  log.  {(1 +r)«  —  1  [  +  colog.  r 

log.  a  =  log.  60  =  1-77815 

log.  {(1  +  r)»  -  1[  =  log.  -486095  =  T-68672 

colog.  r  =  colog.  -045  =  1*34679 

log.  A  =  2-81166 

Antilog.  A  =  $648-12 

II  a(R--l)     _a{(l-fr)»-l} 

i?*+«(/2-l)~  (i+r)«+«xr 
log.  P  =  log.  o  +  log.  j(l  +  r)»  —  1}  — 

(w  +  n)  log.  (1  +  r)  —  log.  r 

log.  a  =  log.  60  =      1-77815 

log.  {(1  +  r)«  -  1 J  =  log.  -486095       =      T-68672 

-  (m  +  n)  log.  (1  +  r)  =  -  21  log.  1-045  =  -  0-40131 

•-  log.  r  =  -  log.  -045         =  -^'65321 

log.  P=  2-41035 

Antilog.  P=  $257-24 

Koto.— The  value  of  (1  +  r)"  and  P«  +  «  may  be  most  readily  ob- 
tained from  a  compound  interest  table,  such  as  is  found  in  nearly 
every  work  on  higher  arithmetic. 
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Mortgages  and  Bonds. 

640.  A  Mortgage  is  a  conveyance  of  an  estate  by  way 
of  pledge  for  the  security  of  a  debt,  to  become  void  on 
payment  of  the  debt. 

641.  A  Bond  is  a  writing  of  obligation,  under  seal,  to 
pay  a  sum  of  money,  usually  with  interest 

642.  Bonds  may  be  secured  by  mortgages  on  real  estate, 
personal  or  corporate  property  ;  or  they  may  rest  solely  on 
the  promise  of  the  maker,  as  do  Government  bonds. 

543.  Problem.  How  muclL  xnust  be  invested  in  a  bond,  price 
2>,  rate  of  bond  r,  current  rate  of  interest  r\  to  yield 
an  annual  income  of  a,  if  the  interest  is  payable  q 
times  a  year? 

Sdiition :  Let        x  =  the  amount  invested. 

Then    —  =  the  face  value  of  the  bond. 
P 

—  =  the  periodic  interest  on  the  bond. 
qp  *- 

—  =  the  annual  interest  on  the  bond. 
P 

The  first  periodic  interest  will  be  on  interest  for  ^  —  1  periods, 
the  second  for  q  —  2  periods,  etc.  The  interest  on  all  the  periodic 
interests  will  be  equivalent  to  the  interest  on  one  of  them  for  a  num- 
ber of  periods  equal  to  the  sum  of  the  series  0  +  1  +  2+ <?—  1, 

or  for  to  —  1)  1^  periods. 

^^       ^'       /      1^  Q         rr'(q—l)x       ^,       ,,.^.       ... 
.*.      —  X  —  X  (^—1)  g- ,  or  — ^ =  the  additional  mterest. 


rx 

rr'{q-l)x 

=  a 

2pq        - 

mce      X  ^ 

2apq 

[30] 

2gr +  rr'(^- 

^) 

Car.  1- 

-JVhen  r'  = 

Ty 

X 

= 

2apq 

[31] 

2q7 

■  +  r^{q- 

■1) 

Cor.  2.— 

-When   q  = 

1, 

X 

= 

ap 
r 

[32] 
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644.  Problem.  What  rate  of  interest  will  a  purchaser  real- 
ize who  buys  a  bond,  face  a,  rate  of  bond  r,  time 
to  run  n,  price  py  when  the  current  rate  of  interest 
is  r  P 

Solution :  Let  x  =  the  annual  rate  on  the  investment. 

and      ap=zP  =  the  cost  of  the  bond. 

then  P(l  +  x)*  =  the  amount  of  the  purchase  money. 
ar  =  the  annual  income. 
The  amount  of  the  first  income      =  ar(l  +  r')*-i 
The  amount  of  the  second  income  =  ar(l  +  r')*-« 

The  amount  of  the  wth  income       =z  ar. 

.•.  The  sum  of  the  amounts  of  all  the  incomes  is  the  sum  of  the 
geometrical  progression : 

or+or(l+0  +  ar(l  +  r7+....ar(l  +  r)"-i  =  ^^^^^'^!'^"~^^ 

whence    l^x=  ^r  {(1  +  r^^-- If  ^  arj  ^  ^33^ 

Illustration. — How  much  must  be  invested  in  bonds  at 
90,  bearing  5  ^  interest,  payable  quarterly,  wben  the  cur- 
rent rate  of  interest  for  short  periods  is  4^,  to  yield  an 
annual  income  of  $406  ? 

SolnUon :  Here  a  =  $406,  p  =  -90,  g  =  4,  r  =  -05,  and  r'  =  04. 
^^P9 


2qr  +  rr'  (q—l) 

2  X  $406  X  4  X  -90 


2  X  4  X  -05  +  -05  X  -04  X  3 


^  =  $7200 


Life  Insurance. 

645.  Life  insurance  is  a  contract  whereby  an  insurer 
agrees  for  an  annual  consideration  to  pay  to  the  insured  at 
a  given  time,  or  to  his  heirs  at  his  death,  a  sum  of  money. 

546.  The  annual  consideration  paid  by  the  insured  is 
called  the  premium,  and  is  due  at  the  beginning  of  each 
year. 
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647.  Problem.  If  the  annual  premium  is  py  the  amount  in- 
sured a,  and  death  occurs  at  the  end  of  n  yesaay  will 
the  insurer  gain  or  lose,  and  how  much  ? 

Solution :  The  amount  of  the  first  premium       =  j9(l  +  r)» 

The  amount  of  the  second  premium  =  p{i  +  r)*— ^ 
The  amount  of  the  third  premium    =  p{l  -h  r)*-* 

The  amount  of  the  nth  premium       =  i>  (1  +  r) 
.'.    The  final  valiie  of  all  the  premiums  is  the  sum  of  the  series : 

p(l  +  r)+p{l  +  ry  +  .,.  ,p(l  +  r)«  =  ^  (1  +  r)  {(1  +  r)«  -  1} 

The  difference  between  the  insurance  and  the  amount  of  the 

premiums  is  rf  =  o  —  ^ (1  +  r)  {(1  +  r)«  —  1 }  [34] 


ar+p{l  +  r) 


Now,  a  >  =  <  i- (1  +  r)  {(1  +  r)"  —  1},  accordingly  as 


^(1  +  ,)       >  =  <(l  +  r)-,oras 

log.  {ar+j9(l+r)f— log.;?  — log.(l+r)  >  =  < wlog.(l+r),oras 
log.  {ar+^(l  +  r)[-log.i?-log.(l+r)  ^  _  ^^ 
log.(l  +  r)  ;>-<n. 

niustration. — A  paid  $150  a  year  to  have  his  life  in- 
sured for  $5000 ;  he  died  in  20  yeai-s.  Did  the  insurance 
company  gain  or  lose,  and  how  much,  money  worth  6  ^  ? 

SoliLtion:  Here  a  =  $5000,  p  =  150,  n  =  20,  and  r=  -06. 

6?  =  a-£(l  +  r)Kl  +  r)«-l)}  = 

5000  -  ^  (1-06)  { 1-0680  -  1 }  = 

5000  -  2500  (1-06"  -  106)  = 
5000-  2500(2-3395636)  =  -848-91 
/.    The  company  gains  $848-91. 

EXERCISE    88. 

1  What  principal  will  in  374  years,  at  6^,  simple  in- 
terest, amount  to  $669*20  ? 

2.  A  certain  principal  will  in  7  years,  at  a  certain  rate, 
amount  to  $1136,  and  in  10  years,  at  the  same  rate,  to 
11280.     Enquired  the  principal  and  rate  (simple  interest). 
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3.  At  what  rate  will  %a  in  q  years  w-tuple  itself  at 
simple  interest  ? 

4.  In  what  time  will  %a,  at  the  rate  r,  w-tuple  itself  at 
simple  interest  ? 

5.  What  principal  will  in  4  years  amount  to  1243  at 
5  ^/payable  annually,  if  all  interests  remain  unpaid  and 
draw  simple  interest  at  the  same  rate  until  the  end  of  the 
time  ? 

6.  In  what  time  will  $860  at  6^,  payable  annually, 
amount  to  $1054*53,  if  the  annual  interest  bear  simple 
interest  at  6  ji  ? 

7.  In  what  time  will  $800  at  6}^,  compound  interest, 
amount  to  $1351*56? 

8.  At  what  rate  will  a  given  principal  in  5  yr.  6  mo., 
compounded  semi-annually,  treble  itself  ? 

9.  Find  the  difference  between  the  annual  interest  and 
the  compound  interest  of  ^1200  for  6  yr.  6  mo.  at  eVg^. 

10.  Find  the  present  worth  of  $8000,  due  in  5  years, 
money  worth  SYg^,  compound  interest,  payable  quarterly. 

11.  Show  that  the  difference  between  the  simple  in- 
terest and  the  true  discount  of  a  sum  of  money  equals  the 
interest  on  the  true  discount. 

12.  Show  that,  if  the  simple  interest  of  a  certain  sum 
equals  -j-  of  the  principal,  the  true  discount  equals  , 
of  the  principal. 

13.  Show  that  the  true  discount  is  half  the  harmonic 
mean  between  the  sum  due  and  the  simple  interest  on  it. 

14.  If  the  true  discount  for  1  year  is  —  of  the  simple 
interest,  what  is  the  rate  per  cent  ? 

15.  A  man  borrows  $1000,  and  renews  his  note  every 
six  months  at  an  increase  of  10  ^ ;  in  what  time  will  it 
reach  $4594*97? 
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16.  In  how  many  years  will  a  sum  at  10^,  interest  con- 
yertible  annually,  amount  to  as  much  as  twice  the  sum  at 
b^y  convertible  semi-annually  ? 

17.  If  a  bank  charges  r  ^  discount,  what  per  cent  in- 
terest does  it  receive  ? 

18.  Find  the  present  worth  of  a  perpetuity  of  1325, 
deferred  5  years,  if  money  is  worth  85^,  convertible  semi- 
annually. 

19.  What  annual  appropriation  to  its  sinking-fund  must 
a  school  make  to  pay  a  debt  of  115,000,  due  in  17  years, 
money  worth  7  J^,  compound  interest  ? 

20.  A  person  borrows  a  sum  of  money,  and  pays  off  at 
the  end  of  each  year  as  much  of  the  principal  as  he  pays 
interest  for  that  year.  Find  how  much  he  owes  at  the  end 
of  n  years. 

21.  What  annuity,  beginning  n  years  hence,  and  lasting 
for  n  years,  is  equivalent  to  an  annuity  of  $A,  beginning 
now  and  lasting  for  n  years  ? 

22.  If  a  loan  of  $1000  is  to  be  paid  off  in  10  equal 
monthly  installments,  what  must  the  monthly  payments 
be,  reckoning  compound  interest  at  6^? 

23.  At  what  price  must  bonds  bearing  5  ^  interest,  pay- 
able quarterly,  be  purchased,  in  order  that  an  investment 
of  13600  will  bring  in  an  annual  income  of  $203,  when 
the  current  rate  of  interest  for  short  periods  is  4^,  simple 
interest  ? 

24.  What  rate  of  interest  will  a  purchaser  realize  who 
buys  a  $5000  bond,  payable  in  20  years,  bearing  4^  in- 
terest, payable  annually,  at  90,  if  the  current  rate  of  in- 
terest is  5  ^  ? 

26.  If  a  man  pays  annually  120  to  have  his  life  insured 
for  $1000,  payable  at  his  death,  how  long  must  he  live  that 
the  company  may  neither  gain  nor  lose>  money  worth  5  ^, 
compound  interest  ? 
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Permutations  and  Combinations. 

648.  A  combination,  or  selecti07i,  of  any  number  of 
things  is  a  group  of  two  or  more  of  them  without  regard 
to  order. 

Thus,  if  we  have  the  four  letters,  a,  b,  c,  d,  we  may 
make  six  combinations  or  selections  of  two  each,  as  fol- 
lows: a  J,  ac,  ady  be,  bd,  cd;  or  four  of  three  each  : 
a  be,  abd,  aed,  bed, 

649.  A  permutation,  or  arrangement,  of  any  number 
of  things  is  a  group  of  two  or  more  of  them,  when  regard 
is  had  to  the  order  in  which  they  are  taken. 

Thus,  each  selection  of  two,  as  a  ^,  will  form  two  per- 
mutations, ab  and  ba;  and  each  selection  of  three,  as 
abe,  will  form  six  permutations :  a  be,  acb,  bae,  be  a, 
eab,  eba, 

650.  Proposition  1. — If  one  thing  can  be  done  in  a 

ways,  another  in  b  ways,  another  in  c  ivays ,  and  the 

ways  are  all  independent  of  each  other,  all  may  be  done 

in  a  Xbx  e  X ways. 

For,  each  of  the  a  ways  in  which  the  first  may  be  done  may  be 
taken  with  each  of  the  b  ways  in  which  the  second  may  be  doTie ; 
hence,  the  first  two  may  be  done  in  a  6  ways.  Again,  each  of  the  a  b 
ways  in  which  the  first  two  may  be  done  may  be  taken  with  each  of 
the  c  ways  in  which  the  third  may  be  done ;  hence,  the  first  three 
may  be  done  in  abc  ways,  etc. 
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Illustration. — From  3  Latin  books  and  5  Greek  books  I 
can  choose  one  of  each  in  3x5,  or  15  ways. 

Cor. — If  n  things  can  each  he  done  in  r  ways,  they 
can  he  done  together  in  r"  ways. 

^  661.  The  expression  \n_  denotes  the  product  of  all  the 
natural  numbers  from  1  to  n,  and  is  read  factorial  n. 
Thus,  \n_=  1X2X3X4X n. 

652.  Prop.  2. — The  number  of  permutations  or  ar- 
rangements of  n  things  taken  all  together  is  [n. 

Denumstration.— There  are  n  places  to  be  filled  by  the  n  things. 
The  first  place  may  be  filled  by  any  one  of  the  n  things,  or  in  n  ways ; 
the  second  by  any  one  of  the  remaining  w  —  1  things,  or  in  n  —  1  ways ; 
the  third  in  n  —  2  ways,  and  so  on  until  the  last  place  is  reached,  which 
must  be  filled  by  the  only  one  remaining.  Therefore,  the  number  of 
ways  in  which  all  the  places  can  be  filled,  which  is  evidently  the  whole 
number  of  arrangements  that  can  be  made  of  the  n  things  taken  all 
together  is  w  (n  —  1)  (w  —  2) 1  [P.  1]  =  [w. 

Illustration. — The  number  of  arrangements  that  can  be 
made  of  the  letters  in  the  word  bird  is 

[4  =  1  X  2  X  3  X  4  =  24. 

653.  Prop.  3.  —  The  number  of  arrangements  of  n 

things  taken  r  together  is  n  (n—l)  (n—^) . . . .  {n~-r-\-l). 

Demonstration. — There  are  r  places  to  be  filled  from  n  things. 
The  first  place  may  be  filled  in  n  ways,  after  which  the  second  may 
be  filled  in  n  —  1  ways,  then  the  third  in  w  —  2  ways. . . .,  and  finally 
the  rth  place  in  w  —  (r  —  1),  or  n  —  r  +  1  ways.  Therefore,  the  whole 
number  of  arrangements  is  n  (n  —  1)  (n  —  2). . . .  (n  —  r  +  1)  [P.  1]. 

Illustration. -rThe  number  of  four-lettered  words  that 
can  be  made  frona  the  letters  a,  J,  c,  d,  e,  f  is 
6X5X4X3  =  360. 

664.   JPropi  4*  —  The  number  of  arrangements  of  n 

\n'- 
things  of  which  p  are  alike  is  .—  • 
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BemoxiBtration. — Suppose  the  p  like  things  all  unlike  and  different 
from  the  remaining  n—p  things,  then  the  whole  number  of  arrange- 
ments will  be  \n_  [P.  2J. 

Conceive  any  one  of  these  arrangements.  Now,  permute  the  p 
things  among  themselves  without  disturbing  the  positions  of  the 
n—p  things.  You  will  have  Lg.  arrangements  with  the  n  —  p  things 
fixed  in  position  and  order.  Now,  it  becomes  evident  that,  if  the  p 
things  are  alike,  these  \jp_  arrangements  will  be  all  alike,  or,  in  other 
words,  will  reduce  to  one  arrangement ;  therefore,  there  will  be  only 

j—  as  many  arrangements  of  n  things  when  p  are  alike  as  when  they 
L^  \n 

are  all  different,  or  , — . 

La 

Cor. — The  number  of  arrangements  of  n  things  when 
p  are  alike,  q  others  are  alike,  r  others  are  alike ....  is 

\n 


[2_\q_\r_. . . . 

niiutration. — The  number  of  arrangements  of  the  let- 
ters in  the  word  ^^ecclesiastical,"  which  contains  2  e's, 
3  c%  2  1%  2  s%  2  i%  2  a\  and  1  t,  is 

dirHii^  =  454,053,600. 

665.  Brap.  5.  —  The  number  of  arrangements  of  n 

different    things  taken    r    together  when  repetitions  are 

allowed  is  n\ 

Demonstration.— There  are  r  places  to  fill,  and  each  place  may  be 
filled  in  n  ways.  Therefore,  the  whole  number  of  arrangements  is 
n  X  n  X  ?i  X  . . . .  to  r  factors  =  n'. 

Cor. — If  r-=^n,  the  number  of  arrangements  is  w". 

Illustration.— The  number  of  three-lettered  words  that 
can  be  made  of  a,  J,  c,  d,  when  repetitions  are  allowed,  is 
43  =  G4. 

666.  A  circular  arrangement  is  an  arrangement  of  a 
number  of  things  in  the  circumference  of  a  circle  or  in 
the  periphery  of  any  plane  figure. 
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657.  Frop.  6*. — The  number  of  circular  arrangements 

of  n  things  taken  all  together  is  \n  —  l, 

Demonstratioii. — Every  arrangement  of  the  things  may  be  moved 
forward  in  a  body  through  each  of  the  n  positions  in  the  periphery 

without  changing  the  arrangement ;  therefore,  there  will  be  only  —  as 

many  circular  arrangements  as  ordinary  arrangements,  or  the  number 

of  arrangements  will  be  —  =  1^~  ^- 

Ulnstration. — The  number  of  arrangements  that  can  be 
made  of  8  persons  around  a  round  table  is 

|J^=1X2X3X4X5X6X7  =  5040. 

658.  JProp.  7. — The  whole  number  of  combinations,  or 
selections,  of  r  things  from  n  things  is 

n{n  —  l){n  —  2) (n  —  r  +  l) 

\r_ 

Demonstration. — Each  selection  of  r  things  may  be  permuted  in 
I  r  ways  [P.  2] ;  therefore,  there  are  only  . —  as  many  selections  as 

there  are  arrangements,  or  j [P.  3], 

niostration. — The  number  of  selections  of  4  guards  from 

._  .    20X19X18X17        .^,. 

20  men  is  _— _^-_-^_  =  4845. 

Car.  1. — The  number  of  selections  of  r  things  from  n 
things  equals  the  number  of  selections  of  n  —  r  things 
from  n  things. 

For  every  time  a  selection  of  r  things  is  made,  a  selection  of 
n  —  r  things  remains. 

ninstration. — The  number  of  ways  15  guards  may  be 
selected  from  20  men  equals  the  number  of  ways  5  guards 
may  be  selected  from  20  men,  or 

20  X  19  X  18  X  17  X  16 


1X2X3X4X5       -  ^^^^^' 
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Car.  2. — The  number  of  selections  of  r  things  from  n 

\n 
things  equals 


For, 


r  \n  —  r* 
n(n  —  l)(n  —  2) (n  —  r  +  1)  _ 

jn(t»  — l)(w  — 2) (n  —  r-\-\)\\n  —  r  \n_ 


ninstration. — The  number  of  ways  of  selecting  4  kinds 
of  ribbon  from  7  kinds  is 

11         2X3X4X5X6X7 


[4[3^"      2X3X4X2X3 


=  35. 


659.  Prop.  8. — The  number  of  ways  x  +  y  things  can 
be  divided  into  two  classes,  putting  x  into  one  class  and  y 


into  another,  is 


\^\JL 


DemonBtratioxi. — The  number  of  ways  is  evidently  the  same  as  the 
number  of  ways  of  selecting  either  x  or  y  things  from  x  +  y  things, 

\x  +  y 
which  is  ^i==  [P.  7,  Cor.  2]. 

Cor. — The  number  of  ways  x-\-y  +  z  things  can  be 

divided  into  three  classes,  putting  x  into  one  class,  y  into 

\x  +  y  +  z 
another,  and  z  into  another ....  is  — ; — \ — ; — . 

[x_\ii\z_ 

For  X  +  y  +  z  things  can  be  divided  into  two  classes,  containing 

\x  -f"  t/  "I"  2^ 

X  and  y  +  z  things  in    .    -.  * ways.    Then  the  class  of  y  +  z 

I — \y y  -^  z 

things  can  be  subdivided  into  two  classes  of  y  and  z  things  in  uJ~\Y 

ways.    Therefore,  the  number  of  ways  x  +  y  +  z  can  be  divided  into 
three  classes  of  x,  y,  and  z  things  is 

\x  +  y  +  z      \y  +  z  ^  \x  +  y  +  z 

Scholium. — By  continued  subdivisions,  this  principle 
may  be  extended  to  any  number  of  classes. 
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niiutration. — Ten  boys  may  be  divided  into  3  classes 

1 10 
of  2,  3,  and  6  in       '  ways  =  2520  ways. 

660.  Prop.  9. — The  number  of  ways  in  which  a  selec- 
tion can  be  made  from  n  different  things  is  2*  —  1. 

Demoiutration. — Each  thing  can  be  either  selected  or  rejected,  or 
can  be  disposed  of  in  two  ways ;  hence,  the  number  of  ways  all  can  be 
disposed  ofi82x2x2x ton  factors,  which  is  2» ;  but  this  in- 
cludes the  way  in  which  all  are  rejected ;  hence,  the  number  of  ways 
of  selecting  is  2*  —  1. 

661.  Prop.  10, — The  number  of  ways  in  which  a  selec- 
tion can  be  made  from  p  +  q  +  r  + things,  of  which  p 

are  alike,  q  others  are  alike,  r  others  are  alike,  etc,  is 
\{p  +  l){q  +  l){r  +  l)....]-l. 

Demonstratioxi. — The  p  things  may  be  disposed  of  in  ^  +  1  ways 

by  taking  0,  1,  2,  3. ...  or  ^  of  them.    Similarly,  the  q,  r things 

may  each  be  disposed  of  in  q  +  1,  r  +  1 ways.    Hence,  all  may 

be  disposed  of  in  (^  +  1)  (g  +  1)  (r  +  1) ways.    But  the  way  in 

which  none  are  taken  must  be  rejected.    Therefore,  etc. 

niustrative  Examples. — 1.  Two  persons  get  into  a  rail- 
way carriage  where  there  are  six  vacant  seats.  In  how 
many  different  ways  can  they  seat  themselves  ? 

Solntion :  One  of  them  can  take  any  one  of  the  six  seats,  and  the 
other  any  one  of  the  remaining  five ;  hence,  they  may  be  seated  in 
6  X  5  or  30  different  ways. 

2.  In  how  many  ways  can  six  different  things  be  di- 
vided among  two  boys  ? 

Solntion :  Each  thing  may  be  disposed  of  in  two  ways  by  giving  it 
to  either  boy ;  hence,  all  may  be  disposed  of  in  2x2x2x2x2x2 
ways  =  64  ways.  But  this  includes  the  two  ways  in  which  one  boy 
receives  all  or  none,  which  cases  are  not  admissible.  Therefore,  64  —  2, 
or  62,  is  the  number  of  ways  of  making  the  division. 

3.  How  many  six-lettered  words  can  be  made  of  five 
letters  if  repetitions  are  allowed  ? 

Solntion :  Each  place  in  the  word  may  be  filled  in  five  ways ;  hence, 
all  the  places  may  be  filled  in  5«  ways,  or  15625  ways. 


Digitized  by 


Google 


PERMUTATIONS  AND  COMBINATIONS.         311 

4.  How  many  signals  can  be  made  of  six  lights  of  dif- 
ferent colors  displayed  singly,  or  any  number  at  a  time, 
side  by  side  ? 

Solntion:  Let  Pi,  Pa,  Ps,  Pi,  Ps,  Pe  represent  respectively  the 
number  of  signals  made  when  the  lights  are  taken  singly,  two,  three, 
four,  five,  and  six  together ;  then 

Pt=  6  P4  =  6x5x4x3  =360 

Pa  =  6x5       =    30  P5  =  6x5x4x3x2       =720 

Ps  =  6x5x4  =  120  Pe  =  6x5x4x3x2x1  =  720 

.-.   Pi_6  =  6+30  +  120+360  +  720  +  720  =  1956. 

5.  A  man  has  six  friends,  and  he  invites  three  of  them 

to  dinner  every  day  for  twenty  days.     In  how  many  ways 

can  he  do  this  without  having  the  same  party  twice  ? 

6x5x4 
Solntion :  Three  can  be  selected  from  six  in  :j — ^ — ^  =  20  ways. 

1  X  «  X  u 

A  different  party  of  three  can,  therefore,  be  selected  for  each  day,  and 
when  selected  they  may  be  arranged  in  [20^  ways. 


EXERCISE    86. 

1.  If  two  dice  be  thrown  together,  in  how  many  ways 
can  they  fall  ? 

Snggestion. — Each  can  fall  in  6  ways,  and  together  in  6  x  6  ways. 

2.  Out  of  8  pairs  of  gloves,  in  how  many  ways  may  a 
right-hand  and  a  left-hand  glove  be  chosen,  which  are  not 
a  pair  ? 

Snggestion. — A  right-hand  glove  may  be  chosen  in  8  ways,  and 
then  a  left-hand  glove  that  will  not  make  a  pair,  in  7  ways,  and  to- 
gether in  8  X  7  ways. 

3.  In  how  many  ways  can  five  men  vote  for  sheriff,  if 
there  are  ten  candidates  for  the  oflBce  ? 

Snggestion. — Each  man  can  vote  in  10  ways,  and  together  they 
can  vote  in  10  x  10  x  10  x  10  x  lO'  ways. 

4.  How  many  even  numbers  of  four  digits  can  be  made 
from  the  ten  digits  ? 

Snggestion.— The  thousands'  place  can  be  filled  in  9  ways,  the 
units'  place  in  5  ways,  and  each  of  the  other  two  places  in  10  ways, 
and  all  in  9  x  10  x  10  x  5  ways. 
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6.  In  how  many  ways  can  9  ladies  and  9  gentlemen 
form  themselves  in  couples  to  dance  ? 

Suggestion. — The  first  gentleman  can  select  a  partner  in  9  ways, 
the  second  in  8  ways,  etc. 

6.  On  a  shelf  are  6  apples,  8  pears,  and  7  oranges.  In 
how  many  ways  may  they  be  arranged,  if  all  the  apples,  all 
the  pears,  and  all  the  oranges  are  kept  together  ? 

Suggestion. — The  apples  may  be  arranged  among  themselves  in 
1 6  ways,  the  pears  in  [8_ways,  and  the  oranges  in  |7  ways,  and  the 
three  groups  in  |3  ways;  hence,  the  entire  number  of  arrangements 

=  [6^xt8_x  [7^x13, 

7.  In  how  many  ways  may  50  objects  be  divided  into 

two  classes,  one  of  which  shall  contain  Ya  as  many  as  the 

other  ? 

|50 
Suggestion.— The  number  of  ways  =  .^^  .^^ 

8.  In  how  many  ways  can  two  sixes,  three  fives,  and  an 
ace  be  thrown  with  six  dice  ? 

Suggestion.    .,^  .^  .      =  60  =  the  number  of  ways.    Why! 

9.  There  are  five  rentes  to  the  top  of  a  mountain.  In 
how  many  ways  can  a  person  go  up  and  down  ? 

10.  In  how  many  times  as  many  ways  can  the  letters  of 
anticipation  be  arranged  as  the  letters  of  commencement  ? 

11.  In  how  many  ways  can  the  letters  of  ubiquitous  be 
arranged  so  that  u  follows  q  ? 

Suggestion.— Regard  qu  as  a  single  element. 

12.  In  how  many  ways  can  the  letters  of  logarithms  be 
arranged  so  that  the  second,  fourth,  and  sixth  places  may 
be  occupied  by  consonants? 

13.  In  how  many  ways  can  a  purchaser  select  half  a 
dozen  handkerchiefs  at  a  shop  where  seven  sorts  are  kept  ? 

14.  In  how  many  ways  can  a  things  be  given  to  n  per- 
sons, allowing  each  person  to  receive  any  number  ? 
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16.  How  many  signals  can  be  made  by  hoisting  4  flags 
of  different  colors  one  above  the  other,  when  any  number 
of  them  may  be  hoisted  at  once  ?    How  many  with  5  flags  ? 

16.  How  many  numbers  ending  in  5,  not  exceeding 
8000,  can  be  formed  from  the  ten  digits  ? 

17.  There  are  8  different  kinds  of  books,  and  5  copies 
of  each.  In  how  many  ways  can  a  selection  be  made  from 
them  ? 

18.  If  the  number  of  permutations,  of  2  /^  things  3  to- 
gether is  equal  to  twice  the  number  of  permutations  of  n 
things  4  together,  find  n, 

19.  In  how  many  different  ways  can  a  i)arty  of  six 
people  form  a  ring  ? 

20.  How  many  words  containing  two  vowels  and  three 
consonants  can  be  formed  out  of  21  consonants  and  5 
vowels  ?  How  many  will  there  be  if  the  vowels  are  to 
occupy  the  even  places  ? 

21.  How  many  committees  of  9  Eepublicans  and  10 
Democrats  can  be  formed  out  of  45  Eepublicans  and  50 
Democrats  ? 

22.  From  6  ladies  and  5  gentlemen,  in  how  many  ways 
could  you  arrange  sides  for  a  game  of  croquet,  so  that  there 
should  be  two  ladies  and  one  gentleman  on  each  side  ? 

23.  Four  boys  are  in  attendance  at  a  telegraph-office 
when  8  messages  arrive.  In  how  many  ways  can  the  mes- 
sages be  given  indifferently  to  the  boys  without  leaving  any 
boy  unemployed? 

24.  At  a  post-office  are  kept  ten  sorts  of  postage-stamps. 
In  how  many  ways  can  a  person  buy  12  stamps?  In  how 
many  ways  can  he  buy  8  stamps  ?  In  how  many  ways  can 
he  buy  8  different  stamps  ? 

26.  In  how  many  ways  can  10  copies  of  Homer,  6  of 
Virgil,  and  4  of  Horace,  be  given  to  20  boys,  so  that  each 
boy  may  receive  a  book  ? 
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26.  A  man  belongs  to  a  ehib  of  thirty  members,  and 
every  day  he  invites  five  members  to  dine  with  him,  making 
a  different  party  each  day.  Show  that  he  may  do  this  for 
118756  days. 

27.  Show  that  the  greatest  number  of  combinations  that 
can  be  formed  with  2  n  things,  each  combination  contain- 
ing the  same  number  of  things,  is  double  the  greatest  num- 
ber that  can  be  formed  with  2  w  —  1  things. 

28.  Show  that  the  number  of  ways  in  which  p  positive 
and  n  negative  signs  can  be  placed  in  a  row  so  that  no  two 
negative  signs  shall  be  together,  is  equal  to  the  number  of 
combinations  of  jp  + 1  things  taken  n  together. 

29.  Show  that  2  n  persons  may  be  seated  at  two  round 

tables,  n  persons  being  seated  at  each,  in  ' .  different 

ways. 

30.  Show  that,  in  the  combinations  of  47J  different 
things  n  together,  the  number  of  combinations  in  which  a 
particular  thing  occurs  is  equal  to  one  third  of  the  number 
in  which  it  does  not  occur. 

31.  Show  that,  if  the  figures  1,  2,  3,  4,  5  are  arranged 
in  every  possible  order  to  form  numbers,  ninety  of  the 
numbers  will  be  greater  than  23000. 

32.  Show  that  200  grammars,  250  arithmetics,  150 
readers,  and  100  algebras,  can  be  divided  between  two 
booksellers  in  769428199  ways. 

33.  A  signal  post  has  5  arms,  and  each  arm  is  capable  of 
4  distinct  positions,  including  the  position  of  rest.  Show 
that  1023  different  signals  may  be  made. 

Note. — I  am  indebted  to  Whitworth's  "Choice  and  Chance," 
Aldis's  "Taxt-Book  on  Algebra,"  and  "Higher  Algebra,"  by  Hall 
and  Knight,  for  many  of  the  above  examples. 
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PAET    SECOND. 


CHAPTER   IX. 
SERIAL    FUJfCTIOJ^S. 


I.   Definitions. 

582.  Any  expression  containing  a  variable  is  called  a 
function  of  the  variable. 

Thus,  a  a; +  5,  ax~^,  Va-\-Qi^,  a'y  log.  (a  +  a*),  and 
a  +  ^a;  +  ca;^  +  rfa:^+  etc. ,  are  functions  of  x, 

563.  Any  series  containing  variable  terms  is  called  a 
serial  function. 

664.  The  expression  f{x)  represents  any  function  of  x, 
and  is  read  function  x, 

565.  When  two  or  more  functions  of  the  same  variable 
are  used  in  a  discussion,  modified  forms  are  used  for  dis- 
tinction ;  as, 

1.  f(x),  F{x),  <t>{x);  read,  /  minor,  f  major,  phi 
functions  of  x. 

^-  /  {^)y  r  {^\  f"  (^) ;  read,  /  prime,  f  second, 
f  third  functions  of  x, 

3.  /i  {x),  /g  {x),  /g  {x) ;  read,  /  one,  f  two,  f  three 
functions  of  a;. 
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Development  of  Functions  into  Series. 

Theorem  of  Indeterminate  Coefficients. 

666.  If  A  +  Bx  +  Coi?  +  Da?etc.:=iA^  +  B^x  +  C^7? 
-\-Dxa?-\'  etc.,  for  any  assigned  value  of  x  from  —  co  to 
+  00,  cind  A,  At,  By  Bx,  C,  Oi,  D,  Z)i,  etc.,  are  independ- 
ent of  X,  then  will  A  =  A^,  B  =  Bi,  C^=Ci,  D  =  Di,  etc. 

Demonstration:  Given 
A  +  Bx-^  Cx^  +Da^-h  etc.  =  Ai  -\-  BiX  -^  Cix''  -\-  DiX^  +  etc.,  (A) 
for  any  assigned  value  of  x.    Let  x  =  0;  then  A=:Ai, 

Therefore,  A  =  At  for  every  value  of  x,  (1) 

Subtract  (1)  from  (A), 
Bx-h  Cj^  +  Dx^-b  etc.  =  BiX-bCiX^  +  Di3^-\-  etc.        •     (B) 
Divide  (B)  by  a;, 

B-bCx  +  Dx^  +etc,  =  Bi  +  CiX-\-  D^x^  +  etc.  (C) 

Let  a;  =  0,  5  =  Bx. 

Therefore,  B  =  Bx  for  every  value  of  x.  (2) 

etc.,  etc.,  etc. 

667.  Coronary  l.  —  If  A-^Bx-^-  Co?  -^D^  +  etc. 
=  0,  for  any  assigned  value  of  x,  then  mil  A  =0,  B  =  0, 
C=0,  D  =  0,  etc. 

668.  Cor.  2. — A  function  of  a  single  variable  can  he  de- 
veloped into  a  series  of  the  ascending  powers  of  the  variable 
in  only  one  way. 

For,  if  possible,  let 

f{x)  =  a-\-lx-\-ca?-{-  etc.;  and 
f(x)  =  «!  +  5i  a:  +  Ci  a:^  +  etc. ;  then  will 
a+Ja:  +  ca:*+  etc.  =  Oj  +  Jia:  +  ^ia:^+  etc.; 
whence  a  =  ai,  J  =  &i,  c  =  Cj,  etc.,  and  the  two  develop- 
ments will  be  identical. 

2.  Applications. 
1.  Expansion  of  Rational  Fractions. 

669.  A  rational  fraction  of  a  single  variable  may  gen- 
erally be  developed  into  a  series  by  dividing  the  numerator 
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by  the  denominator,  but  a  more  expeditious  method  con- 
sists in  the  application  of  the  principle  of  indetenninate 
coefficients. 

niiuttrations. — 1.  Develop  ^  into  a  series  of  the 

ascending  powers  of  x. 

Let  i— ?  =  A-\-Bx-k-Cx^-\-  Dt*  +  etc.  (A) 

1  +  a; 

Clear  of  fractions,  and  arrange  the  ooeflicients  of  the  like  powers 
of  X  into  columns, 


l-x=A+B 


x  +  C 
+  B 


x*  +  D 


a^  +  etc.  (B) 


Equate  the  coefficients  of  the  like  powers  of  x  [566], 

A  =  l;  A  +  B  =  -1,  B-^C  =  0;  C  +  I)  =  0,  etc. 
.-.       ^  =  1,  ^  =  -  3,   C  =  a,  7)  =  -  2,  etc. 
Substitute  these  values  of  the  coefficients  in  (A), 

\^^=  l-2a:  +  2a;«-2a;«+  etc. 
1  +  X 

Let  the  student  divide  the  numerator  by  the  denominator,  and 
show  that  the  same  result  will  follow. 


670.  The  first  term  of  the  expansion  may  be  obtained 
by  dividing  the  first  term  of  the  numerator  by  the  first 
term  of  the  denominator,  and  the  remaining  terms  by 
indeterminate  coefficients. 

2.  Develop  ,    «  in  the  ascending  powers  of  x. 

X  ~Y~  ^  Ou" 

Put  — ^V-Q  =  aa;->  +  Ba^  +  Cx  +  Dx^  +  etc.  (A) 

X  -\-ox^ 

Clear  of  fractions  and  column  coefficients, 


a  =  a+  B 
+  ab 

x+  C 
+  Bb 

x^+  D      a;'  +  etc.          (B) 
+  Cb 

Equate  coefficients, 
(1)  B-\-ab  =  0.        (2)  C  +  Bb  =  0,        (3)  D  +  Cb  =  0,  etc. 
B  =  -ab,   C  =z  ab\  Dz=z  -^ab\  etc. 

Substitute  these  values  in  (A), 

^                 _i 

1  h  _l_  /I  hi  nr 

n  AS  yi  j_   atn 

X  ■\-  bx^ 
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EXERCISE    87. 

Develop  to  four  terms  : 


1. 


2. 


1-x 

1 
3-2x 

1 


'X-\-a:^ 


1  +  x 
1  +  a^ 

1  +  x  +  x^ 

2a;~3    • 

x  +  a?  +  l 


8. 


a  +  x 

5x  +  2x^ 
l-bx  +  a^ 

1  +  x  +  x^ 
1  +  a^ 


2.  Expansion  of  Irrational  Functions. 


niustrations. — 1.  Expand  to  four  terms  Vl  —  x  +  o^. 

Put  ^l  —  x  +  x^  =  1  +  Bx  +  Cx^  +  Dt^  +  etc. 
Square  both  members  and  column  the  coefficients, 


1— a;  +  a;8  =  1  +  3^ 


x^+  2D 
•\-2BC 


7?  4-  etc. 


(A) 
(B) 


x-\-  & 
I      +2(7 
Equate  the  coefficients, 

(l)3i?=-l.        (2)^  +  2(7=1.        (3)  3Z)  +  2J5C=0. 

3 


B^-\,  C  =  |,2)  =  ^,  etc. 


Substitute  these  values  in  (A), 

-1                   o                     o 

^l-x  +  x^  =  l^^x  +  ^x^+^^ 

a^  +  etc. 

2.  Expand  to  three  term 

Put  l/^-x^  =  2  +  Bx+C 
Cube  both  members  and  colui 
8-a;»  =  8  +  12^    X+12G 
+    6^ 

s  VS-^. 

'x^  +Da^  + 

mn  coefficient 

x^  +  B^ 
+  12D 
+  12  BC 

Ex^  +  etc. 

.s, 

a^  +  12E 
+    3^(7 
+    6(7« 
+  12^1) 

(A) 
a:*  +  etc. 

Equate  the  coefficients, 

(1)  12J5  =  0.  (2)  12(7+6^=  -1. 

(3)  12BC+12D  +  &=zO, 

(4)  12E+^&C+^C^+12BD  =  0, 

.-.     ^  =  0,   C=-l,  2)  =  0,  ^=-^,etc. 
Substitute  these  values  in  (A), 
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EXERCISE  ea 
Expand  to  four  terms  : 
1.  \/4--a;  A.  Vl  +  x  7.  Va  +  x 


2.  Vl  +  x-a^  6.  V27  +  x^  8.  Va-x 


3.  Vd  +  x-dx"        6.  Vs  +  x  +  3^        9.  VoH^V 


Convergency  and  Divergency  of  Infinite  Series. 

General   Definitions. 

671.  The  limit  of  a  series  is  the  h'mit  of  the  sum  of  n 
terms  of  the  series,  when  n  is  indefinitely  increased  ;  that 
is,  when  lim.  n=  co. 

672.  A  series  is  convergent  when  its  limit  is  a  finite 
constant,  including  zero. 

673.  A  series  is  divergent  when  its  limit  is  infinity. 

674.  A  series  is  indeterminate  when  the  sum  of  n  terms 
is  finite  but  does  not  approach  any  definite  value  as  n  is 
indefinitely  increased. 

Thus,  1  —  1  +  1  —  1  +  1  —  1  + is  indeterminate, 

since,  when  n  is  even  the  sum  is  0,  and  when  n  is  odd 
the  sum  is  1,  however  great  n  be  taken. 

678.  For  convenience  of  discussion,  the  following  nota- 
tion will  be  adopted : 

1.  The  terms  of  a  series  will  be  represented  in  order 

by   Wi,    1^2,    1^3 Un,    w«+i 

2.  The  sum  of  n  terms  will  be  represented  by  Z7n,  so 
that  Z7„==  Wi  + W2  +  «^3  + +  ««. 

3.  The  limit  of  the  series  will  be  represented  by  Z7,  so 
that   U=  Wi  +  Wg  +  «3  + +  «^«  +  w«+i  +  • . . . 
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Fundamental  Principles. 

576.  1,  No  series  whose  terms  are  all  of  the  same  sign 
can  be  indeterminate. 

For  either  the  sum  of  n  terms  increases  numerically 
without  limit  as  w  is  increased  indefinitely,  or  else  it  can 
never  exceed  some  fixed  value  which  it  approaches  as  a 
limit.  Such  a  series  is,  therefore,  either  convergent  or 
divergent. 

677.  2.  A  series  of  finite  terins  whose  signs  are  all 
alike  is  divergent. 

For,  if  we  let  a  represent  the  numerical  value  of  the 
smallest  term,  then,  numerically,  U>nay  whose  limit 
is  00 ,  when  lim.  w  =  oo   and  a  is  a  finite  quantity. 

Thus,  the  series  1  +  2  +  4  +  8  +  16  + is  divergent. 

^  578.  S.  If  a  series  is  convergent  it  will  re^nain  con- 
vergenty  and  if  divergent  it  will  remain  divergent,  if  any 
finite  number  of  terms  be  added  to  or  subtracted  from 
the  series. 

For,  the  sum  of  any  finite  number  of  terms  is  finite, 
and,  therefore,  can  not  change  the  nature  of  the  limit  of 
the  series  when  combined  with  the  series  by  addition  or 
subtraction. 

679.  i.  If  a  series  is  convergent  when  its  terms  are 
all  positive,  it  is  also  convergent  when  its  terms  are  all 
negative,  or  some  positive  and  some  negative. 

For  its  limit  will  have  the  same  numerical  value  when 
its  terms  are  all  negative  as  when  they  are  all  positive, 
and  will  be  numerically  less  when  the  terms  do  not  all 
have  the  same  sign  as  when  they  do. 

It  must  not  be  inferred  from  this  principle  that  a  series 
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is  necessarily  divergent  when  its  terms  are  not  all  of  the 
same  sign,  if  it  is  divergent  when  they  are  alike  in  sign. 
Such  may  or  may  not  be  the  case. 


Theorems. 


680.  I.  In  order  that  a  series  may  he  convergent,  the 

limit  of  the  {n  +  l)th  term,  and  the  limit  of  the  sum  of 

any  number  of  terms  beginning  -with  the  (n  +  ^)th  term 

must  be  zero,  and  conversely. 

Demonstration :  If  a  series  is  convergent,  then  ultimately,  if  n  is 
indefinitely  increased, 

(1)  U-^Un      =  o   [498]  (2)  U-  Un  +  l  =  o 

(8)    CT-  Un  +  i  =  o  (4)    U-  Un  +  Z  =  o 

Subtract  (1)  from  (2) ;  (1)  from  (3) ;  (1)  from  (4),  etc. ;  then, 
(a)  Un  —  Un+i  =  o  ;  or,  ««+i  =  o  ;  whence,  lira.  Wn+i  =  0 
(&)  Un  —  Un+%  =  o  ;  or,  Un+i  +  Un+i  —  o  ;  whence, 

lim.  (t«»+i  +  w»+8)  =  0 
(c)  Un  —  Un+i  =  o  ;  or,  Un+\  +  w«  +  2  +  w«+s  =  o  ;  whence, 

lim.  (Wn+l  +  w«+s  +  Un+Z)  =  0 
etc.,  etc.,  etc.,  etc. 

681.  II.  If  each  term  of  a  series  whose  terms  are  alter- 
nately positive  and  negative  is  numerically  greater  than 
the  following  term,  the  series  is  convergent. 

Demonstration :  Let  U=:  Ui  —  u^  -\-  Uz  —  u^  ■\- ±  Wn  T  w»+ 1. . . ., 

in  which  Wi  >  Wa  >  w,  >  ^4. . . .,  be  the  given  series. 

(1)  U=:{Ui—  Wa)  +  (Us  —  W4)  +  (Wo  —  Un)  +  CtC. 

(2)  U=zUi  —  {Ui  —  Ui)  —  {U4.  —  Ui)  —  etc. 
From  (1)  it  is  evident  that  U  is  positive. 

From  (2)  it  is  evident  that,  since  U  is  positive,  ?7<  «i . 

.*.  U  approaches  Ui  or  some  quantity  less  than  Ui  as  a  limit, 
and  the  series  is,  therefore,  convergent. 

682.  III.  A  series  is  convergent  if  after  some  particu- 
lar term  the  ratio  of  each  term  to  the  preceding  term  is  less 
than  unity. 
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DemonBtration :  The  most  unfavorable  case  to  convergency  sup- 
posable,  under  the  conditions  given,  is  evidently  the  one  in  which  all 
the  terms  have  the  same  sign  (say  plus)  and  all  the  ratios  described 
are  equal  and  each  equal  to  the  greatest  of  them.  This  is,  therefore, 
the  only  case  that  needs  proof. 

Let  r  be  the  greatest  ratio  after  the  nth  term,  but  <  1 ;  then, 

Un  +  t*«+i  +  t*«+s  +  w»-f-8  +  etc.  =  Un  +  w«  r  +  w„r8  +  etc.  =  -^^ 

i  —  r 

[499,  P.]  =  a  finite  quantity.  Therefore,  the  whole  series  is  con- 
vergent [578]. 

683.  IV.  A  series  of  all  positive  or  all  negative  terms 
is  divergent,  if  after  some  particular  term  the  ratio  of 
each  term  to  the  preceding  term  is  equal  to  or  greater 
than  unity. 

Demonstration :  The  most  unfavorable  case  to  divergency,  and  the 
only  one  that  needs  investigation,  is  the  one  in  which  all  the  ratios 
described  are  equal  and  each  equal  to  the  least  of  them. 

Let  r  be  the  least  ratio  after  the  nth  term,  but  =  or  >  1 ;  then, 
*A»  +  w«+i  +  Wn  +  s  +  w„4.j  +  etc.  is  divergent  [577]  ;  and  hence  the 
whole  series  is  divergent  [578]. 

684.  V.  A  series  of  positive  terms  is  convergent  if 
each  term  is  less  than  the  corresponding  term  of  a  given 
convergent  series  of  positive  terms. 

Demonstration:  Let  U  =  Ui  +  Wa  + +  tin  +  w«+i  + be  a 

given  convergent  series ;  and  F  =  t'l  +  Va  +....  +  t'«  +  Vn+i  +  . . . . 
a  series  in  which  Vi  <  Wi ,  Va  <  Wa Vn  <.Un,  t'«+i  <  w,»+i ,    . . . 

From  the  nature  of  addition,  it  is  evident  that  Vn<Un\  and 
hence,  too,  lim.  F„  <  lim.  Z7n,  or  V<  U;  therefore,  if  U  is  converg- 
ent V  is  convergent. 

586.  The  foregoing  principles  and  theorems  will  serve 

to  test  the  convergency  and  divergency  of  a  very  large 

number  of  series,  but  are  not  of  universal  application, 

inasmuch  as  they  do  not  apply  to  all  classes  of  series. 

Vote. — If  the  terms  of  a  series  are  not  all  of  the  same  sign  no  gen- 
eral method  can  be  obtained  for  testing  their  convergency  or  divergency. 

586.  The  convergency  or  divergency  of  a  series  may 
often  be  determined  by  grouping  terms,  as  follows : 
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77-1       i      i-i.  i      1 

^  -  18  +  2«  "*■  3»  ■*■  4»  "^  5»  ■''  • 


•••  ^  <  1  +  2*  +  is  +  g-8  +  etc, ;  or  Cr  < ^  =  -j . 

^""4 
/.  The  series  is  convergent. 


EXBBCISE    89. 

1.  Is  the  series  t+2"I"^"^"Z"^5  +  ®^'  convergent  ? 

2.  Teat  the  series  :  l  +  3a;  +  5a:*  +  7a:^  +  ....  for  eon- 
vergeney 

1.  When  x<l.      2.  When  a;  >  1.      3.  When  a;  =  1. 

3.  Test  the  series  : 7-:r  H t-tt t-^  + . . . . 

for  eonvergeney. 

when  a;  <  1  ? 

6.  Test  the  series  :  -  H — r  H r-^  H r-x  +  etc. 

.  X    '   a;+l    '   a;  +  2       a;  +  3  ' 

for  eonvergeney. 

6.  Test  the  series  : 

,lar»,    1.3    aj*^,   1.3.5    a;V,     ^ 

^+2-  3  +274:5  +27176  •T  +  "^- 
for  eonvergeney 

1.  When  a:  <  1.      2.  When  a;  >  1.      3.  When  x  =  1. 
Suggertion.— lam.  %ti  -  a;2.    why  t 

7.  Test   the   series :    l  +  a:  +  a:*  +  a:^+  etc.   f oy  eon- 
vergeney 

1.  When  a:  =  1.      2.  When  a;  <  1.      3.  When  x  >  1. 

vergency. 
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The  Binomial  Formula. 

587.  The  binomial  formnla  is  used  to  find  the  prod- 
net  of  any  nnmber  of  binomial  functions  of  the  form  of 

«  +  «. 

Dsfdiopaieiiti 

{X'\-a)(x-^b)  =  a:«+(a+6)a:+a6 
Multiply  both  members  by  a?  +  c, 
(aj+a)(a;+6)(a;+c)  =  iB»+(a+ft)a;»+aAa;  +  ca;»+(ac  +  ftc)a;+aftc 

Multiply  both  members  hj  x-^-  d^ 
(x-^a)(x-\'h)(x-\'C){x-^d)  = 
a:*+(a  +  6+c)ic'+(aJ+ac+6c)a;'+a6caj 

-\-da^-\-{ad-\-hd-\-cd)x*'\-(ahd-\-acd-\-hed)x-\-abcd 

(a6c  +  a6d+acd+6crf)a;+a6cd 

Observe  the  following  laws  in  these  products  : 
i.  The  number  of  terms  is  one  greater  than  the  num- 
her  of  binomial  factors. 

2.  The  exponent  of  x  in  the  first  term  equals  the  num- 
ber of  binomial  factors^  and  decreases  by  unity  in  each 
succeeding  term. 

3.  The  coefficient  in  the  first  term  is  unity ;  in  the 
second  term  the  sum  of  the  second  terms  of  the  binomial 
factors  ;  in  the  third  term  the  sum  of  the  products  of  the 
second  terms  taken  two  together ;  in  the  fourth  term  the 
sum  of  the  products  of  the  second  terms  taken  three  to- 
gether, etc. 

4.  The  last  term  equals  the  product  of  all  the  second 
terms. 

Are  these  laws  true  for  any  number  of  factors  ? 
Assume  them  true  for  r  factors,  so  that 

(a:  +  a)(a:+*) (a?+w)  =  af+/>iaf-^+j92af-*+.... 

Pr-i^-\-p,-i  (A),  in  which 
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j9i  =  a  +  S  + +m 

p^  =  a  J  c  ....  w. 

Multiply  by  (a;  +  w),  the  (r  +  l)th  factor,  then 

(a?  +  «)(^  +  *)-"-(^  +  ^)  = 

+  naf  +  npiiif'~^ +  ....  + npr-i^       +npr 
=^af+^  +  {pi  +  n)af  +  {p2  +  npt)af-''  +  ....  +  np. 
Laws  1  and  2  are  evidently  still  true. 
Pi  +  n     =a  +  b  +  c  +  ....+n. 

Pi  +  ^Pi  =  («S  +  ac  +  ".«+«w  +  ^^*  +  ^^^^  +  «-»' 

+  J  m  +  etc.)  +  {an  +  bn  + +  mn)y 

which  is  still  the  pi*oduct  of  the  second  terms  taken  two 
and  two. 

npr  =  abed  ....n.  Therefore,  all  the  laws  still  hold 
true.  Hence,  if  they  are  true  for  r  factors,  they  are  true 
for  r  + 1  factors.  But  we  found  them  true  for  four  fac- 
tors by  multiplication  ;  hence,  they  are  true  for  five  fac- 
tors ;  and,  if  so,  for  six  factors ;  and  so  on.  Therefore, 
formula  (A)  is  general. 

Kote. — The  number  of  products  that  enter  into  each  coefficient 
may  be  determined  by  the  principles  of  combination. 

Applications. 

Illustrations. — 

1.  Expand  {x  +  l){x  +  2)  (x  -  3)  (a:  +  4). 

Solution : 
pi  =  1+2-3  +  4  =  4 

^,  =  (1  x2)  +  (1  X  -3)  +  (1x4)  +  (2x  -3)  +  (2x4)  +  (-3x4)  =  -7 
i?a  =  (lx2x-3)  +  (lx2x4)  +  (lx-3x4)  +  (2x-3x4)  =  -34 
P4  =  lx2x— 3x4  =  —24 

.-.  (2;+l)(a;+2)(a;-3)(a;+4)  =  a;4+4a;»-7a;«-34a;-24. 
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2.  Factor  a^  +  14  a^  +  71  a;*  + 154  a;  +  120,  if  possible. 
Let  (x-^a){x-\-h){x-\-c){X'\-d)  =  a:*+14a^  +  71a;«  +  154a;+120. 
Then,  1.  a+6+c  +  d  =  +14 

2.  ah-\-ac-{-ad-^hc  +  hd-\-cd  •=  +71 
8.  abc  +  abd-k-acd-\-bcd  =  +154 
4  abed  IS  +120 
Resolve  if  possible  +120  into  four  factors  whose  sum  is  +14. 
These  we  find  to  be  2,  3,  4,  5. 

/.  a  =  2,  6  =  3,  c  =  4,  and  d^6. 
Will  these  values  satisfy  2  and  3  f 

a6+a6  +  aeZ+66  +  6rf+cd  =  6  +  8  +  10  +  12  +  15+20  =  71,  correct. 
a6c+a6d[+oceZ+6ceZ  =  24+30+40+60  =  154,  correct. 
.-.  a^+14a^+71a;«  +  154a;+120  =  (a;+2)(x+3)(a;+4)(a;+5). 

EXERCISE  eo. 

1.  Expand  {x  +  2)  {x  +^)(x  + 1) 

2.  Expand  (a;  +  3)  (a:  -  2)  (a;  -  3) 

3.  Expand  {x  +  2)  (a;  +  3)  {x  -  1)  (x  —  2) 

4.  Expand  (a:  +  3)  (a;  +  5)(a;- 2)  (a:- 6) 
6.  Expand  {x  +  2)  (a;  +  2)  {x  +  2)  (a;  +  2) 

6.  Expand  (a;  —  5)  (a;  —  5)  (a:  —  5)  (a;  —  5) 

7.  Expand  (2a;  + 1)  (2a;  +  3)  (2al  -  5)  (2a:  -  1) 
Sngg^estion.— Put  ^  for  2^. 

8.  Factor  a:'  +  9a:2  +  26a;  +  24 

9.  Factor  a;^  -  2a,'2  -  23a;  +  60 

10.  Factor  a:*  +  5a;^  +  5a:2  —  5a;  — 6 

11.  Factor  a.**- 2a:3- 25a:»  +  26a:  +  120 

12.  Factor  a^  +  4:a^-13j^  -  62a^  +  d6x  +  lU 


The  Binomial  Tlieorem. 

I .   For  Positive  Exponents. 

688.  If,  in  the  binomial  formula  [587,  A],  we  assume 
a  =  5  =  c  =  rf,  etc.,  and  r  =  w,  then  will 
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1.  (a:+a)(a:  +  S)(a:  +  c)....  =(a;  +  a)*. 

2.  ar  =  ar" ;  af  "^  =  ar— ' ;  a;""*  =  af-« ;  etc. 

3.  j9i  =  a  +  ^-+  «  + *^  w  terms  =  n  a. 

4.  jPg  =  oa  +  oa  +  ofl  + . . . .  =  a*  taken  as  maoj  times 
as  there  are  combinations  of  2  in  n ;  or, 

6.  pz  =  aaa  +  «««  +  «««  + . .  * .  =  a^  taken  as  many 
times  as  there  are  combinations  of  3  in  w;  or, 
w(w  — l)(w  — 2)    , 
^3=     '         ^' '^' 

6.  p'  =  qx  aX  aXa to  n  factors  =  o". 

689.  Cor.  i. — If  a  and  x  he  interchanged^  {a  +  x)*  = 

a«  +  wa"-^a;+^^-^^^:^^a"-2a:2  +  ....  +  i^*.  (C) 

-     l£. 

From  (B)  and  (C)  it  will  be  seen  that  the  coefficients  of 
any  two  terms  equidistant  from  the  first  and  last  terms 
are  numerically  equal.  ^ 

6ft0.  Cor.  J?. — If  x'bemade  negative  in  (C),  (a  —  x)*  = 

a-^na''-'x+  ^^^.J  ^^  a'^-^a^-.. .  :±  af. 

I*. 

691.  Cor.  S.^'The  sum  of  the  coefficients  in  (C)  cywaZs 

For,  put  a  =  1  and  a;  =  1 ;  then 

(l-l)^oro  =  l-n  +  ?^i^>-^i^!^^ 


Digitized  by 


Google 


ADVANCED  ALGEBRA. 

2.  For  any  Rational  Exponents. 

— — — j       =  nr^"^  for  any 

Demomtration :  I.  Let  n  =  cmy  positive  integer. 

Now,  5!!-Zir  =  a*-i  +  ra?»-»  +  r^af'-*  +  ....  +  r»->  [134]. 

A  Lim.  I )        =  Urn.  a?»-'  +  lim.  nt^-*  + . . . . 

\  a;  — r  /x  =  r 

+  lim.  f*-»  [401,  413]  =  f*-»  +  f*-»  +  f*-»  + . . . . 

to  n  terms  =  nf"—^ 

11.  -Lc<  n  =  — ,  a  positive  fraction. 

'    a;  — r  x  —  r  ' 

Put  «»  =  y,  or  a;  =  y*  ;  and  r,  =  «,  or  r  =  «» ;  then 
a:*--r*__yp  —  8/>_yP--g/'      yf  — gf 
a;_r   ""y»— «*""   y  —  «         y  — «  ' 
Since  x  =  yf  and  r  =  «»,  lim.  y  =  «  when  lim.  a;  =  r. 

\a;  — rA  =  r  (y  — «  y-«)y  =  « 

^yp-i  +  gy»-i  [I,  416]  =  =1  yP-»  = 

«      1   p— f        «     /» _t 

—  (x,)       =z±-xt     '  =  nar"->. 

in.  Let  n  =  —  J9,  a  negative  integer  or  fraction, 

y^       af^  —  f^      x-P  —  r-P  „      ^f^^  —  rP\ 

Now, = =  —  x-Pr-P  { I , 

x  —  r  a;  — r  \  x  —  r  J 

.,  Lin,.  Ct^^\        =  lim.  \-x-Pr-^('J^=I^)\ 

=  —  r-«p.^rP->  [415]  =  —  r««(— »r-«->)  =  wf*-*. 


General  Demonstration  of  Binonnial  Theorem. 

693.  Let  it  be  required  to  develop  (a  +  ^)*>  for  any 
rational  value  of  n,  into  a  series  of  the  descending  powers 
of  X. 
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(a  +  a.).  =  ]a(l  +  f)["=a^(l+fy  (A) 

Put  I  =  £,  or  (l  +  f )"=  (1  +  zy  (B) 

Put  (l  +  e)»  =  1  + A2  +  528  +  (72»  +  l?2*  +  ....  (C) 

Since  z  may  have  any  finite  value,  put  z  =  r\  then, 

(1  +  r)*  =  1  +  ^  r  +  ^  r»  +  Cf»  +  Z>  r*  + . . . .  (D) 

Subtract  (D)  from  (C), 
(1  +  ;?)«  -  (1  +  r)»  =  A  (0  -  r)  +  5  (2»  - 1^  +  (7  (2»  -  H)  +  . . . .     (E) 

Put  Z  {or  1  +  z  and  -B  for  1  +  r ;  or  Z^  R  for  z  —  r;  then, 

-gr-  -  i?»  =  u4  (^  -  r)  +  5  (;e«  -  r«)  +  C(3»  -  r*)  + . . . .     (P) 

Divide  by  Z  —  R  =  z  —  r^ 

Let  lim.  z  =  r,  then  lim.  Z==R,  since  Z  =  1  +  2,  and  i?  =  1  +  r ; 

.-.  nR*-^  [592]  =  ^  +  25r  +  3Cr«  +  4i)r8  +  _ _  (i) 

or,  n(l  +  r)— >  =  ^  +  2^r  +  36V«  +  4/>r»+ . . ..  (J) 

Multiply  by  1  +  r,  and  column  coefficients, 

n(l  +r)*  =  ^  +    A     r-\-2B 
+25        +3C 
Multiply  (D)  by  w, 

n(l  +  r)»  =  n-k-  Anr-^  Bnf^'hCnr*  +  Dnr^+ (L) 

Equating  the  coefficients  of  the  second  members  in  (K)  and  (L), 
we  have 

(l)A  =  n  (^  A+2B  =  An 

(3)  2B  +  SC  =  Bn  (4)  SC+^D  =  Dn;  etc. 

Substituting  the  values  in  (C), 

»(n-l)(n-2)(n-8)^^^^ 
II 


r'  +  3C  |r»+....      (K) 
+  4D 
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Substitute  —  for  z  (B),  and  multiply  by  a*  (A), 

w  («  —  1)   . 
(a  +  a;)*  =  a«  +  na!^-^x  +  — ^-r^ — a:»  + 

n(n-l)(n-2)a-'^^»(n-l)(n-2)(n"-3)^._,^^     ^      (N) 


694  On:  1.    {x  +  y)'  =  3r(l+  ^'= 

This  is  the  most  general  form  of  the  binomial  theorem,  inasmuch 
as  X  and  y  may  be  both  variables. 

696.  Ckn*.  2. — By  inspection  it  will  he  seen  that 

1.  The  rth  term  of  the  development  of  {x  -|-  yY  = 
n{n-l){n-%)..,,{n-r  +  2)    ^_.+i^.i 

\t—  1  '  y 

2.  The  (r  + 1)^^  term  = 

n{n--l){n^^),,.,{n-r  +  ^){n-r  +  l) 

|r  — 1  X  r  =  1^  '         y 

3.  The  ratio  of  the  (r  +  l)th  term  to  the  rth  term  = 

^£lil±l.^;or,|^±i-l[^ 

r  x'      '  (     r  )  X 

696.  Cor.  3. — L  If  n  ts  a  positive  integer  equal  to 
r  —  1,  the  coefficient  of  the  (r  +  '^)th  term,  which  is  also 
the  coefficient  of  the  {n  +  2)th  term,  vdll  reduce  to  zerx>. 
Therefore,  the  series  wiM  terminate  with  the  {n-^-Vjth 
term,  which  will  be  y\ 

2,  If  n  is  negative  or  fractional  no  factor  of  the  rth 
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term  (r  being  a  positive  integer)  will  reduce  to  zero,  how- 
ever great  r  he  taken^    TTierefore,  the  series  will  be  infinite. 

697.  Cm*.  4.— 

Since  Urn.  \  1  -^ ^)[       =—!•->  it*  follows : 

1.  That  the  coefficients  of  all  terms  in  the  binomial 
theorem  are  finite  hotoever  far  the  theorem  be  expanded. 

2.  That  if  y  <x  the  expanded  form  is  convergent  [582]. 
S.  That  if  y>x,  the  literal  part  {not  coefficient)  of  the 

(r  +  1)^A  term  will  increase  indefinitely  as  r  increases  and 
will  ultimately  become  infinitely  great,  and  as  the  coefficient 
remains  finite  the  whole  term  will  become  infinitely  great. 
Therefore  the  expanded  form  will  be  divergent  [580]. 

4-  If  y^-'hx  the  expansion  will  be  indeterminate; 
but  (a;  +  y)»  =  (2  a;)"  or  (0)"  =  2*ic"  or  .0. 

5.  The  expansions  of  {x  +  yY  and  (y  +  a;)"  can  not 
both  be  convergent  for  particular  values  of  x  and  yj  only 
the  one  that  has  the  greater  first  term. 

698.  Cor.  5. — 1.  The  coefficient  of  the  rth  term  will  evi- 

fi  *~~  r  -\~  1 
dently  be  greatest  when  ' —  is  first  <  1 ;  or  when 

n  —  r  + 1  is  first  <r  ;  or  when  2  r  is  first  >  /j  + 1,  or 

when  r  is  first  >     T"    . 

2.  The  rth  term  when  the  expansion  is  convergent,  or 

when  x>  y,  is  evidently  greatest  when ■  -■  .  ^  is 

first  <  1 ;  or  when  {n  —  r-\-l)y  is  first  <  rx;  or  when 

(n+l)  y  is  first  <  {x-\-y)  r  ;  or  when  r  is  first  >  (    "T   \y. 

niustration.  — In  the  expansion  of    (s  +  o)     ,    the 
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greatest  coeflBcient  belongs  to  the  term  whose  number  is 

first  greater  than  — -S^    ,  or  —  ;  which  is  the  first  term. 
/©  lU 

The  grejbtest  term  in  the  expansion  of  ( 8  +  q  )      is  the 


one  which  immediately  follows  in  number,  — \^     X  «  > 
1  Of  o 

or  — ,  which  is  again  the  first  term. 

EXERCISE    81. 

Expand : 

1.  {a-dal^y  3.  (a;-3a)«  6.  (a;*-6)» 

2.  {%  +  bxY  4.  (2a«  +  5)'  6.  (3a;*  +  a»)» 
Expand  to  four  terms  : 

7.  (1  -  x)^  9.  {^  -  1)*  11.  {ax  +  S)-t 

8.  (a  —  x)^  10.  (a;*  +  a)"*  12.  (a;^  —  a*)"* 

13.  Extract  the  cube  root  of  126  to  six  decimal  places. 
Suggoftion « 

Vi26  =  Vi25TT==(125  +  l)i  =  ]53(l +5^)[*  =  5(l  +  jjg)* 

(i^y  "*■  e*«-  [  "^  ^^^  ■*■  ^^^^^  "  -OOOOOTl  +  OOOOOOl)  =  5-0132975. 

14.  Find  to  5  decimal  places :  V65,  VSO,   V344,  V3l28 
16.  Find  the  7th  term  of  (2a;  +  3y« 

16.  Find  the  6th  term  of  A/4  +  a; 

17.  Find  the  6th  term  of 


^/a-\-x 

18.  Find  the  rth  term  of  {a  —  x)-^ 

19.  Find  the  greatest  coeflBcient  of  (2  +  x)^ 

20.  Find  the  coeflBcient  of  the  5th  term  of  (a  —  ar*)""* 

21.  Find  the  numerical  value  of  the  10th  term  of 

(7  —  5  y^Yy  when  y  =  27  and  n  =  8 
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The  Exponential  Theorem. 

699.  The  exponential  theorem  is  the  expansion  of  a"  in 
ascending  powers  of  x,  and  is  derived  as  follows : 

B..(..l)"=i,„..i."-£S|^'.i.. 

nx(nx-\){nx-i)    1 

g- .  -,  +  etc.  (B) 


(l  +  -)=i  +  l  +  -^  +  ^ IF -^ 

titute  (B)  and  (C)  in  (A), 

x{x-\)      x{x-\){x-l) 

t  + jg-—  + ^ +  etc. 


(D) 


Suppose  lim.  n  =  Qo ,  then 

Put  6  for  1  -f  1  +  ,-or  +  iq"  +  nr  +  etc. ;  then, 

L±L    l^    LI 

«-=l+a;  +  r|-  +  j^  +  j|-+  etc.  (F) 

^9  /2;9        (A  x* 

Put  ex  for  jr,  then  e«*  =  1  +  ex  +  -r-^  +  -75-  +  etc.  (G) 

Let  e*  =  a,  and  assume  e  as  the  base  of  a  system  of  logarithms 
[465],  then  e  =:  log«  a,  read  logarithm  a  to  the  base  e.  Substitute 
these  values  in  (Q), 

«.=  l  +  ^log.a+^il^  +  ^|^  +  etc.         (H) 

which  is  convergent  for  all  finite  values  of  x  [582]. 
This  18  the  Exponential  Theorem, 

600.  SchoUmiL  6  =  1  +  1 +,-^  +  ,4-+,4-  +  etc.=: 2-7182818.... 

[2_     13_      [4_ 

is  the  base  of  the  Napierian  or  natural  system  of  logarithms,  a  system 
universally  used  in  theoretical  work  instead  of  the  system  based  on  10, 
which  is  used  in  practical  work  only. 
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The  Logarithmic  Series. 

601.  The  logarithmic  series  is  the  expansion  of  log, 
(1  +  ^)  ill  ^^6  ascending  powers  of  Xy  and  is  derived  as 
follows : 

a,  =  1+ylog.  a+  t^^  +  t^^^  etc.  [599,H].  (A) 

Transpose  1  arid  divide  by  y, 

-^  =  logea  +  j/j— jg—  +  j^  +  etcj-  (B) 

Let  lim.  y  =  0,  then 

Put  1  +  a;  for  a,  then 
log.  (1  +  a;)  =  lim.  1  j  (1  +  a:)^  -  1  ^^^ ^ 

■       y[  13.  li.  (»=o 

.      =  lim.  L+  y^..+  <y-^)(y-^)^+  etct  . 

«'      a:* 
=  x  —  2^  +  -o  —  etc.    Therefore, 

loge  (1  +  a;)  =  a;  -  ^a;«  +  -g-a;*  -  ;jaJ*  +  etc.  (C) 

This  is  known  as  the  Logarithmw  Series. 

602.  The  ratio  of  the  {n  +  l)th  term  to  the  nth  term 
2;«+i     ir"  _      n  _      1 

IS  ;    —  I  —  ' j — 7  .  X  —  r-  ,  X  , 

:n  +  l    n       n  +  1  i  4.  i 

Now,  lim.  1 .x\         =x.    Therefore,  if  a;  <  1,  numerically 


v+T*7»=« 


the  series  is  convergent.    It  is,  therefore,  convergent  for  all  values 
of  a;  between  —  1  and  +  1. 

When  a;  =  1,  loge  ^  =  1  —  «•  +  -q  —  t  +  ^^^'j  which  is  converg- 
ent [581J.  ^       6       4: 

When  a;  =  —  1,  loge  0=  —  l(l+2^  +  -3+T"*"  ^^c.  j,  which  is 
divergent,  since  lim.  (^^^^^^=r.  lim.  j  -1  (-~j\  [  ^^=  -  t 
and  all  the  terms  have  the  same  sign  [583]. 

Digitized  by  VjOOQ IC 


THE  LOGARITHMIC  SERIES.  835 

603.  Besume 
\og,{l  +  x)=x-\3?+\7?-\^+\a?-....        (1) 

Put  —  X  for  X,  then 
\og,{\-x)^-x-\a*-\7?-\^-\^-:...    (3) 

Subtract  (2)  from  (1),  then 
log.  {l  +  x)-  log.  (1  -  X),  or  log.  i^^  [467,  P.  3]  = 

Put  — ; —  for  X.  then 
^'^^•«='i;;H^+3(^+5(^'^----f    (*> 

Put   7/1  =  »  +  1>   ^^^^ 

iog.(»+i)-iog.«=2|^+i(^-^y+ 

log.(«  +  l)=log.«  +  2J^-^+|(^^)V 

\{%¥+ll +■••■]    <^> 

As  this  formula  converges  very  rapidly  for  all  valued 
of  w,  it  may  be  used  to  find  the  Napierian  logarithm  of 
any  number  from  that  of  the  next  preceding  number, 
n  being  regarded  an  integer. 


Computation  of  Logarithms. 

604.  The  logarithms  of  composite  numbers  may  be 
readily  found,  when  the  logarithms  of  primes  are  known, 
by  Art.  467,  P.  2. 
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The  logarithms  of  prime  numbers  are  found  by  formula 
D,  Art.  603. 

niustrations. — 
log.    1  =  0  [466,  P.] 
log.    2  =  log.(l  +  l)  = 

0  +  2  (^3  +  3^^  +  ^^^  +  y-^^  +  ....j 

=  0-69314718 (by  actual  reduction). 

log.    3  =  log.  (2  +  1)  = 

log.2  +  2(i  +  ^  +  ^  +  ^ 

=  1-09861228.... 
log.  4  =  21og.2  =  1-38629436.... 
log.    5  =  log.  (4  +  1)  = 

log.4  +  2(i  +  3-1^3  +  5^  +  ....) 

=  1-60943791.... 
log.    6  =  log.  3  +  log.  2  =  1  -79175946 .... 
log.    7 -log.  (6  +  1)  = 

log.6  +  2(l  +  3-^  +  ^ 


7X5'  + 


5X  13^ 
=  1-94591.... 
log.    8  =  31og.2  =  2-07944 
log.    9  =  21og.3  =  2-19722 
log.  10  =  log.  5  +  log.  2  =  2-30258509 
etc.,  etc.,  etc. 


606.  Let  a  and  I  represent  the  bases  of  two  systems 
of  logarithms  and  n  any  number. 

Let   logb  n  ^  Xy  then  IT  ^  71  (1) 

Let   log.  b  =  m,  then  oT  =  b  (2) 

a"*"  =  5*  =  n,  or  log.  n  =  mx  (3) 

loff.  n      mx 
.-.  ,  ^      =  —  =  ?n ;  or 
logb  n         X  ^ 

log,  71  =  m  logb  w*     Therefore, 

/Google 
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BrinHpU. — Multiplying  the  hgi  of  a  number  by  the 
loQm  of  b  gives  the  %.  of  the  number. 


606.  Log.  n  =  logio  n  X  log.  10  [605,  P.] 

.-.  log.on  =  log.n  X  j^  =  log.n  X  ^.30^509 

=  log.«X  0-4342944.... 

607.  The  number  0-4342944 is  called  the  modulus 

of  the  common  system,  and  is  represented  by  m. 

Therefore, 

Brin.  2. — Zioj^io  n  =  wi  %.  n. 

By  means  of  this  principle  the  Briggean  or  common 
logarithms  may  be  deriyed  from  the  Napierian  or  natural 
logarithms. 

608.  Since  log.  {n  +  1)  = 

logio  (w  + 1)  = 

log,.«  +  2»n|2^  +  ^(2^)+....|       (H) 

By  means  of  this  formula  the  common  logarithms  may 
be  computed  directly. 


Summation  of  Series. 

609.  No  general  method  of  summing  series  can  be 
given.  Series  of  special  types  may  sometimes  be  summed 
by  special  methods.  The  student  has  already  learned  how 
to  sum  an  arithmetical  progression  [486],  a  geometrical 
progression  [493],  an  infinite  series  of  the  geometrical 
type  [499],  an  arithmetico-geometrical  progression  [500], 
a  series  of  square  numbers  [506],  a  series  of  cubic  num- 

Digitized  by  VjOOQ IC 


338  ADVANCED  ALGEBRA. 

bers  [507],  and  series  dependent  upon  or  resolvable  into 
these.    A  few  additional  methods  will  be  given  here. 

610.       I.  Method  by  Indeterminate  Coefficients. 

This  method  is  applicable  when  the   nth.  term  is  a 
rational  integral  function  of  n. 

niostration. — Find  the  sum  8^  of  n  terrns  of  the  series : 

Solution : 

Put     Sn=  lx2«  +  2x3«  +  3x4«  +  4x5«+....  +  n(n  +  l)» 

=  A  +  Bn^-Cn^^Dn^-^-En^-k- 

and,  /S;+i  =  lx3« +  3x3*.+ 3x48 +  4x5«-h....+  (7i+l)(w+2)> 
=  ^  +  B{n+\)  +  (7(w+l)«  +  Z)(7H-l)»  +  ^(7t  +  l)*+.... 
Then,  by  subtraction, 
(»+l)(?i+2)»  =  ^  +  (2n  +  l)C+  (3n«+3n  +  l)i> 

+  (4w»+6/i*+4»+l)^  + ,  or  ?i»f  5n«  + 8w  +  4  = 

{B-^-C+D+E)  +  (2C+3i>+4  j;)«  +  (32)+6^n«  +  4^n», 
since  all  coeflScients  after  E  are  zero,  there  being  no  more  than  four 
terms  in  the  expansion. 

Equating  the  coefficients  of  the  like  powers  of  Uy 
1.4^=1,  2.  32)  +  6J&=5, 

3.  2C  +  3i>  +  4^  =  8,  4  ^  +  (7+2>  +  -E^  =  4; 

whence,  E  =  -r ,  D  =z  -^,  C  =  -r,  and  ^  =  -5- . 
4  o  4  o 

5  7  7  1 

Sn==  A+  g  n  +  ^n«  +  ^n«  +  -jn* 

To  find  A,  put  n  =  1,  then  Sn  =  Si:=  the  first  term  =  1  x  2«. 

.-.  (Ix2)«  =  J  +  |-  +  1  +  I  +  i  =  i  +  4; 
whence  A  =  0;  and 

^•=  6»»+  4^'+  6^'+  J^* 
=  i-(3n*  +  14w»  +  21n«  +  10w) 

=  ^(3w8+14»«+2l7H-10)=  ^(n+l)(n+2)(3n+5) 
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611.  2.  Method  by  Decomposition. 

This  method  is  sometimes  applicable  when  the  nth 
term  is  a  rational  fractional  f anction  of  n,  and  is  resolv- 
able into  the  algebraic  sum  of  the  nth  terms  of  two  or 
more  other  series  of  the  same  nature. 

niustration. — 

Find  the  sum  8^  of  n  terms  of  the  series :  j: — ^ — r  + 

7        ,10        ,  ,  3«-|-l 


3X4X5  ^4X5X6  ^••••^(7i  +  l)(w  +  2)(;i  +  3)- 

Solution : 
•  3/1  +  1  _     A  B  C 

^^^  (w  +  l)(7i  +  3)(fi  +  3)  -  n  +  1  ^  7i  +  2  ■**  «  +  3'  *^®" 
-4.  =  —  1,  ^  =  5,  and  (7  =  —  4 ;  whence 

Sn  +  1  _  / !_         5  4    \ 

(?t  +  l)(»  +  2)(w  +  3)  ■"  V     »  +  l"^«  +  2     n  +  Sj' 

.    o_\gj  3n+l  \ 

..  *^--^-j(^^.i)(^  +  2)(»  +  3))  "■ 

*V      »  +  l/  2       3       4  ••      w+1 

/         5    \_  5       5^  5  5 

^V      »  +  2y""  3  "^  4  ■*'"**'^  «  +  l'*'fi  +  2 

j/      _4_\  _4_ 4 4 4_ 

V      n  +  3y  4  M+1      »  +  2      n  +  3 

Adding  the  last  three  series,  we  have 

•""V      2"^3'*"w  +  2      »  +  3y""6"^w  +  2      yi  +  3 
If  lim.  »  =  00 ,  then  ^oo  =  -rr . 

The  Differential   Method. 

612.  If  the  first  term  of  any  series  be  taken  from  the 
second,  the  second  from  the  third,  the  third  from  the 
fourth,  and  so  on,  a  new  series  will  foe  formed  which  is 
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called  the  first  order  of  differences.  If  the  first  order  of 
differences  be  treated  id  the  same  manDer  as  the  original 
series,  a  second  order  of  differences  will  be  formed,  and 
so  on. 

Thus,  if  we  let  a,  b,  c,  d,  e,  ....  be  any  series,  then 

d  —  a,  c  —  b,  d—  c,  c  —  rf,  ....  will  be  the  first  order 
of  differences ; 

c^2b  +  a,  d  —  2c  +  b,  e  —  2d  +  c,   the  second 

order  of  differences ; 

d  —  dc  +  Sb  —  a,    e  —  Sd  +  3c  —  b,    the    third 

order  of  differences,  and  so  on. 

613.  If  we  let  ffi,  ^1,  Cj,  rfi,   represent  the  first 

order  of  differences ; 

fljg,  b2,  C2,  rfg, the  second  order  of  differences; 

<*3^  bi,  ^3,  ds,  ....  the  third  order  of  differences; 
and  so  on,  we  have  the  following  scheme : 
Series :  a,     J,     c,     d,    e, 

1st  Differences:     Ui,   dj,   c^,   rfj, 

2d    Differences :  «8>   ^«>  ^8^ 

3d    Differences :  «3^   ^s^ 

4th  Differences  :  «4,  . . . . ,  and  so  on. 

at,  fljg,  ^3,  ^4, are  the  first  terms  of  the  succes- 
sive order  of  differences. 

614.  Problem  1.    To  find  the  (n  +  l)th  term  of  a  series. 

Solution :  Take  the  series  a,  6,  c,  dy  c, . . . .  then  from  the  above 
scheme, 

1.  b  —  a  =  ai ,  whence  ft  =  a  +  ai  (1) 
d,  —  Oi  =  a9,  "  ft,  =ai  +  aj  (2) 
Jj  —  aj  =  aa ,  "  da  =  Oj  +  as  (3) 
fea  —  Oa  =  a4 ,        "       fta  =  as  +  a^  (4) 

2.  c=6  +hi  =:  a  +  2ai  +  09,  from  (1  and  2)  (5) 
Ci  =  &,  +  &j  =  ai  +  2  Oa  +  aa ,  from  (2  and  3)  (6) 
Ca  =  &a  +  fta  =  aa  +  2  as  +  ^4 ,  from  (3  and  4)  (7) 
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^,  d  =  c  +  Ci  =•  a  +  3  ai  +  3  aj  +  aa ,  from  (5  and  6)  (8) 

<?i  =  Ci  +  Cj  =  ai  +  3 aj  +  3 aa  +  a4,  from  (6  and  7)  (9) 

4.  e  =  (Z  +  e?,  =  a  +  4 a,  -H  6 a«  +  4 aa  +  a4,  from  (8  and  9)  (10) 
Now,  since 

<?  =  a  +  3ai  +  3aj  +  03,  e  =  a  ■\-  4ai  +  6a«  +  4o8  +  04, 

it  will  be  observed  that  the  coefficients  of  any  term  are  the  same  as 
the  coefficients  of  a  power  of  a  binomial,  whose  index  is  one  less  than 
the  number  of  the  term.    Hence,  the 

(»  +  l)th  term  =  a+nat  +  -^ — -a^  +  — ^^^ — j—^ ' az  + [A] 


616.  Cor. — The  nth  term  = 


[B] 


ninstrative. Example. — Find  the  7th  term,  also  the  nth 
term,  of  the  series :  1,  3,  6,  10,  .... 

Solution :  1st  differences  =  2,  3,  4,  ... . 
2d         "  =    1,  1,     . . . . 

3d         "  =      0,       .... 

.*.  1st.  w  =  7,  a  =  1,  «!  =  2,  aa  =  1,  aa  =  0 
Substitute  these  values  in  [B], 

7th  term  =  1  +  6x2+  ^^  x  1  =  28 

2d.  Put  71  =  w,  a  =  1,  «!  =  2,  Oa  =  1,  and  aa  =  0, 
then  nth  term  =  l+(w  —  l)x2+  ^^ ^-^ x  1  =  — ^-^ — -. 


616.      Problem  2.    To  find  the  sum  of  n  terms  of  a  series. 

Solution:  Let  it  be  required  to  find  the  sum  of  n  terms  of  the 
series  a,  6,  c,  e?,  e,  . . . . 

Assume  the  series  0,  a,  a  +  ft,  a+6  +  c,  «  +  &  +  <?  +  <?, ,  then, 

1st.  The  first  order  of  differences  of  the  assumed  series  is  the 
given  series. 

2d.  The  second,  third,  and  nth  orders  of  differences  of  the  as- 
sumed series  are  the  first,  second,  and  (w  —  l)th  orders  of  differences 
of  the  given  series. 

3d.  The  (n  +  l)th  terra  of  the  assumed  series  is  the  sum  of  n 
terms  of  the  given  series. 

Hence,  if  in  formula  [A]  we  put  0  for  a,  a  for  a^,  Oi  for  aa. 
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etc.,  we  shall  have  the  sum  of  n  terms  of  the  given  series.    Doing  so, 
we  shall  have 

o .  njn^l)^    .  n(n-l)(n-^2)^    . 

^=»o+  j2 Oi  +  i^ Oa  + [Cj 

Kote. — This  method  is  applicable  only  when  some  finite  order  of 
differences  will  reduce  to  zero. 

Example. — Find  the  sum  of  10  terms  of  the  series : 
1  +  4  +  10  +  20  +  35  +  .... 

Solution:  First      Differences  =  3,  6,  10,  15, 

Second  Differences  =     3,  4,  5,      .... 

Third    Differences  =       1,   1,         

Fourth  Differences  =  0,  .... 

.".    Put   w  =  10,  a  =  1,  ai  =  3,  ai  =  3,  as  =  1,   and  04  =  0   in 
formula  [CJ;  then, 

^       ^^      10x9      o      10x9x8      o      10x9x8x7      . 


617.    Problem  8.  To  interpolate  terms  at  reg^ular  inter- 
vals between  the  terms  of  a  ^ven  series. 

Formula  [B]  may  sometimes  be  used  with  advantage 
to  interpolate  terms  at  regular  intervals  between  the  terms 
of  a  given  series. 

niostrations. — 1.  Qiven 

(661)3  =  423801,  (653)3  =  426409, 

(665)3  =  429025,    and   (657)3  =  431645, 
to  find  the  value  of  (652)3,  (654)3,  and  (656)3. 

Solutimi:        Series  =  423801,  426409,  429025,  431649 
First     Differences  =  2608,  2616,  2624 

Second  Differences  =  8,  8 

Third    Differences  =  0 

Take  formula  a„  =  a  +  (n  —  1)  ai  +  10    ^     *»  "*" 

Put  a  =  423801,  a,  =  2608,  o,  =  8,  and  w=li,  2^,  and  3^ 
successively;  then, 

1.  (652)»  =  423801  ^  \  x  2608  - 1  x  8  =  425104 

2.  (654)»  =  423801  +  |  x  2608  +  |  x  8  =  427716 

3.  (656)»  =  433801  +  \  x  2608  +  ^  x  8  = 
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2.   V65r=  8-666831,     V652^=  8-671266, 
V653  =  8-676697,     V654  =  8-680123,  and 
V655  =  8-684545,  find  V653-75. 

Solution:    Here  a  =  8-6668dl,    a.  =  -004435,    at  =  -0*000004, 

Oa  =  —  0*000001,  a^  =  0,  and  n  =  3  ^ .    Substitute  these  values  in 

^^n.^(r.     .,,    .  (n-l)(n~2)          (n-^l)(ii-2)(n-3)^  ,  .,   ^ 
On  =  a  +  (»— l)ai  +  1^ as  + rg as ;  then, 

^653-75  =  8-666881  +  ^  x  -004486-  ^  x  -000004-  g^  x  -000001 
=  8-666831  +  -012196  -  -000009  -  -000001  =  8-679017. 


EXERCISE    8S. 

Find  the  nth  term  and  the  sum  of  n  terms  of  the 
following  series : 
1.2  +  6  +  12  +  20  +  ....        4.3  +  8  +  15  +  24  +  .... 

2.1  +  9  +  26  +  49  +  ....        6.1  +  4  +  9  +  16  + 

3.  1  +  3  +  6  +  10  +  ....  6.  2  +  12  +  30  +  56+.... 

7.  6  +  24  +  60  +  120  +  210  +  .... 

8.  45  +  120  +  231  +  384  +  585  +  .... 

9.  1.3.2«  +  2.4.3«  +  3.6.4«  +  .... 
10.  3.5.7  +  5,7.9  +  7.9.11+.... 

Sam  to  n  terms  and  to  infinity  : 

1  _l 1 

"■  1X4  ■'■4x7  "•■  7X10  "•■•••• 

J_       _1_       J_  1 

*^  1.4  +  2.5"''3.6  +  4.7+***' 

^'"  2.4.6"''4.6.8"^6.8.10"^"" 

1. 3.  7  ^  3.  5.  9  ^5.  7. 11  ^7.  9. 13  ^"•* 
16         ^         I         5         I         6         ,         '' 


1.2.3    '   2.3.4   '   3.4.6  ^4.5.6 
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Find  the  value  of : 
16.  S{»*(3w-2)}  17.  S  j|(7i  +  l)(^  +  2)[ 

20.  The  log.  950  =  2  977724,     log.  951  =  2-978181, 
log.  952  =  2-978637,     log.  953  =  2*979093, 
find  log.  952-375. 


Reversion  of  Series. 

618.  If  y  is  a  serial  function  of  x,  then  may  x  be  de- 
veloped into  a  serial  function  of  y,  and  the  process  is 
called  Reversion  of  Series. 

Example. — Revert  y^a-^hx-\-cQ?-\-d7?-\-e()^+.... 
into  a  serial  function  of  y, 

Soliition :  Put  the  series  in  the  form 
y— o  =  hx+cx^  +  do^-^-eoi:^, . . . 

Put  X  =  A{y-a)  +  B{y-af-¥C{y-af  +  D{y^ay+.. . . 
Now,  hx  =bA{y-a)-\-bB(y-af  +  bC{y-a)^+bD(y-a)*+..,. 

cx^=:  eA^(y-'af-{-2cAB(y-af  +  (eB^-{'2cAC)(2/-a)*-^.... 
d2^  =  dA^(i/^aY+SdA^ B(y-af -{-,,, , 
ex^  z=z  eA^{y—af-\-,.., 
.\  y^a=:bA{y'-a)  +  (bB+cA'^){y—af 

'\-(bC-^2cAB+dA^){y-af 
■^{bD  +  cB^-\-2cAC+^dA^B+eA*){y-af^-.... 
Equating  the  coefficients, 

1.  bA  =  l\  whence  A=:-r 

0 

2.  &^  +  cJ.«  =  0;  whence  B=  —  ~ 

3.  bC+2cAB  +  dA'^  =  0;  whence  C=  ^^^^^ 

4.  bD  +  cB^-\-2cAC  +  SdA^B  +  eA^  =  0; 

whence  D  = 


a^  =  -j(y-«)-p(y-«)'+  — p — (y-«)' 


6' 


b^e  —  6bcd  +  6€^ ,  ,. 

— ^ ^, (y-a)*+.... 
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619.  Cor.— If  a  =  0,  then 


EXERCISE    93. 

Eevert  the  following  serial  functions  of  x  into  serial 
funetioDS  of  y : 

1.  y=:a;4-^  +  a^  +  a^  +  --«« 

2.  y  =  a;--a^+-a:3_  _^^__ 

3.  y  =  a:  +  2a^  +  5a:^  +  14ar*  +  .... 

4.y  =  a;  +  a:3  +  2a:»  +  5a;'  +  .... 

Suggestion.— Let  x=-Ay-\-  By^  +  C7y*  +  Df/^  + . . . . 

6.  y  =  l+it-+^a^+^a?'+24a:*  +  .... 

7.  Find  one  value  of  x  in  the  equation  a;^  +  4a:*  +  5a;  =  l 
Suggestion. — 

Put  1  =  y,  and  assume  a;  =  J.y  +  ^y'  +  Cy*  +  i)y*  +  .... 

8.  Find  one  valub  of  x  in  a:^  + 10^^  =  1 


Recurring  Series. 

620.  A  series  in  the  ascending  powers  of  x,  in  which 
each  term,  after  one  or  more  fixed  terms,  h  px  times  the 
preceding  term,  ox  px  times  the  preceding  +qo(?  times 
the  next  preceding  term,  or  px  times  the  preceding  +qx^ 
times  the  next  preceding  -^-ra^  times  the  next  preceding 
term,  or  and  so  on,  is  a  Recurring  Series. 

621.  A  recurring  series  is  of  the  first,  second,  or  nth 
order,  accordingly  as  each  term,  after  the  law  begins,  is 
derived  from  one,  two,  or  n  preceding  terms. 
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2.  The  forms  pXy  px  +  qa^,  px  +  qa^  +  rsfl,  and 
80  on,  are  called  the  order  scales  of  the  series ;  and  p^ 
P'^99  JP  +  ?  +  ^>  ai^d  so  on,  the  order  scales  of  the  co- 
efficients. 

Illu8tration& — If  we  put  jp  =  3,  y  =  4,  and  r  =  —  2, 
then 

1.  2  +  6x+lSa?  +  64:a^  + is  a  series  of  the  first 

order. 

2.  2  +  6x  +  26a^  +  102x^  + is  a  series   of    the 

second  order. 

3.  2  +  6x  +  26a^  +  9Sx^  +  dSec^  + is  a  series  of 

the  third  order. 

623.    Problem  1.  To  determine  the  scale  of  coef&cients. 

1.  Let  a-i-bx  +  ca^  +  dx^-i-....  bea  recurring  series 
of  the  first  order. 

Then,  bx=:apx;  ca^=^pbx^ ;  da?=pca?;  and  so  on. 

b  c  d         , 

p  =  -;         ^^T>  i^  =  ~"5  ^^^  so  on. 

2.  Let  a  +  bx  +  cx^  +  ds?  +  ....  be  a  series  of  the 
second  order. 

Then,  aqx^+bpx^  =  cx^  (1);    bqx^+cpa^=:da^  (2); 

whence,        aq+bp     =c     (3);    bq     -\-cp     =rf      (4). 

Then,  by  elimination, 

be  — ad       ,  Jrf  —  c* 

p  =  -Ts and  q  =  -to 

^        cr  —  ac  ^         ¥  —  ac 

3.  Let   a  +  bx  +  ca?-\'dQi?-\'eoi^-\'fQ?-\- be    a 

recurring  series  of  the  third  order.     Then, 

1.  ar-^bq  +  cp^d  2.  br  +  cq  +  dp  =  e 

3.  cr  +  dq  +  ep  =/ 

By  elimination  the  values  of  p,  q  and  r  may  be  found. 
In  the  same  manner  the  scale  of  coefficients  of  a  recurring 
series  of  any  order  may  be  found. 
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624.  SeheUutn. — In  order  that  the  scale  of  coefficients 
of  any  recurring  series  may  he  founds  there  must  he  given 
at  least  twice  as  many  terms  of  the  series  as  there  are 
terms  in  the  scale.  In  the  exercises  conclvding  this  suh- 
ject  just  twice  as  many  terms  of  each  series  will  he  given 
as  are  contained  in  the  scale  of  the  series.  This  will 
enable  the  student  to  determine  at  a  glance  the  order  of 
the  series. 

When  this  law  of  notation  is  not  followed,  as  when  the 
nth  term  of  a  series  only  is  given,  it  is  usually  hest  to 
expand  the  series  and  make  trial  for  a  scale  of  two  terms, 
and,  if  the  results  thus  obtained  will  not  satisfy  the  series, 
then  make  trial  for  a  scale  of  three  terms,  and  so  on  until 
the  proper  scale  is  determined. 

Example. — Find  the  scale  of  coefficients  in  the  series 
l  +  2x-{-da?  +  4:S?  + and  expand  the  series. 

Solution :  This  is  a  series  of  the  second  order,  since  four  terms  are 
given.    Hence, 

1.  q  +  2p  =  B  2.  2q-\-Sp  =  4: 

whence,  j»  =  2  and  g^  =  —  1,  and  the  scale  is  2  —  1.    The  series  is 
1  +  2a;  +  3a;«  +  4aj»  +  5a:*  -H . . . .  na?»-i. 

625.  Problem  2.    To  find  the  sum  of  n  terms  of  a 

recurring  series. 

The  method  of  finding  the  sum  of  a  recurring  series 
is  the  same,  whatever  be  the  scale  of  the  series.  For  the 
sake  of  simplicity  we  will  here  assume  a  series  of  the 
second  order,  whose  scale  h  p-\-q,  for  illustration. 

Let  flo  +  ^^  +  «2^  +  -'-'  ««-iiC"""^  be  a  series  of  the 
second  order.     Then, 

S^=zaQ-\-    aix+    a2^  + +    a^-tO^"^ 

—px  /Sw  =      —  p a^x  —  p ttioi?  — —  jP««-2^'"^ 

—  qQi?Sn  =  —  g'tto^  — —  ga,_3af"^ 
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Adding  and  remembering  that  the  sum  of  the  co- 
eflScients  of  each   term  from   the  third  to  the  nth.  in- 
clusive is  zerOy 
(1  '-px  —  q7?)Sn  =  ao  +  («i— iP«o)^ 

-  (i?«— 1  +  ?a.-2)a;"  -  ^«.-ia^*^^ ; 

whence,  S^  =  ^o  +  («i-y^o)^ 

1  — px  —  qor 

1  —px  —  qo^ 

626.  Cor. — If  X  <1  and  Urn.  n  =  co,  then 
o    _  ao  +  {ai—pao)x 
1  ^px  —  qj? 

Example.— Sum  l+3a;  +  5a:«+18a:»+48a:*+145a:*+ 
....  to  7  terms  and  to  infinity,  when  a:  <  1. 

Sdutioii:  1.  5^  +  3g  +  r  =  18  2.  18/>  +  5g  +  3r  =  48 

/.    p  =  2,  g'  =  3,  and  r  =  —  1. 
/St  =  l  +  3a;+5a;«+18aj»+48a:*4-145a:«+416a;« 
-2  a;  aS't  =    -2a;-6a;«-10a;»-36a:*-  96ir»-290a:«-832a;'' 
-3a;«/ST  =  -3a;«-  9a:»-15«*-  54a;*-144a;«-435a;'»-1248a;8 

+    jc»iSt=  +     a:«+  3a:*+     5a:6+  18a;«+  48a;'+  145a;8 

+  416a;» 
.-.    (l-2a;-3a;»+a:3)5'T  =  l4-a;-4a;«-1219a:'»-1103x8+416a;» 
l  +  a;-4a:«-1219cc''-1103a:8+416a;» 


/S't  = 


1+rr— 4a;* 


627.  If  /Sx,  is  developed  into  a  series  by  the  method 
of  indeterminate  coeflScients,  the  original  series  may  be 
reproduced  to  any  number  of  terms  desired.  Therefore, 
/S»  is  often  called  the  generatrix  of  the  series. 

628.  If  the  generatrix  can  be  decomposed  into  partial 
fractions,  the  general,  or  wth  term,  of  the  series  may 
easily  be  obtained,  and  hence,  too,  the  sum  of  n  terms. 
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niustratioiL — Let  it  be  required  to  find  the  wth  term 
and  the  sum  of  n  terms  of  the  series 

l  +  5a:  +  13a:«  +  41a:»  +  .... 

Solution :  It  may  readily  be  determined  that  jp  =  2,  g  =  3,  and  the 
l  +  3a;  113  1 

^^^^^"^  =  i-2x^'6x^  =  -  2  •  r^  +  2  •  r:r3i • 

11  1,1  1    2  . 

^^^'-2TT^=-2  +  2^-T^+--- 

<-■>■■  =?^=^=g?5^C»a,B„ 

,3  1  8        9         27  , 

8"  8»+ia?*  — 3 

__  (-l)»a;»-l       3*+^a;«»-3 
^"""       2a; +  2       "^      6a;-2     ' 

a;«— 1       3* 
nth  term  =  (—  1)"  .  -g—  +  -q-  .  ic"~' . 


exercise:   84. 
Sum  to  infinity : 

1.  l  +  %x  +  ^7?  +  n7?  +  ..,. 

2.  l  +  3a;  +  8a:«  +  22a:3  +  .... 
Z.2  +  ^x  +  4:X^^  +  Ua?  +  .... 
4.  3  +  2a;-7a:«-38ir^-.... 

6.  l  +  2a:  +  3a;«+lla:^  +  35a:*  +  121ar^  +  .... 

6.  l-3a:  +  5x2  +  5a:3  +  13ar*  +  61:r«  +  .... 

7.  Sum  l  +  2a;  +  9a:«  +  33ir»+ to  6  terms. 

8.  Sum  l--2a:— 7a:*  —  8a:^  + to  7  terms. 

9.  Sum  2,  —  x-\-^a?—14:7?  +  ...,  to  8  terms. 

10.  Sum  l--2a;  +  3a,'2+6ar'  +  a:*  — 2a;5  + to  9  terms. 

Find  the  wth  term  and  the  sum  of  n  terms  of 

11.  l+2,X-%7^-\-W7?-,... 

12.  l  +  5a;  +  9a:2  +  13a:3  +  .... 
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Decomposition  of  Rational  Fractional  Functions. 

629.  To  decompose  a  rational  fraction  is  to  find  two 
or  more  other  fractions  whose  sam  equals  the  rational 
fraction. 

630.  It  will  be  only  necessary  to  show  how  to  decom- 
pose proper  fractions,  as  all  improper  fractions  may  be 
reduced  to  mixed  numbers,  which  process  will  already 
lead  to  a  partial  decomposition. 

Principles. 

631.  1.  Any  rational  fraction  of  the  form  of 

may  he  decomposed  so  that 


{x  +  a){x  +  b)  ....  (x  +  n) 


^  +^4^+....+,^ 


(x+a)  (x+b) . . . .  {X'\-n)       x-{-ax-{-b^""^x  +  n 

ninstration. — Put 

3a^+Ux-29  A       ,      B      ,       C  ,  ^. 


(a:  —  1)  (a;  +  2)  (tr  —  3)       a:  —  1  ^  a;  +  2  ^  a;  -  3 

Clear  of  fractions  and  arrange  the  terms  according  to  the  descend- 
ing powers  of  x, 

8a;«  +  14a;-29  =  (^  +  -B  +  C)a;*-(^  +  4-S- (7)a;- 

(6^-3^  +  2C7). 
Equating  the  coefficients  [566],  we  have 

(1)  ^  +-S+C7  =  8  (3)  ^  +  45-C7=-14 

(3)6^-3^  +  20  =  29 
Finding  the  values  of  ^,  B,  and  C  by  elimination,  and  substi- 
tuting them  in  (A),  we  obtain 

8a;«  +  14a;-29      _      2 3_  4 

/>.  _i_  »>  "*" 


(a;  — l)(a;  +  2)(a;-3)       a;-l       a;  +  2       a;-3* 
632.  In  a  similar  manner  it  may  be  shown  that 


{ax-\-b){cx-\-d) {mx-\'n) 

A        ,       B       ,  .       Jf 


ax-^-b       cx-^-d      ""      mX'\-n' 
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633.  2.  Any  rational  fraction  of  the  form  of 

P 

(a^-\-ax-{-b){a^  +  cx-\-d)  .. . ,  {a^-{-mx-\-n) 
may  be  decomposed  so  that 

P_ ^ 

{a^  +  ax  +  b){a^  +  cx-i-d) (a^  +  mx  +  n)  "^ 

Ax  +  B      ,       Cx  +  D      ,  Mx  +  Ji 


a:^'\-ax  +  b      x^-{-cx  +  d  a^  +  mx  +  n' 


Ax  +  B  Cx  +  D  Bx  +  F  . 


^a?  +  x+l^a^-x  +  l^a?  +  x  +  2 

Clear  of  fractions  and  arrange  the  t^rms  according  to  the  descend- 
ing powers  of  x, 

{A  +  C+  F)a^  +  {B  +  2C+D-\-F)a^ 

+  (2^  +  4  C7  +  2Z>  +  JF)a:«  +  (- ^  +  25  +  3  (7+ 4/)  +  i^a;« 

+  {2A''B-\-2C+SD  +  E)x  +  (2B  +  2I)  +  F)  (1) 

Equating  the  coefficients  [566], 

(1)  A  +  C+F  =  0 

(2)  B-^2C+  I)  +  F=4: 

(3)  2A  +  ^C  +  2D  +  F:=  -8 

(4)  ^-25-3C-4£>-J'=5 

(5)  2^-5  +  2C+3Z>  +  ^=  -15 

(6)  25  +  2Z>  +  i?'=3 

Finding  by  elimination  the  values  of  A,  B,  (7,  A  -^>  and  F,  and 
substituting  them  in  (A),  we  have 

4a:*-8a<-5a;«--15a;  +  3         _ 
(x*  +  a;  +  l)(a;»  —  aj  +  l)(a;«  +  a;  +  2)  ~ 
8  4  5 


fl;«  +  a;  +  l       x* —  x  +  1       x^  •¥  x  ^-2' 

634.  Id  a  similar  manner  it  may  be  shown  that 
P 

{aa^  +  bx  +  c){da?  +  ex+f) {moi?  +  nx+p) 

Ax  +  B       ,       Cx  +  D       ,  ,       Mx  +  N 


ax^  +  bx  +  c      doi?  +  ex+f~        ^  ma^  +  nx+p' 
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P 
636.  S.  A  rational  fraction  of  the  form  of    ,         . 

may  be  decomposed  so  that 


3a:3-14ar«4-19:r-5 


Illnstration. — Put 


{x-%f 


A  BCD 


Clear  of  fractions  and  arrange  the  terms  according  to  the  descend- 
ing powers  of  x ;  then, 

(12^-4^+  C)x-^{,^A-AB  +  ^C-D), 
Equating  the  coeflficients,  we  have 

1.^  =  3  2.6^-^  =  14 

3.  12^-4^  +  0=19  4.  8^-4^ +  2 C- 2)  =  5 

Solving  these  equations,  and  substituting  the  values  of  A,  B,  C, 
and  D  in  (A),  we  obtain 

3a^-14a;»4-19a;-5  _      3  4 1__  1 

(a; -2)*  ""a;-2  "^  (x-2)«       {x-2f  "*"  {x-2)^' 

636.  In  a  similar  manner  it  may  be  shown  that 
,  P  A        ,         B  N 


•  (ax-^iy       ax  +  b   '    {ax  +  bf   '  ^(aa;  +  A)" 

I  •  •  •  •  I 


^a^^ax  +  by^""^  (x^  +  ax  +  by 


3  P  ^      Ax+B 

{aa?  +  bx  +  cy      aa^  +  bx  +  c~^ 


Gx  +  D Jfa;  +  JV^ 


4.  Any  rational  fraction  whose  denominator  may  be 
resolved  into  linear  and  quadratic  factors  may  be  decom- 
posed by  a  combination  of  the  above  methods. 
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ninstratioiL — 

To  decompose  (^_^)(^_3)f(^^^^^^).,  put 


(x  —  a){x  —  bY{3i^-\-px-\-qY       x  —  ax  —  h 


EXERCISE    98. 

Decompose  into  partial  fractions  : 

5a:  +  2  2a:-5  _      ^  ^ 

6a:^  +  10a:  +  2    _  ^  .g  C 


a:(a:+l)(a;  +  2)        a;  ^a;  +  l  ^a;  +  2 

3a;-2  a:^-a:  +  l  3a:^-14a;  +  25 

(»  +  1)2  ^'     {x  +  3)^  ^'  (a:-3)  {a^-x-io) 


{a  —  b)X'\'2ah  ^    P^^  +  PQ  +  9 

b  +  ^a-b) 

5a^  +  x  +  5 


'  ab  +  {a  —  b)x  —  x^  '      ( jo ^  +  ^)^ 


10. 


ar*  +  a;2  +  l  "'  a:(l-4a:2) 

3a:3_8^_[_lQ  2a?  +  l 

lla  7  TTT  l*. 


13.  -p z r-ii  14. 


a^-bx  +  e  {X'-l)(a^  +  l) 


2 


{x+l){a^  +  l)  a^^x^^x^-a^ 

2a;g^lla:  +  5  5a:^  + Ga^^  +  Sa; 

(a;-3)(a;2  +  2a;-5)  (a;^  -  1)  (a:+ 1)^ 

1S«  ^-7 — r^rv? 20. 


l_a;-a.^  +  a:»  (a;  +  If  (a:  -  2)  (a;  +  3) 

Google 


Digitized  by' 


CHAPTER  X. 
COMPLEX   JfUMBERS. 


Graphical    Treatment. 

637.  If  a  straight  line  of  any  assumed  length  be  taken 
to  represent  the  number  oncy  then  will  a  straight  line 
twice  as  long  represent  the  number  two^  one  three  times 
as  long  the  number  three^  and  so  on.  Thus,  we  see  that 
any  number  may  be  represented  by  a  line. 

638.  A  line  representing  a  number  is  called  a  graph 
number,  or  a  vector.  The  point  where  a  vector  is  sup- 
posed to  begin  is  called  the  origin,  and  the  point  where 
it  ends  the  extremity. 

639.  A  vector  is  fully  determined  when  both  its  length 
and  direction  are  given.  In  a  system  of  graphical  repre- 
sentation of  numbers,  a  vector  running  rightward  from 
its  origin  represents  a  positive  number  and  is  positive,  and 
one  running  leftward  from  its  origin  represents  a  nega- 
tive number  and  is  negative. 

640.  If  the  vector  +a  be  made  to  revolve  about  its 
origin  A,  through  an  angle  of  180°,  or  ir,  it  will  become 
the  vector    —a,  or  will  be 

multiplied   by    - 1 ;    and  if      j,       ""^      ^       "^^       ^ 


the  vector   —a  be  revolved 

about  its  origin  A  through  an  angle  of  180°,  or  w,  it  will 

become  the  vector  +  a,  or  will  be  multiplied  by  —  1. 
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Therefore, 

i.  Revolving  a  vector  through  an  angle  of  ISO"",  or  ir,  is 
equivalent  to  multiplying  it  hy  —1, 

2.  Revolving  a  vector  about  its  origin  through  an  angle 
of  360°,  or  2  ir,  is  equivalent  to  multiplying  it  twice  by 

—  1,  or  once  by  + 1>  which  does  not  affect  its  length  or 
direction. 

3,  Since  —  1  =  V—  1  X  V—l,  revolving  a  vector 
about  its  origin  through  an  angle  of  90°,  or  J  tt,  is  equiva- 
lent to  multiplying  it  by  V—  1,  or  i  [v.  P.  I.     299], 

641.  Motion  about  the  origin  of  a  vector  in  the  direc- 
tion the  hands  of  a  clock  go  is  considered  negative,  and 
counter-motion  positive.  The  factor  +*  i»ay>  therefore, 
be  taken  to  represent  circular  motion  about  an  origin 
through  an  angle  of  90°,  or  i  tt,  counter-clock-wise  j  and 

—  i  through  an  angle  of  90°,  or  J  tt,  clock-wise. 

642.  Since  (+  i)  X  (+  i)  X  (+  i),  or  (+  if  =  -  /,  the 
factor  symbol  —  i  may  also  denote  circular  motion  about 
an  origin  through  an  angle  of  270°,  or  f  v,  in  a  positive 
direction. 

643.  Since  (±  i)  X  (±  i),  or  (±  iy  =  —  1,  the  factor 
symbol    —  1    may  denote 


circular  motion  about  an 
origin  through  an  angle  of 
180°,  or  TT,  in  either  direc- 
tion. 

niustrationg.  —  1.  The 
vector  -\-a  multiplied  by 
+  i  =^  AB  revolved  about 
A  in  the  positive  direction 
through  an  angle  of  90°  = 
AB\ 


B' 


•\-a% 


+a 


—at 
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2.  The  vector  +«  multiplied  by  —1=:AB  revolved 
about  A  in  the  positive  or  the  negative  direction  through 
an  angle  of  180°  =  A  B". 

3.  Tlie  vector  +  a  multiplied  by  —  f  =  -4  ^  revolved 
about  A  in  the  negative  direction  through  an  angle  of  90°, 
or  in  the  positive  direction  through  an  angle  of  270°  = 
AB'". 

4.  In  a  similar  manner  it  may  be  shown  that  (—  a)  X 
{+i)=zAB'";  (-a)x(-l)  =AB,  and  (-a)x(-{) 
=  AB\ 

644.  From  what  has  been  explained  thus  far  it  will  be 
seen  that,  if  a  vector  a  units  long  running  rightward  from 
its  origin  represents  +  «*  running  leftward  from  its  origin, 
it  will  represent  --  a ;  running  upward  from  its  origin, 
+  a  i ;  and  running  downward^  —■  a  u 

645.  One  vector  is  added  to  another  by  placing  its  ori- 
gin to  the  extremity  of  the  other  and  giving  it  the  direc- 
tion indicated  by  its  factor  symbol.  The  vector  of  their 
sum  is  the  length  and  direction  of  the  line  joining  the 
origin  of  the  vector  to  which  addition  is  made  with  the 
extremity  of  the  vector 

added.  ^        -fg        -g       +&       ^ 

niustrationa — 

1.  The  vector  B  G     ^ ±^____^ 

(=  +  J)  added  to  the  C        ^ 

vector       AB  {=^  +a)  -b 

gives    the  vector  A  C     ^  ]J       +a      ^ 

(=  +  («  +  ^)). 

2.  The  vector  B  C{=-b)  added  to  the  vector  A  B 
(=  +  «)  gives  the  vector  A  O  {=  +  (a  —  b)},  when  a>  b. 

3.  The  vector  BC{=z  —  b)  added  to  the  vector  A  B 
(=  -f-  a)  gives  the  vector  -4  (7  {=  —  (J  —  a)},  when  a  <  5. 

Note,— To  subtract  a  vector  is  to  add  the  vector  with  contrary  sign. 
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—a 

6)>v    X^ 

+a 

-U  y 

6)3^\6)4 

\ 

Representation  of  Complex  Numbers. 

646.  Let  it  be  required  to  represent  graphically  the 
complex  numbers  a  +  ^ i,  a  —  J i,  —a-^-'bi,  and  —a  — hi. 

.         -a     ^gV^^i      +a        „ 

1.  a  +  5f  =  4-05  + (4-Ji). 

.-.  Vector  (fl  +  if)  =  ^  Ci  [645]. 

2.  a  —  S  t  =  +  a  +  (—  ^  0- 

.-.  Vector  (a-li)^  A  C^  [645]. 

3.  —  a  +  ii  =  —  a  +  (+^0- 

.-.  Vector  (-a  +  Si)  =  ^  Cg  [645]. 

4.  —  a  —  i  i  =  —  a  +  (—  ^  0* 

.-.  Vector  (-  a  -  if)  =  ^  C3  [645]. 

647.  The  vectors  of  the  two  terms  of  a  complex  num- 
ber are  called  the  components  of  the  vector  of  the  number. 

Thus,  A  B  and  B  Ci  are  the  components  of  A  Ci. 

648.  The  length  of  the  vector  of  a  complex  number  is 
called  the  modulus  of  the  vector,  or  the  modulus  of  the 
complex  number,  and  is  equal  to  the  square  root  of  the 
sum  of  the  squares  of  the  lengths  of  the  components. 

Thus,  mod.  {a-^-bi)  =  mod.  {a  — hi)  =  mod.  (—«+&/) 
=  mod.  (—  a  —  S  t)  =  Va^  +  h\ 

649.  The  direction  of  the  vector  of  a  complex  number 
is  determined  hy  the  angle  which  the  vector  makes  with 
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its  horizontal  component,  which  angle  is  called  the  ampli- 
tude of  the  vector. 

Thus,  the  amplitude  of  the  vector  A  61  is  the  angle 
Ci  A  By  which  for  distinction  will  be  represented  by  Wi ; 
the  amplitude  of  A  C^  is  Ci  A  B\  represented  by  Wg ;  the 
amplitude  of  A  C^  is  C3  A  B\  represented  by  6)3 ;  and  the 
amplitude  of  A  C4  is  C^-i  B,  represented  by  w^, 

660.  It  is  equally  accurate,  and  sometimes  more  con- 
venient, to  define  the  amplitude  of  a  vector  as  the  angle 
included  between  the  vector  and  the  vector  +  «*  measured 
in  a  positive  direction  from  the  vector  +a. 

Thus,  the  amplitude  of  AC^  is  C^AB.  The  ampli- 
tude of  AC^  is  the  reflex  angle  B  AC^,  described  by  re- 
volving A  B  about  -4  in  a  positive  direction  until  it  coin- 
cides with  A  C3.  The  amplitude  of  A  C4  is  the  reflex 
angle  B  AC^, 

661.  A  vector  and  its  components  may  be  constructed 
from  its  modulus  and  amplitude  as  follows : 

h  Draw  an  indefinite  'horizontal  line,  and  select  soine 
point  in  this  line  for  the  origin  of  the  vector. 

2.  At  the  origin,  deflect  an  angle  with  a  protractor 
equal  to  the  amplitude  of  the  vector,  and  in  the  proper 
position. 

3.  Lay  off  from  the  origin,  on  the  deflected  side  of  the 
angle,  from  a  scale  of  equal  parts,  the  modulus  of  the 
vector.     The  vector  is  then  determined. 

4*  At  the  extremity  of  the  vector  let  fall  a  perpendicu- 
lar to  the  horizontal  line.  This  perpendicular  and  the 
part  of  the  horizontal  line  intercepted  between  the  origin 
and  the  foot  of  the  perpendicular  will  be  the  components 
of  the  vector.  Their  lengths  may  be  obtained  by  acttial 
measurement  on  the  scale  of  equal  parts. 
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Problems. 
To  find  the  sum  of  two  complex  numbers,  graphically. 


Let  it  be  required  to  find 
—  c-\-dL 

1.  Add  —c-\-di  to  a  +  Ji, 
graphically. 

Solution :  Construct  a  -hhi.  Its 
vector  is  A  C,  At  its  extremity,  (7, 
construct  —  c  +  di.  Its  vector  is  G E, 
Join  A  with  E,  AE  \s  the  vector  of 
the  sum  [645].  ^{h  +  df  +  {a  —  cf 
is  its  modulus,  and  the  angle  EA  B  its 
amplitude. 

Proof :  Add  —c-\-di  to  a  -k-hi 
algebraically,  and  construct  the  sum. 
Thus, 

(a  +  6  *)  +  (—<?  +  <2 1)  = 

(o  —  c)  +  (J  +  d)  i. 

Constnict  AB  =  -\-a,  BC  =  — c; 
then  AC  =  a  —  c.  At  (7 erect  CE  = 
{b  +  d)  i.  Join  A  with  E.  The  vector 
A  E  will  be  identical  with  AE  \n  the 
preceding  diagram ;  therefore,  the  solu- 
tion is  correct. 

2.  Add  a-\-hi  to  —c-{-di. 

Solution :  Construct  —  c  +  di. 
Its  vector  is  A  C,  At  its  extremity, 
(7,  construct  +  a  +  hi.  Its  vector 
is  CE,  Join  A  with  JS^.  The  vector 
A  E  will  be  identical  with  the  vector 
AE  in  the  first  case,  which  proves 
the  commutative  law  of  addition 
graphically  as  applied  to  complex 
numbers. 


the  sum  of  a-\-J)i  and 


-^di 


+  W 


— c 


Exercise. — Find  graphically  the  sura  of  : 


1.  a-\-hi  and  c-\-di 

2.  a  — hi  and  c  —  di 

3.  a-\-bi  and  c  —  di 


4.  —  fl  —  S I  and  —c  —  di 

5.  a  +' ^ *  a^d  a  — hi 

6.  0  + Ji  and  0  — di 
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653.   To  multiply  a  complex  number  by  a  rational  num- 
ber, g^phically. 

Let  it  be  required  to  multiply  a-{-bi  hy  —  c. 

Bolvtioii: 

Construct  a-\-h%.  Pro- 
long its  vector  AC  to  />, 
making  A  D  =  c  x  A  C, 
Revolve  A  D  about  A 
through  180%  then  AD' 
is  the  vector  of  —  c  times 
a  +  &  i. 

Exercise. — Construct  the  vectors  of : 

1.  (fl  +  St)  Xc  ^  {''a  —  bi)xc 

2.  (a  —  S  0  Xc  B.  {a  —  bi)x  (—  c) 

3.  {—a  +  bi)  Xc  6.  {—a  +  bi)  X  (— c) 


654.    To  multiply  a  complex  number  by  a  simple  im- 
aginary number,  graphically. 

Let  it  be  required  to  multiply  —  a+bi  by  —ci. 

Solution :  Construct  —a  +  bi.  Prolong  its  vector  A  C  to  i>, 
making  AD  =  c  x  AC.  AD 
is  the  vector  of  c  times  —a 
+  b  I,  Revolve  A  D  about 
A  through  an  angle  of  90** 
clock-wise  [641],  or,  which  is 
the  same,  draw  AD  =:  AD 
and  perpendicular  to  A  D, 
A U  is  the  vector  of  —ei 
times  —a-\-bi,  D'AA'  is 
its  amplitude. 

Exercise. — Construct  the  vectors  of  : 


1.  {a-\-bi)  X  ci 

2.  (— ar-5t)  X  ci 

3.  {a-bi)  X  {-ci) 

4.  {a  +  bi)  X{—ci) 

5.  (-a  +  b:)  Xci 


6.  (a  —  S i)  Xci 

7.  (—a  — if)  X  {—ci) 

8.  {0  —  bi)  X  {—ci) 

9.  {0  +  bi)  Xci 

10.  {0  +  bi)x{-ci) 
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655.   To  multiply  a  complex  number  by  a  complex  num- 
ber, g^phically. 

Let  it  be  required  to  multiply  —a  +  bi  by  c  —  di. 

Solution:  The  vector  of 
the  sum  of  c  times  —a+bi  ^j 

and  —di  times  —a  +  bi 
is  required.  Construct  —  a 
+  b  i.  Its  vector  is  A  C\ 
Prolong  A  C  to  D,  making 
AD  =  c  times  A  C;  then 
AD  is  the  vector  of  c  times 
—  a  +  & t.  Prolong  AD  to 
E,  making  DE  —  d  times 
AC,  and  revolve  DE  about 
D  through  an  angle  of  90" 
clock-wise,  then  is  DE'  the 
vector  of   —di  times   —  a 

■\-bi  constructed  at  the  extremity  of  A  D,    Join  A  and  E\    A  E'  is 
the  vector  of  the  sum  of  e  times  —a  +  bi  and  —di  times  —a-\-bi. 

Exercise.— Multiply  graphically  : 

1.  a-\-bihYC'\-di  4.  —  a  +  ^f  by  c-\-di 

2.  a  —  hi  hj  c-\-di  6.  — a— -bi  hy— c  +  di 
Z,  a  —  bihyc  —  di               6.  —a  —  hi  hy  —  c  —  di 

General   Principles. 

666.  1,  The  sum,  the  difference,  the  product^  and  the 
quotient  of  two  complex  numbers  are,  in  general,  complex 
numbers. 

For,  1.  (a-^bi)^{c  +  di)-{a  +  c)  +  {b  +  d)i. 

2.  {a-^bi)-{c  +  di)  z=z  {a-c)'\-{b-d)i. 

3.  (a-\-bi){C'\'di)  =:  ac-\-bci-\-adi^bd 

=  {aC'-bd)-^{Vc  +  ad)  i. 
.    a  +  bi  __  (a-{;b i)  (c  —  d i) 
c-\-  di  "^  (c  +  di)  (c  —  d i) 
_  {ac-\'bd)-\-{bc  —  ad)i_ac-\-bd   ,    [be- 


+ 


(bc  —  ad\. 
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667.  2.  The  sum  and  the  product  of  two  conjugate 
complex  numbers  are  real. 

For,  1.  (a  +  Ji)  +  (a-.J/)  =:2a. 

2.  {a  +  bi){a^hi)      =««  +  *«. 

Scholium.  a^'\-W  is  the  square  of  the  modulus  of 
±a  +  bi  and  of  ±a'-bi,  and  is  called  the  norm  of 
each.     Therefore, 

Car.—- The  product  of  two  conjugate  complex  numbers 
equals  their  norm. 

668.  3.  The  norm  of  the  product  of  two  complex  num- 
bers equals  the  product  of  their  norms. 

For,  norm  {a  +  b  i)  {c  +  d  i) 

=  norm  {{ac -'bd)  +  {ad  +  bc)i\ 
=^{ac''bdf+{ad  +  bcy  [657,  Sch.] 
-a^(?  +  b^d^  +  a''d^  +  l^(? 

=  norm  (a  +  ^  i)  multiplied  by  norm  (c  +  di). 

Cor. — The  modulus  of  the  product  of  two  complex  num- 
bers equals  the  product  of  their  moduli. 


669.  ^.  If  a  +  bi=zO,  then  a  —  0  and  S  =  0. 

For,  if  a  +  bi=zO,  bi=  -a  and  —W^a^s 
whence,  fl*  +  ^2  =  0,  which   is  possible  only  when  flr  =  0 
and  *  =  0. 

Cot. — If  a  complex  number  vanishes^  its  modulus  van- 
ishes ;  and  conversely y  if  the  modulus  vanishes,  the  complex 
number  vanishes. 

660.   5.  If  a-^bi  =z  c  +  di,  then  a^c  and  b  =  d. 

For,  if  a  +  bi=:  c  +  di,  (a-^  c)  + {b  —  d)i=:0 ; 
whence,  a  —  c  =  0  and  S  —  rf  =  0  [P.  4], 
and         a  =  c  and  S  =  rf. 
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661.       Problem.    To  find  the  value  of  c«»+y*. 

Solution :  Assuming  the  exponential  law  of  multiplication  [275,  P.], 

an^  Formula  (G),  Art.  599,  sufficiently  general  to  include  imaginary 

exponents;  then 

L  .      2/***       y'**      2/***        X    I 

e»+y»  =  e"  X  cy<  =  e*  j  1  +  y  t  +  ^  +  ^.y-  +  ^  +  etc.  V 


662.  The  expression  1  —  i^  +  1 4  "^  ^  +  ^^c-  '^  called 

cosine  y,  and  is  written  cos.  y. 

The    expression    2/  —  [^  +  1 5  ""  ^  +  ®^^-    ^^   called 

sme  y,  and  is  written  sin.  y.     Therefore, 

e^'  =  COS.  y'\-i  sin.  y.  (B) 


663.  Eesume  the  equations 

v^      t/*       ^® 
cos.y  =  l-|  +  |-|  +  etc.  (1) 

2/3  ^5  ^7 

sm.  2^  =  i/-|-  +  |-_^  +  etc.  (2) 

c*'*  =  COS.  y  + 1  sin.  y.  (3) 

Put  -  y  for  y  in  (1),  (2),  and  (3),  then 
cos.  (-  y)  =  1  -  I  +  1^  -  f'e  "^  etc.  =  COS.  y  (4) 

sin.  {-y)  =  -y  +  ^_|+?^_  etc.  =  -sin.  y  (5) 

e-v»  =  COS.  (—  y)  +  i  sin.  (—  y)  =  cos.  y  —  i  sin.  y  (6) 

Multiply  (3)  by  (6), 

1  =  (cos.  yf  —  **  (sin.  y)^  =  cos.*  y  +  sin.*  y  (C) 

Note.    COS.*  y  denotes  (cos.  yY  and  sin.*  y  denotes  (sin.  y)*. 


Car,     sin.  y  =  a/1  —  cas-.^  ?,^' 


C05.  y  =  a/I  —  j)'m^  y. 
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664.  Put  ny  tor  y  in  (B) ;  then 

e"y*  =  COS.  w  y  +  f  sin.  n  y. 
Baise  (B)  to  the  nth  power ;  then 

e**'*  =  (cos.  y  -\-i  sin.  y)*. 
.-.  COS.  ny'\-i  sin.  ny  =z  (cos.  y  + 1  sin.  y)*  (D) 


666.  Let    w  =  2  in  (D) ;  then 

COS.  2y  +  i  sin.  2  y  =  (cos.  y  +  i  sin.  y)* 
=  COS.*  y  —  sin.*  y  +  2  (sin.  y  cos.  y)  i. 
.'.  COS.  2y  =  COS.*  y  —  sin.*  y  [660]  (E) 

sin.  2  y  =  2  sin.  y  cos.  y  [660]  (F) 


666.  Put  x  +  y  tor  y  in  (B) ;  then 

g(.+K)i  ^^i  ^^i^  COS.  (a;  +  y)  + 1  sin.  (a;  +  y). 
But    ^* .  ^  =i  (cos.  a;  +  i  sin.  ir)  (cos.  y  +  i  sin.  y)  (B) 
=  cos.  X  COS.  y  ■—  sin.  x  sin.  y  +  *  {^^^*  ^  cos.  y  +  cos.  x  sin.  y) 
.-.  COS.  {x  +  y)  =  COS.  a:  cos.  y  —  sin.  a;  sin.  y  [660]        (G) 
sin.  {x  +  y)  =  sin.  a;  cos.  y  +  cos.  a;  sin.  y  [660]        (H) 


Graphical  Representation  of  sin.  y  and  cos.  y. 

667.  It  is  evident  that  all  the  conditions  expressed  in 
the  equation  sin.*  y  +  cos.*  y  =  1  will  be  satisfied  by  as- 
suming 1  as  the  modulus  of  a  vector  whose  amplitude  is 
the  variable  angle  y  and  whose  components  are  sin.  y  and 
COS.  y.  But,  to  make  this  expression  conform  to  the  nu- 
merical values  of  sin.  y  and  cos.  y  as  expressed  in  Art.  662, 
y  must  be  taken  to  represent  the  number  of  vector  units 
in  the  arc  which  measures  the  amplitude,  and  sin.  y  as 
the  vertical  and  cos.  y  as  the  horizontal  component  of 
the  vector ;  for  in  this  way  only  would  sin.  y  =  0  and 
COS.  y  =  1  when  y  =  0. 
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668.  The  ratio  of  sin.  y  to  cos.  y  is  called  tangent  y, 
and  is  written  tan.  y.  It  may  be  expressed  graphically 
as  follows : 

Let  BO-y,  CE 
=  sin.  yy  and  AE  ^ 
COS.  y.  At  B  draw  an 
indefinite  tangent  to 
the  circle.  Prolong  the 
vector  A  G  until  it 
meets  the  indefinite 
tangent  at  2>.  J52>will 
be  tan.  y.  For,  from 
the  similar  triangles 
DAB  and  GAE  we 
have  BDiGE  ::AB:AE;  OT, 

BD  :  sin.  y  : :  1  :  cos.  y ;  whence, 
sin.  y  _ 


BDz=. 


=  tan. 


COS.  y 

If  B F  =y,  FL  =  sin.  y,  and  AL=^  cos.  y.  The  tri- 
angles A  FL  and  B  AK  will  be  similar,  and  B  K=^  tan.  y. 

If  B FG  =  y,  then  G L  =.  sin.  y,  and  AL  ^  cos.  y. 
The  triangles  GAL  and  DAB  will  be  similar,  and  D  B=^ 
tan.  y. 

If  ^  ^5"  =  y,  then  5'^  =  sin.  y,  and  AE  •=•  cos.  y. 
The  triangles  iT-i  ^  and  HA  E  will  be  similar,  and  KB 
=  tan.  y. 

SchoHum.—So  long  as  y  <\ir  [90°],  «m.  y  awd  cos.  y 
are  positive;  hence^  tan.  y  (BD)  is  positive.  When  y  > 
i  w  but  <  TT,  sin.  y  is  positive  and  cos.  y  riegative  ;  hence, 
tan.  y  {B  K)  is  negative.  When  y  >  ir  hut  <  f  w,  sin.  y 
is  negative  and  cos.  y  negative;  hence,  tan  y  {D B)  is  posi- 
tive. When  y  >  I TT  iut  <  2  TT,  sin.  y  is  negative  and 
cos,  y  is  positive;  hence,  tan.  y  {KB)  is  negative. 
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669.  A  quantity  whose  value  changes,  or  is  supposed  to 
change,  according  to  a  definable  law,  is  a  definite  variable, 
or  simply  a  variable. 

670.  A  variable  whose  law  of  change  is  not  dependent 
upon  that  of  another  variable  is  an  independent  variable. 

671.  A  variable  whose  law  of  change  is  dependent  upon 
that  of  another  variable  is  a  dependent  variable,  and  is 
called  a  function  of  that  variable. 

Hence  it  is,  that  any  expression  containing  a  variable 
is  a  function  of  that  variable  [562]. 

672.  Any  law  of  change  may  be  imposed  upon  an  inde- 
pendent variable ;  but,  when  it  is  once  imposed,  the  law 
of  change  of  any  function  of  the  variable  becomes  de- 
termined. 

673.  The  simplest  treatment  of  functions  of  a  single 
variable  is  that  in  which  the  variable  is  supposed  to  in- 
crease or  decrease  uniformly  by  equal  increments,  finite  or 
infinitely  small. 

674.  A  function  is  said  to  be  continuous  so  long  as  an 
infinitely  small  change  in  the  independent  variable  pro- 
duces an  infinitely  small  change  in  the  function,  and  dis' 
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continuous  when  an  infinitely  small  change  in  the  inde- 
pendent variable  produces  a  finite  or  infinitely  great  change 
in  the  function. 

Illustration. — Thus,   the  function    :. assumes  all 

1  —  X 

values  between  + 1  and  -{-co  qa  x  assumes  all  values  be- 
tween 0  and  + 1,  and  is,  therefore,  continuous  from  + 1  to 
-f-  00 ;  but,  as  the  value  of  x  continues  to  increase  from  a 
quantity  infinitesimally  less  than  +  1  to  a  quantity  infini- 
tesimally  greater  than  + 1,  or  takes  an  infinitely  small  step 
across  +1,  the  function  takes  a  leap  through  the  whole 
gamut  of  numbers  from  +  ^  to  —  oo ,  and  is,  therefore, 
discontinuous  between  these  values. 

675.  So  long  as  a  function  increases  in  value  as  the 
independent  variable  increases  in  value,  and  hence,  too, 
decreases  in  value  as  the  independent  variable  decreases  in 
value,  it  is  an  increasing  function  ;  but  when  it  decreases 
in  value  as  the  independent  variable  increases  in  value, 
and,  hence,  increases  in  value  as  the  independent  variable 
decreases  in  value,  it  is  a  decreasing  function. 

Illustration, — Let  y  =f{x)  =  a^  -■4:X  +  3. 

Assign  values  to  x  and  calculate  the  corresponding 
values  of  y  by  synthetic  division  [106],  you  will  obtain 
results  as  follows  : 

For  a:  =  -  3,  -  2,  -1,      0,  +1,  +2,  +3,  +4,  +5 
y  =  +24,  +15,  +8,  +3,      0,  -1,      0,  +3,  +8 

Here  y  decreases  from  +  24  to  —  1  as  a;  increases  from 
—  3  to  +2,  and  is,  therefore,  a  decreasing  function  be- 
tween these  values  of  x ;  and  it  increases  from  —  1  to  +8 
as  X  increases  from  +2  to  +5,  and  is,  therefore,  an  in- 
creasing function  between  these  values  of  x. 

676.  The  maximum  value  of  a  function  is  the  value  at 
which  the  function  changes  from  an  increasing  to  a  de- 
creasing function. 
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677*  The  minimum  value  of  a  function  is  the  value  at 
which  the  function  changes  from  a  decreasing  to  an  in- 
creasing function. 

678.  The  maxima  and  minima  values  of  a  function  are 
often  called  the  turning  valuer  of  the  function. 

679.  A  turning  value  of  a  function  may  be  a  finite 
constant^  zero,  or  infinity. 

niuBtrations.— 1.  Take  y  =/(a;)  =  3  +  (4  —  x)\ 
As  X  increases  from  0  to  4,  y  decreases  from  19  to  3  ; 
and  as  x  continues  to  increase  from  4  to  oo ,  y  increases 
from  3  to  00.     Therefore,  3  is  a  turning  value  (a  mini- 
mum) of  y. 

2.  Take  y  =  {a- xf. 

As  X  increases  from  0  to  a,  y  decreases  from  «^  to  0  ; 
and  as  x  continues  to  increase  from  a  to  oo ,  y  increases 
from  0  to  00 .     Therefore,  0  ia  a  turning  value  of  y. 

3.  Takey=/(a:)  =  ^j4^,. 

As  X  increases  in  value  from  0  to  -}- 1,  (1  —  xf  decreases 
from  1  to  0,  and  y  increases  from  1  to  oo ;  and  as  x  con- 
tinues to  increase  from  1  to  oo,  {l—xf  increases  from 
0  to  00 ,  and  y  decreases  from  oo  to  0.  Therefore,  oo  is  a 
turning  value  (a  maximum)  of  y, 

680.  The  limit  of  a  function  is  the  value  of  the  func- 
tion at  which  it  ceases  to  be  continuous. 

Kote. — Notice  the  distinction  between  the  meaning  of  the  word 
limit  as  here  used  and  as  used  in  Art.  398.  In  the  latter  sense,  oo 
would  be  the  limit  of  ^  in  illustration  3,  Art.  679,  instead  of  a 
maximum. 

681.  The  limit  of  a  function  may  be  a  finite  constant, 
zero,  or  infinity. 

Illustrations.— 1.  Take  y  =/(ir)  =  2  -  |;. 

2 
As  X  increases  from  0  to  oo ,  —  decreases  from  2  to  0, 
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and  y  increases  from  0  to  2 ;  and,  as  x  can  not  be  sup- 
posed greater  than  oo ,  y  can  not  become  greater  than  2, 
neither  can  y  begin  to  decrease  at  2.  Therefore,  2  is  the 
limit  of  y, 

2.  Take  y  =f{x)  =  :x^{l  +  x^). 

As  X  decreases  from  1  to  0,  y  decreases  from  2  to  0 ; 
and  as  x  can  not  be  taken  less  than  0  (negative)  without 
making  y  imaginary,  y  can  not  become  less  than  0,  neither 
can  y  change  from  a  decreasing  to  an  increasing  function 
at  0.     Therefore,  0  is  the  limit  of  y. 

3.  We  have  already  seen  [674]  that  y  =  f{x)  = 

J.  """  X 

increases  from  1  to  oo  as  a;  increases  from  0  to  + 1,  and 
thereafter  becomes  discontinuous.  Therefore,  oo  is  the 
limit  of  y. 

682.  A  function  may  have  two  Sets  of  values  approach- 
ing the  same  or  different  limits  for  the  same  set  of  values 
of  the  independent  variable, 

Illustratioii8.—l.  Take  f  =f{x)  =  16  —  of" ; 
then  y  =  ±  Vl6  —  a^. 

Here  are  two  values  of  y  for  each  value  of  x,  numeri- 
cally equal  but  opposed  in  sign.  As  x  increases  from  0 
to  4  one  value  of  y  decreases  from  4  to  0,  and  the  other 
increases  from  —  4  to  0.  If  ic  becomes  infinites! mally 
greater  than  4  both  values  of  y  become  imaginary.  There- 
fore, 0  is  the  limit  of  both  values  of  y. 

2.  Takef=f{x)  =  4a?; 
then  y  =  ±  2  Vx. 

Here,  again,  are  two  values  of  y  for  each  value  of  x. 
As  X  increases  from  0  to  -f  oo ,  one  value  of  y  increases 
from  0  to  -f  °^  ^^d  the  other  decreases  from  0  to  —  oo ; 
and  as  x  can  not  be  supposed  greater  than  +  oo ,  -\-cx>  is 
the  limit  of  one  value  of  y  and  —  oo  the  limit  of  the  other 
value. 

683.  The  limit  of  an  increasing  function  is  a  superior 
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or  maximum  limit ;  that  of  a  decreasing  function  an  in- 
ferior or  minimum  limit. 


Graphical  Representation  of  Functions  of  a 
Single  Variable. 

684.  Every  function  of  a  single  variable  may  be  ap- 
proximately represented  by  a  line,  straight  or  curved, 
called  the  graph  of  the  function. 

Method. — Let  y  =f{x).  Assign  successive  values  to  x 
and  calculate  the  corresponding  values  of  y.  Construct 
two  indefinite  straight  lines  intersecting  each  other  at  right 
angles,  one  running  right  and  left  and  the  other  up  and 
down  from  their  intersection.  These  are  the  axes  of  refer- 
ence. The  first  is  the  a;-axis  and  the  second  the  y-axis, 
and  their  intersection  the  origin.  Regard  distance  right- 
ward  from  the  y-axis  positive,  and  distance  leftward  nega- 
tive; distance  upward  from  the  x-tix\s  positive,  and  dis- 
tance downward  negative. 

Assume  a  fixed  length  as  a  unit  of  scale,  and  lay  off  on 
the  ic-axis  from  the  origin  the  successive  values  of  x  based 
on  this  scale,  and  at  the  extremity  of  each  x  value,  and  on 
a  line  parallel  to  the  y-axis,  lay  off  the  corresponding  values 
of  y.  Thus  will  be  located  a  series  of  successive  points  ; 
draw  a  continuous  line  through  these  points;  it  will  be 
the  graph  of  the  function,  and  its  accuracy  will  depend 
upon  the  nearness  to  each  other  of  the  successive  values 
of  X  taken,  the  relation  of  the  unit  of  scale  to  that  of  x 
and  y,  and  the  correctness  of  the  instruments  used  in 
plotting. 

Illustrations. -1.  Take  y  =f{x)  =  a:* -- 20:^2  +  64. 

Assign  special  values  to  x  and  calculate  the  correspond- 
ing values  of  y  by  synthetic  division  [106].  You  will 
readily  derive  the  following  table  of  values  and  make  the 
following  plot : 
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X 

y 

0 

64 

1 

45 

2 

0 

3 

-35 

4 

0 

5 

189 

oo 

00 

-  1 

45 

-  2 

0 

-  3 

-35 

-  4 

0 

-  5 

189 

—  00 

00 

Observa- 

tionB.— 1.  The 
curved  line 
on  the  plot  is 
the  graph  of 
the  function. 
2.  The  unit 
of  scale  used  in 
plotting  the 
graph  repre- 
sents 20  units 
of  y  to  one 
unit  of  X. 


' 

PLOT. 
+2/ 

+ 

200 

+ 

180 

-1- 

160 

+ 

140 

+ 

120 
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+ 

100 

+ 

80 
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^60 
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/. 

«N 

\ 

/ 

+ 

20 

\ 

/ 

"-X 

- 

-3 

-2 

A 

0 

A 

+2 

+3 

L 

V 

/ 



20 

\ 

/ 

V 

/ 

_ 

40 

\ 

/ 



60 

+x 


-y 


3.  The  graph  exhibits  three  turning  values  of  the  function ;  two 
minima  at  the  points  («  =  3,  y  =  —  35)  and  (—  3,  —  35),  and  one 
maximum  at  the  point  (0,  64). 

4.  When  a;=+oo,  y=+oo,  and  when  fl;  =  —  oo,  y=+oo. 
The  graph,  like  the  function,  descends  from  (—  oo ,  +oo )  to  (—3,  —35), 
then  ascends  from  (—  3,  —  35)  to  (0,  64),  then  descends  from  (0,  64)  to 
(3,  —  35),  then  again  ascends  from  (3,  —  35)  to  (-f  oo,  -f  oo).  It  is  a 
continuous  graph  from  beginning  to  end. 

5.  At  a;  =  2,  4,  —  2,  and  —  4,  the  graph  crosses  the  ar-axis,  exhibit- 
ing the  fact  that  for  these  values  of  a;,  y—  f(x)  =  a:*  —  20aJ*  +  64"=0. 
The  values  of  x  that  render  f{x)  =  0  are,  Tiowever,  the  roots  of  the 
equation  f(x)  =  0 ;  therefore,  the  values  of  the  roots  of  f(x)  =  0  may 
be  approximately  found  even  if  incommensurable,  by  plotting /(a;)  =  y 
^nd  determining  with  a  scale  of  equal  parts  where  the  graph  crosses 
the  a^-axis. 

Digitized  by  VjOOQ IC 


372 


ADVANCED  ALGEBRA. 


2.  Plot  y  =  ±  Vic^-a:  =  ±  Vx{x+l){x-l). 
The  following  table  of  values  may  readily  be  obtained  : 
4-y 


PLOT. 


+  a? 


ObMrvatiom.— 1.  The  graph  consists  of  two 
branches  between  the  points  (—  1,  0)  and  (0,  0), 
symmetrical  with  respect  to  the  ic-axis.  These 
branches  are  confluent  at  the  points  mentioned. 

2.  The  graph  is  discontinuous  for  all  values 
of  X  antecedent  to  —  1,  counting  from  aj  =  —  oo , 
and  also  for  all  values  of  x  between  0  and  +  1. 

3.  The  graph  again  consists  of  two  branches, 
symmetrical  with  respect  to  the  a;-axis,  for  all 
positive  values  of  x  greater  than  +  1. 

4  The  limits  of  the  first  branch  are  at  (—1,  0) 
and  (0,  0) ;  the  limits  of  the  second  branch  are  also 
at  (—1,  0)  and  (0,  0) ;  the  limits  of  the  third  branch 
are  at  (+  1,  0)  and  (+  oo ,  +  x)) :  and  the  limits  of 
the  fourth  branch  are  at  (+  1,  0)  and  (+  oo ,  —  oo ). 


X 

y 

0 

0 

+  <  +  l 

V3 

1 

0 

1-5 

±1-4 

2 

±2-4 

2-5 

±3-6 

3 

±4-9 

-1 

0 

-<-l 

a/^ 

-•2 

±•44 

-•4 

±•58 

-•5 

±•61 

-•6 

±•62 

-•8 

±•53 
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6.  The  first  branch  has  a  turning-point  (maximum)  somewhere 
between  (—  '5,  +  '61)  and  (—  "8,  +  '53).  The  second  branch  also  has  a 
turning-point  (minimum)  between  (—  -5,  —  '01)  and  (—  '8,  —  '53). 

6.  The  branches  of  the  graph  meet  the  a>axis  when  a;  =  0,  -I- 1, 
and  —  1.    These  values  are,  therefore,  the  roots  of  f(x)  =  a:*  —  a;  =  0. 

3.  t^lot  f  =  a? -9g«  +  24a;-16. 

or     y  =  ±  Var*  — 9a:^  +  24a;  — 16. 

y  PLOT. 


X 

y 

<1 

V- 

1 

0 

1-5 

±1-76 

2 

±2 

3 

±1-41 

4 

0 

5 

±2 

6 

±4-47 

7 

±7-34 

■\-  00 

±00 

QuestionB. — 

1.  How  many 
branches  has 
this  graph  ? 

2.  How  many  ^y' 
turning-points? 

Locate     and  _ 
name  them. 

3.  What  are 
the  roots  of  the    "" 
function    a:^  — 
9x«  +  24a;  — 16    _ 
=  0? 

4.  Between 
what  limits  are    "" 
the  branches  of 
the  graph  con-    _ 
tinuous  I 

6.  Where    is 
the  function  an    "" 
increasingfunc- 
tion  and  where 
a  decreasing  f 
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EXERCISE    96. 

Plot  and  discuss  the  following  functions  : 
(Use  paper  ruled  in  squares,  called  plotting-paper.) 

1.  y  =4a;  +  6  6,  y^  =  a? 

2.  y  =  8  a;  7.  y*  =  «*  (a?  —  1) 

3.  y  =81a;-»  8.  y  =:a?-8««  +  20a;-.  10 

4.  f  =  4:X  9.  y  =dx  +  lSx^-'23? 

6.  /  =  16  - a;»  10.  f  =  a?  +  da? -  5x^20 


Differentials,  and  Derivatives  of  Functions. 

Definitions. 

686.  The  limit  of  the  ratio  of  the  increment  of  a  func- 
tion to  the  increment  of  the  independent  variable  pro- 
ducing the  increment  of  the  function,  when  the  limit  of 
the  increment  of  the  independent  variable  is  zero,  is  called 
the  derivative  of  the  function. 

Thus,  if  we  let  y  =f{x),  and  represent  the  increment 
of  a;  by  A ic  and  the  corresponding  increment  of  y  by  Ay, 

then  will  lim.  ( — -  |  =  the  derivative  of  the  function. 

686.  The  limit  of  the  increment  of  the  independent 
variable  is  called  the  differential  of  the  independent  vari- 
able, and  is  represented  hj  dx\  and  the  limit  of  the  incre- 
ment of  the  function  is  called  the  differential  of  the  funo- 
tiouy  and  is  represented  hj  dy. 


Therefore,  lim.  1^)  =  p 


x 


Notice,    dy  and  dx  represent  single  quantities  (differentials)  and 
are  not  equivalent  to  d  x  y  and  d  x  x. 
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ninstration. — 

Let  y  =  ^  (1) 

then,  y+  Ay  =  (a;  +  Aa;)*=  Qi?'\^^x{Ax)-\-{£i,xf  (3) 

Subtract  (1)  from  (2),  a  y  =  2a;(A  a;)  +  (a  a;)»  (3) 

Divide  by  A  x,  — -  =  2a;  +  A  a;  (4) 

•^  A  a;  ^  ' 

•■•        ^•'^(|l).x  =  0^"™-<^''  +  ^^>^-o[401,P.]      (5) 

(2  4/ 

/.    -7^  =  2  a;       =  the  derivative  of  «*, 
and  dy  =z2xdx  =z  the  differential  of  a;*. 

687.  The  differential  of  a  function  equals  the  derivative 
of  the  function  multiplied  }y  the  differential  of  the  inde- 
pendent variable, 

688.  The  derivative  of  a  function  equals  the  differential 
of  the  function  divided  iy  the  differential  of  the  independ- 
ent variable. 

689.  If  the  differential  of  a  function,  and  hence,  too, 
the  derivative  of  a  function,  is  positive,  the  function  is  an 
increasing  one ;  if  negative,  a  decreasing  one. 

Principles. 

690.  Let  y^f{x)  =  Q^,  (1) 
then,  y  +  A  y  =  (a;  +  A  a;)" 

=  a;*  +  wir*~^ .  Aa;+^  .(A.-r)^    (2) 
in  which       A  = 

Subtracting  (1)  from  (2),  A  y  =  wa^-i .  A  a;  +  ^ .  (A  a;)*        (3) 
Dividing  by  A  x,  — -  =  na^"-i  +  A,  ax  (4) 

Lira.  (  ^^  )  =  lim.  (7ia?»-i  +  A  .  Aa;)^  ^_rt 

dy 
.'.    ~  =z  nx^-\  since  lim.  A  =  &  finite  constant  [582],  and 
d  X 

lim.  A  a;  =  0.  (5) 

,*.    dy  =z  nx:*-^dx.    Therefore, 
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Frin.  1. — The  differential  of  a  variable  with  a  con- 
stant exponent  eqtmls  the  continued  product  of  the  expo- 
nent, the  variable  with  its  exponent  diminished  by  unity, 
and  the  differential  of  the  variable. 

ninrtrationa. — 

1.  d{a^)  =  4:2^dx  2.  d{x)-^=  -^^x-idx 

3.  d{a  +  bxy=zp{a  +  bxy-^d{a  +  bx) 


691,  Let  y  =  ax  (l) 

then,  y+  Ay  =^  a{x+  Ax)=zax  +  a{Ax)      (2) 

Subtracting,    Ay  =  a{Ax)  (3) 

Dividing,        — -  =  a 

AX 

whence,  ^—  =  a,  and  dy  =:  adx.    Therefore, 

I^rin.  2. — The  differential  of  a  constant  times  a  vari- 
able equals  the  constant  times  the  differential  of  the  vari- 
able. 

Thus,  d{3x^)  =  3  .  d{x^)  =  Sx6ai^dx-  15x^dx. 


692.  Let  y  =  ax  +  b  (1) 

then,  y+Ay  =  a{x-{'Ax)-{'b=i 

ax  +  a(Ax)  +  b         (2) 
Subtracting,    Ay  =  a(Ax) 

Dividing,        -  -^  =  a ;  whence,  ^-^  =  a, 

°  AX  ax 

and  dy  =  adx.    Therefore, 

Prifu  3» — The  differential  of  a  constant  term  is  zero. 


693.  Let        V  =f{x),  w  =/'  (x),  and  z  =f"  (x) ;  and 
let  y  =  v  +  w  —  z  (1) 

then,  y+Ay=^v+Av  +  w+AW''{z+Az) 

=  V  +  W^Z+AV+AW^AZ  (2) 
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Subtracting,          Ay  =  Av  -\-  aw—  Az  (8) 

TV.   . ,.       u              Ay        AV   ^    AW        AZ  ... 

Dividing  by  a  x,  — -  = + (4) 

^    ^           Aa;Aa;Aa;Aa;  ^  ' 

,                    ,.        Ay       ,.        AV       ,.        AW       ,.        AZ  ,^^ 

whence,        lim.  — -  =  lim. +  lim. lim. (5) 

AX                  AX                 AX                  AX  ^  ^ 


[413,  P.]. 

dy  __  dv       dw      d z 

dx  ~~  dx      dx       dx 


(C) 


whence,  dy  =  dv  +  dw  —  dz.    Therefore, 

Prin.  4. — The  differential  of  a  polynomial  tohose  terms 
are  functions  of  the  same  independent  variable  equals  the 
algebraic  sum  of  the  differentials  of  its  terms. 

Blnrtration.    d{a:^  +  da^-'2x  +  6) 

-d{x^)  +  d{3a^)  +  d{''2x)  +  d{5) 

=  SQi?dx  +  6xdx^2dx  =z  {3a?  +  6x  —  2)dx. 


694.  Let  V  -f{x)  and  z  =f{x), 

and  y  =z  vz  (1) 

then,  y+  Ay  =  {v-{-  Av){z+  Az) 

=  VZ  +  V.AZ  +  Z.AV+AV,AZ  (2) 

Subtracting,  Ay  =  v.Az  +  z.Av+Av.Az  (3) 

T^.    .J.        ,  Ay  A  Z  A  V         A  V 

Dividing  by  A  x,  — —  =  v  . +  z  . +  .  A  z 

^    ^         *  AX  AX  Aa;Aa; 

Lim.  — -  —  lim.  (  v  . )  +  Jim.  (  z  . ) 

A  a;  \       AxJ  \       AxJ 

+  lim.  (  — '.  Az] 

\AX  ) 

dy  d  Z  dv         ^    rA-n    T»T 

whence,  dy  =  vdz-^zdv.    Therefore, 

I^rin*  5. — The  differential  of  the  product  of  two  con- 
tinuous  functions  of  the  same  independent  variable  equals 
the  sum  of  the  products  obtained  by  multiplying  each  func- 
tion by  the  differential  of  the  other. 

ninstration. — 

d{-3a^X6xi)  =  -dx'xd{6xi)  +  6xixd{-dx^) 

=  {-dx'XiX6x''i  +  6xix3x{-da^)}dx 

=  —  55x^dx. 
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Car,    d{vwz)  =  v  .  d(wz)-\'WZ  .  dv  [694,  P.] 

=  vwdZ'\-vzdw-\-wzdv.  [694,?.];  etc. 


696.  Let       V  =/(a^),  and  z  =^f'{x) ;  and 


y  =i  -  =1  vz   ^ : 


then  dy  =  v.  d {z"^)  +  z"^ d v  [694,  P.] 
=  '•~vz'~^dz'\-z~^dv 
_^dv       vdz^zdv^vdz 

Therefore, 

Trin.  6. — The  differential  of  a  fraction  whose  terms 
are  continuous  functions  of  the  same  independent  variable 
equals  the  denominator  into  the  differential  of  the  numera^ 
tor  minus  the  numerator  into  the  differential  of  the  de- 
nmnifiator,  all  divided  by  the  square  of  the  denominator. 

""  f  • 

696.  Let      y  =  log.  x 

then  y-^-  t.y  =  log.  (a;+ Aa:)  =  log.a;U  +  ^j 

=  log,  X  +  log.  (l  +  ^  [467,  P.  2] 

A  a;       1     (A:r)«       1     (a  a;)* 

A|  =  i+5.Aa:;inwhich5=-i.l  +  i.A^-  etc.; 
which  for  very  small  values  of  A  a;  is  convergent  [582]. 
/.    LimYAl)  =  lim.fi +  ^.  A  a;") 

whence,  -^  =  —  ;  and  dy  =  —.    Therefore, 

dz       X  ^        X  ' 
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:Prin.  7. — The  differential  of  the  log^  of  a  quantity 
equals  the  differential  of  the  quantity  divided  by  the  quan- 
tity  itself 

Cor. — Since    logio  a:  =  m  log,  x  [607,  P.] 

,    ,,  V       mdx 

d  .  (logioo:)  =  — --. 

Illustration. — 

Th...(,og.£±i?)=.(i±f).£±i! 

—     ^     j  xdx-\-{x-\-a)dx \  _      1      /^ ^  +  «\  J 
^x  +  a\  a^  \-  x  +  a\^r~)^^'^ 

697.  Let  y  =  a',  in  which  a  is  a  constant 
then,  log.  y  ^  X  log.  a  [468,  P.] 

d  (log.  y)  =  log.  a  ,  dx 

or,  — ^  =  log.  a  .  dx 

whence,  dy  ^  (f  log.  a  .dx.     Therefore, 

Trin.  S. — The  differential  of  a  constant  with  a  vari- 
able exponent  equals  the  continued  product  of  the  original 
quantity,  the  logarithm  of  the  constant,  and  the  differential 
of  the  variable  exponent. 

Thus,  df(a  +  J)^  =  rf(a  +  ^)'*=(a  +  J)'* log.  (a  +  J) 

X  d(x^)^\x'-^(a  +  bf^\og.  {a  +  b)dx. 

698.  Problem.    Find  the  differential  of  a^. 

Let  y  =  ^ 

then,     log.  y  '=^  X  log.  x 

and  d  (log.  y)  —  x  ,d  (log.  x)  +  log.  x  .dx 

dy            dx   .  ^  J 

or,  -^  =  X  . h  loff.  X  .  dx 

whence,     6?y  =  :«*  (1  +  log.  x)  dx. 
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EXERCISE    07. 

Differentiate  : 
1.  y=:^bax^'-Zbx^-\'2cx--d  2.  y^bo^z^  +  z 

3.  y=:a:^  +  3a;2  +  4a:  +  5  _        a 

_a:3_f.3^_(_2  \b.  y=:{x  +  aY{x  +  hf 

^■y—  2^  16.  y  =  {x-'f  a)' {x- by 

e,  y=      /ax-\-h  17.  y  =  log.  {o?-\-x) 

^ ^  18.  y  =  (log.  xf 

7.  y=V5a;  +  6  \9.y  =  Z^' 

^.f^lpx  20.  y  =  a!^ 

io.aV  +  5*^  =  «**'  22.^  =  log.  («  +  .)• 


11.  y  =  ax^  -\-ix^  -\-c 
2a^ 


23.  y  =  (f-^d' 


'^-y-ia+xr 

X 

1  Q        4/   — 

Vl  +  x 
24.  y  =    ^J— 

1<5.     y  / ; 

Vx  +  a 

25.  y  =  a^"^* 

Appli( 

:ations. 

EXERCISE    98. 

1.  At  wiiat  rate  is  the  area  of  a  circle  increasing  when 
the  radius  is  6  inches  and  is  increasing  at  the  rate  of  3 
inches  per  second  ? 

Solution :  Let      y  =  the  area,  and  x  =  the  radius ;  then, 

y  =  TTX^ 

and  dy  =  2v  xdx. 

This  denotes  that  at  any  instant  the  rate  of  increase  of  the  area  is 
2  IT  a;  times  as  great  as  the  rate  of  increase  of  the  radius  at  the  same 
instant.  But  when  the  radius  is  6  inches,  it  increases  at  the  rate  of  3 
inches  per  second ;  or,  when  x  =  Q  inches,  dx  =  S  inches. 

/,  dy  =  2ir  X  6  inches  x  3  inches  =  36  ir  square  inches;  that  is, 
the  area  is  increasing  at  such  a  rate  that,  if  kept  uniform  for  one  sec- 
ond, the  increase  would  amount  to  30  ir*  fquare  inches. 
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2.  At  what  rate  is  the  area  of  a  square  increasing  when 
the  side  of  the  square  is  4  inches  and  is  increasing  at  the 
rate  of  2  inches  per  second  ? 

3.  The  volume  of  a  sphere  increases  how  many  times  as 
fast  as  its  radius  ?  When  its  radius  is  6  inches  and  in- 
creases at  the  rate  of  1  inch  per  second,  at  what  rate  is  the 
volume  increasing  ? 

4.  At  what  rate  is  the  diagonal  of  a  square  increasing 
when  the  side  of  the  square  is  8  inches  and  is  increasing 
at  the  rate  of  2  inches  per  second  ? 

6.  The  i-adius  of  a  circle  is  4  inches  and  its  circumfer- 
ence is  increasing  at  the  rate  of  2  «•  inches  per  second.  At 
what  rate  is  the  radius  increasing  at  the  same  instant  ? 

6.  A  boy  approaches  a  tree  90  feet  high  standing  on  a 
level  road  at  the  rate  of  3  miles  an  hour.  At  what  rate 
is  he  approaching  the  top  of  the  tree  when  he  is  220  feet 
from  the  base  ? 

7.  The  diagonal  of  a  cube  is  increasing  at  the  rate  of 
36  inches  per  second,  when  the  side  of  the  cube  is  5  inches 
long.  A.t  what  rate  is  the  side  increasing  at  •the  same 
time  ? 

8.  If  X  increases  at  the  rate  of  '5  per  instant,  at  what 
rate  is  logio  x  increasing  when  ir  =  42  ? 

9.  The  logio  42  =  1-62325.  What,  then,  would  be  the 
logio  42 '5,  if  the  increase  were  uniform  ?  How  does  the 
result  compare  with  logio  42*5  as  found  in  the  table  ? 


Successive  Derivatives. 

699.  If  the  derivative  of  f{x)  be  treated  as  a  new  func- 
tion of  X  [_f\(x)\  there  may  be  found  from  it  a  second 
derivative  of  f{x)  [/8(«)]  in  the  same  way  as  fi{x)  was 
derived  from  f{x),  and  so  on,  until  a  derivative  is  found 
that  is  independent  of  x  [f{xo)]. 
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ninstration. — 

Let/  {x)  =  a:«4-4ar*-  3a:3  +  2a:«- 5a:-|- 7  ;  then, 
/i(a:)  =  5ar*  +  16a,-5-9a;«  +  4;r-5[G93,P.    688] 
f^{x)  =  20a^  +  48r'-18a:  +  4 
/3(x)  =  60a:«  +  96a:-18 
/4(a:)  =  120ic+96 
f{x,)  =  120 

EXERCISE    99. 

Find  the  first  derivative  of  : 

1.  a?-'4:a?+lx  +  'Z  4.  {a  +  xf{a-xf 

2.  {x  +  2)3  (a:  -  2)*  6.  (a  +  a^)  (a  -  ar») 

3.  a:(a;  +  2)  +  a:2(a.^3)  ^^  (a -\- xf -¥  {a  -  xf 


Factorization  of  Polynomials  containing  Equal 
Facto  rs- 

700.  Lot /(a;)  =  {x  +  a,){x  +  a^){x  +  a^)  ....  {x  +  a^) 
=  any  pblynomial  composed  of  binomial  factor^  of  the 
form  of  X'\-a\  then 
f^{x)  =  {x  +  az){x-\-a^){x-{'a^)  ....  (a?  +  «J  + 
{x-{-a^){X'\-a^){x-\-a^)  ....  (a;  +  a,)  + 
(a;  +  ai)  (a;  +  ag)  (a:  +  ^4)  . . . .  (ic  +  a.)  + 
(a;  +  ai)(a;  +  a2)(a;  +  fl3)  ....  (a:  +  ««)  + 


{x  +  a,)  (a;  +  a^)  {x  +  a.,)  ....  (a;  +  a„_i) 
[694,  Cor.     688]. 

01)eerv&tioiiB.~l.  If  110  ttw  fctciors  of  f{x)  are  cdike^  f{x)  aiid 
fi  (x)  have  no  common  f alitor. 

2.  If  two,  three,  or  r  factors  of  f(x)  are  equal,  and  all  equal  to 
X  +  a,  then  will  x  ■¥  a,  {x  +  a)*,  or  (x  +  ay-^  be  a  common  factor  of 
fix)  and  fr(T), 
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3.  In  general,  if  f{x)  contains  the  factor  x  •\-  a  p  times,  {x  +  h) 

q  times,  {x  ■\-  c)  r  times then  will  {x  +  a)^-*  (x  +  by-^  {x  +  c/-* 

be  the  H.  C.  D.  of  f(x)  and  /i  (a:). 

4  The  H.  C.  D.  of  f{x)  and  /i  (ic)  contains  one  factor  less  of  each 
kind  than  does  f{x), 

701.  Theorem. — Every  polynomial  composed  of  bino- 
mial factors  of  the  first  degree,  som£  of  which  are  equal, 
may  be  decomposed  into  factors  containing  no  equal  bino- 
mial factors  of  the  first  degree. 

For,  letf{x)  be  a  polynomial  composed  of  binomial 
factors  of  the  first  degree,  some  of  which  are  equal,  ft  (x) 
its  first  derivative,  /'  (x)  the  H.  C.  D.  of  f{x)  and  /i  (a?), 
and  ^{x)  the  other  factor  ot  f{x) ;  then, 

1.  <t>{x)  will  be  devoid  of  equal  factors  of  the  first 
degree  [700,  4]. 

2.  If  /'  (x)  still  contains  equal  factors  of  the  first  de- 
gree it  may  be  resolved  into  two  factors,  /"  (x)  and  <f>'  (x), 
in  which  <[>'  (x)  is  devoid  of  equal  factors  [700,  4]. 

3.  This  process  may  be  continued  until  no  factor  is 
left  that  contains  equal  factors  of  the  first  degree,  which 
will  be  when  the  last  H.  C.  D.  found  is  unity. 

Illustration.— Resolve  x'^  +  x^  —  12x^  —  12a^  +  ^Sa^  + 
48  ic^  — •  64  a?  —  64  into  factors  devoid  of  equal  binomial  fac- 
tors of  the  first  degree. 

Solution : 

f(x)  =  CB^  +  x«  -  12a:6  -  12a;*  +  48a;«  +  48ic«  -  64a;  -  64 
/x  (a;)  =  7a;«  +  6ir«  -  60a;*  -  48ic«  +  144a;»  +  96a;  -  64 
P(x)=a^^Sx^  +  16  [158]  =(a;«-4)«  =  (a;  +2)(a;  +  2) (a; - 2) (a; - 2) 
4>(x)  =f(x)-^P{x)  =  x  +  l 

.-.   /(a;)  =  (a;  +  2)(a;  +  2)(a;-.2)(a;-2)(a;  +  l). 

EXERCISE     lOO. 

Factor : 

1.  a^  +  2a^'-llx'''12x  +  36 

2.  x^''6xr'  +  x'  +  d73^''S6a^  +  76X'-24: 
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3.  a:s_|.a;7_26  a?«-27  iC«+216a;*+243  rr3-486  a:«~729 a;-729 

4.  ic^0-30x«  +  345a:«-1900a:*  +  5040a:«-5184 
6.  a:^"~13a:«  +  42a:«-58a:*  +  37a;«-9 


Graphical  Significance  of  /i  TxA 

702,  Let  mn  he  the  graph  of  y  :^  f{x). 


Let  P  be  a  point  on  the  graph  whose  co-ordinates  are  x  and  y. 
Let  GH  —  PR  =  Aa:;  then  will  P'i2  =  A  y. 

Draw  the  secant  line  P'FS,  also  the  tangent  line  T'PT. 
Take  SB  =  1,  and  draw  BC=  sin!  /S  and  /SC  =  cos.  S. 
Now,  the  triangles  P'  PR  and  BSG  are  similar. 

...    5|  =  f.g  =  ta„.^[668]  (1) 


Ay 

A  iC 


=  tan.  S 


(2) 


Let  the  point  P'  approach  the  point  P  on  the  graph  so  as  to 
make  a  a;  diminish  uniformly;  then  will  the  secant  line  P' P S  re- 
volve about  P  and  approach  the  tangent  line  T'  PT  as  its  limit,  and 
the  angle  S  will  approach  the  angle  T  as  its  limit 


.'.    Lim.  f  — -  )  =  lim.  (tan.  S)^x  =  o 


or, 


dy 
dx 


=  tan.  T,    Therefore, 


The  first  derivative  of  a  function  is  equivalent  to  the 
tangent  of  the  angle  which  a  tangent  line  to  the  graph  of 
the  function  makes  with  the  axis  of  abscissas. 
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Maxima  and  Minima  of  Functions. 

703.  The  maximum  or  minimum  value  of  a  quadratic 
function  may  readily  be  found,  as  follows  : 

Example  1, — What  is  the  maximum  or  minimum  value 
of  a:*  +  8  ic  +  6,  and  what  value  of  x  will  render  it  a  maxi- 
mum or  minimum  ? 

Solution:  Let       fix)  =  a;*  +  8a;  +  6  =  w 
Complete  the  square,     a;'  +  8  a;  +  16  =  w  +  10 
Extract  the  V',  a;  +  4  =  ±  ^/m  +  10 

Transpose,  a;  =  —  4  ±  V^  +  1^ 

Now,  m  <  —  10,  else  would  x  be  imaginary. 

/.     w  =  —  10  is  the  minimum  value  of  f{x). 
But  when  w  =  —  10,  a;  =  —  4;   then,  a?  =  —  4  renders  f(x)  — 
a:'  +  8  a;  +  6  =  —  10,  a  minimum. 

Example  2. — What  is  the  maximum  or  minimum  value 
of  8  a:  — 3a:^  +  9,  and  what  value  of  a^'will  render  it  a 
maximum  or  a  minimum  ? 

Solution :  Let     f(x)  =  8a;~3a;2  +  9  =  m 
Complete  the  square,  9a;*  —  24a;  +  16  =  43  —  3w 


Extract  the  V*  3  a;  —  4  =  ±  V43  —  3m 

Transpose. and  divide,  a;  =  -^  ±  g-  y/^^  —  3m 

Now,  3m  >  43,  or  m  >  14-s- ,  else  would  x  be  imaginary. 
1  ^ 

.'.    m  =  14  -jT  is  the  maximum  value  of  f{x), 

11  1 

But,  when  m  =  14:-^,  x  =  \-^\  therefore,  a;  =  1  -«  renders  f{x) 

=  8a;— 3a;*+9  =  14-^,  a  maximum. 

Example  3. — ^Divide  36  into  two  parts  whose  product 
shall  be  the  greatest  possible. 

Solution :  Let  x  and  36  —  a;  =  the  two  parts, 
and  X  (36  —  a;),  or  36  a;  —  a;*  =  m. 
Then,  a;  =  18  ±  V334  —  m. 

Now,  m  =  324  is  a  maximum ; 

a;  =  18  and  36  -  a;  ~  18. 
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704.  General  Method. — 

Let  mil  be  the  graph  of  y  =  f{x). 


4 

^ 

—"pyu 

/** 

r 

/ 

/ 

A 

p^ 

^ 

V     V 

Conceive  a  point,  P,  to  move  along  the  graph,  carrying  with  it  a 
tangent  line  to  the  graph,  in  such  a  manner  as  to  cause  the  abscissa 
{x)  of  the  point  to  increase  uniformly.  Let  v  be  the  value  of  the  vari- 
able angle  which  the  tangent  line  makes  with  the  2;-axis.  At  P' 
V  <  90 ;  hence,  tan.  v,  or  /i  (x\  is  positive  [668,  Sch.].  This  is  true, 
however  near  P^  is  to  P".  At  P°,  the  tangent  line  is  parallel  to 
the  a;-axis ;  hence,  v  =  0,  and  tan.  v,  or  fx  (x)  =  0.  At  P™,  v  >  90 ; 
hence,  tan.  v,  or  /i  (x),  is  negative  [668,  Sch.].  This  is  true,  however 
near  P™  is  to  P°.  Again,  just  before  P  arrives  at  P^,  v  >  90**,  and 
tan.  V  is  negative ;  when  P  is  at  P^,  v  =  0  and  tan.  v  =  0 ;  when  P 
has  just  passed  P^,  v  <  90  and  tan.  v  is  positive.    Therefore, 

706.  Prin.  1.   /i(«)  =  0  at  turning  values  of  f{x). 

Prin.  2.  Immediately  before  a  maximum  value  of 
f(x),  /i  {x)  is  positive,  and  immediately  after y  negative. 

Prin.  3m  Immediately  before  a  minimum  value  of 
f{x),  f\{x)  is  negative,  and  immediately  after ,  positive. 

706.  Caution  1.— A  root  of  /i(ar)  =  0  is 
not  necessarily  the  abscissa  of  a  turning  point. 
For  a  tangent  line  to  a  graph  may  be  parallel 
to  the  oj-axis  where  there  is  no  turning  point, 
as  where  two  branches  tangent  to  the  same 
line  coalesce  at  the  point  of  tangeney.  (See 
diagram.) 

It  is  only  when  Prin.  3  or  Prin.  3  is  satisfied,  as  well  as  fi  {x)  =  0, 
that  a  turning  point  is  established. 

Caution  3. — There  may  be  turning 
points  under  peculiar  conditions  when 
/i  (x)  =^  0.  For  there  may  be  turning 
points  where  the  tangent  line  to  the 
graph  is  not  parallel  to  the  a;-axis; 
as  where  two  branches  coalesce  and 
cease.    (See  diagram.) 
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707.  ObBemrations. — 1.  So  long  as  f{x)  remains  continuous,  its 
maxima  and  minima  values  succeed  each  other  alternately. 

2.  If  two  successive  turning  values  of  f{x)  have  the  same  sign, 
the  graph  of  f{x)  between  these  values  can  not  cross  the  a;-axis,  or 
f(x)  4=  0  between  these  values. 

3.  If  two  successive  turning  values  of  f(x)  have  opposite  signs, 
the  graph  of  f{x)  must  cross  the  a;-axis  between  these  values,  or 
f{x)  =  0  somewhere  between  these  values. 

4.  If  a:  =  a  and  x  =  b  render  f(x)  =  0,  and  a^  b,  there  must  be 
a  turning  value  of  f(x)  between  x  =  a  and  x=:b. 

Example. — Find  the  turning  values  of 

f{x)  =  T^-9a?  +  24:X+lQ. 

Solution:  f(x)=:a^  —  9x^-\-24:X  +  lQ 

fi{x)  =  Sx^-lSx-\-2i  =  0; 
or,  /,(a;)  =  a;«-6a;  +  8  =  0; 

whence,  a;  =  4  or  2,  critical  values. 

fi(x-Ax)^     ^3,4  ^=(4- Aa;)«-6(4- Aa;)  +  8  =  - 

■)  A  a;  =  o  ( 
fi(x-\-Ax)^    \p^4  .  =  (4+  Aa;)«-6(4+  Aa;)  +  8= + 

)  A  a;  =  o  f 

.',    f{x)  is  a  minimum  when  x  =  4 
But  f(x)x  =  4  =  4»-  9  X  42  +  24  X  4  +  16  =  32. 

.*.    Minimum  value  of  f{x)  =  32 

fi{x-  AX),  ^^2  .  =  (2- AX)* -6(2- A «)  + 8=  + 
I  A  a;  =  o  (■ 

fiix-^  Ax),  ^^2  ,  =  (2+  Aa:)«~6(2+  Aic)  +  8  =  - 
i  Aa;  =  o  f 

.'.    f(x)x  =  2  is  a  maximum 
But  /(a;)a:  =  2  =  2«-9x2«  + 24x2  + 16  =  36 

.'.    Maximum  valu  "^  of  f(x)  =  36. 
The  value  of  f(x)x  =  a  is  best  obtained  bv  synthetic  division,  as  in 
Art.  106. 

EXERCISE     101. 

Find  the  maxima  and  minima  values  of : 

1.  4ca^-'15a?  +  12x-l  5.  a^-3x^-9x  +  5 

2.  2T'-21a^  +  d6x-2Q  6.  {x-iy{x  +  2y 
3-  x^  +  6x  +  ^  7.  (x-aYix  +  bf 
4.a:*-6a?  +  6  S.  x^ -3a^ +  dx  +  7 
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9.  a^  +  Qx  —  b  11.  a;*  — 8ic*  +  16 

10.  a:*  —  6  a;  —  5  12.  a:*  +  a.*^  +  a:*  —  16 

13.  Show  where  a  line  a  feet  long  must  be  divided  so 
that  the  rectangle  of  the  two  parts  may  be  the  greatest 
possible. 

14.  Find  the  altitude  of  the  maximum  cylinder  that  can 
be  inscribed  in  a  sphere  whose  radius  is  r. 

Snggettion.— Let  BC  =  x,  BD  =  r  —  Xy  and  AB  =  y, 

then,      y»  =  (r  +  x)  (r  —  a;)  =  r'  —  a;',  and 
f{x)=  F=»y«  x2a;  =  2»a;(f«-a^ 
f^(x)  =  2vx  X  (-2x) 
+  (r«-a;«)  x2ir  =  0 

whence,  ^  =  -q  V^ 

2 

and,       y^  =  r^  —  x^  =  -^r* 

16.  Find  the  altitude  of  the  maximum  cylinder  that  can 
be  inscribed  in  a  cone  whose  altitude  is  a  and  whose  radius 
is  b. 

16.  Find  the  volume  of  the  maximum  cone  that  can  be 
inscribed  in  a  given  sphere. 

17.  Find  the  area  of  the  maximum  rectangle  that  can 
be  inscribed  in  a  square  whose  side  is  a. 

18.  What  is  the  maximum  convex  surface  of  a  cylinder 
the  sum  of  whose  altitude  and  diameter  is  a  constant  a  ? 

19.  Find  the  volume  of  the  maximum  cone  that  may 
be  generated  by  revolving  a  right  triangle,  the  sum  of 
whose  legs  is  a,  about  one  of  the  legs  as  an  axis. 

20.  Required  the  area  of  the  maximum  rectangle  that 
can  be  inscribed  in  a  given  circle. 

21.  Required  the  greatest  right  triangle  which  can  be 
constructed  upon  a  given  line  as  hypotenuse. 
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CHAPTER  XII. 
THEORY    OF    EQUATIOJfS. 


Introduction. 

708.  Equations  of  the  first  and  second  degree  have 
already  been  treated,  and  need  no  further  attention  here. 

709.  Jerome  Cardan,  an  Italian  mathematician  (1501- 
1576),  published  in  1545  a  method  of  solving  cubic  equa- 
tions, now  known  as  "Cardan's  Formula.^'  But,  as  this 
formula  is  not  finally  reducible  when  the  roots  of  an  equa- 
tion are  real  and  unequal,  it  is  not  of  much  practical 
value. 

710.  Een6  Descartes,  a  French  mathematician  (1596- 
1650),  transformed  the  general  bi-quadratic  equation  so  as 
to  make  its  solution  depend  upon  that  of  the  cubic  equa- 
tion ;  but,  as  he  invented  no  new  method  of  solving  the 
latter,  the  same  difficulties  are  encountered  in  the  applica- 
tion of  his  rule  as  are  met  in  Cardan's. 

711.  Nicholas  Henry  Abel,  a  Norwegian  mathematician 
(1802-1829),  demonstrated,  in  1825,  the  impossibility  of  a 
general  solution  of  an  equation  of  a  higher  degree  than 
the  fourth.  Previous  to  that  date  many  such  solutions 
were  attempted. 

712.  The  real  roots  of  numerical  equations  of  any  de- 
gree are,  however,  attainable  through  laws  and  principles 
to  be  developed  in  this  chapter. 
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Normal  Forms. 

713.  Theorem  I. — Every  equation  of  one  unknown 
quantity  with  real  and  rational  coefficients  can  be  trans- 
formed into  an  equation  of  the  form  of 

Aar  +  B  ic*-*  +  Caf'-^  +....+  i  =  0, 
in  which  A  and  all  the  exponents  of  x  are  positive  in- 
tegersy  and  each  of  the  remaining  coefficients,  including  L, 
is  either  an  integer  or  zero. 

Hote.    L  may  be  regarded  the  coefficient  of  a^. 

Demonitration. — 1.  If  the  equation  contains  fractional  terms,  it 
may  be  cleared  of  fractions. 

2.  If  there  are  any  terms  in  the  second  member,  they  may  be 
transposed  to  the  first  member. 

3.  All  terms  containing  Uke  exponents  of  x  may  be  collected  into 
one  term  by  addition. 

4.  If  A  is  negative,  both  members  may  be  divided  by  —  1.    . 

5.  If  X  contains  negative  exponents,  both  members  may  be  multi- 
plied by  X  with  a  positive  exponent  numerically  equal  to  the  greatest 
negative  exponent. 

6.  If  X  contains  fractional  exponents,  ar"  may  be  substituted  for  Xj 
in  which  m  is  the  L.  C.  M.  of  the  denominators  of  the  fractional  ex- 
ponents. 

The  roots  of  the  transformed  equation  tvill  be  the  mth  root  of  the 
roots  of  the  original  equation, 

7.  The  tenns  may  now  be  arranged  according  to  the  descending 
powers  of  x, 

714.  The  equation 

Ax*  +  B  x*-^  +  C^af-2  +  . . . .  -|_  X  =  0, 
is  known  as  the  first  normal  form  of  an  equation  of  one 
unknown  quantity,  and  will  hereafter  be  represented  by 

Example. — Transform  3  a;5  H — r  —  8  +  7  x^^  =  o  +  -r 

x^  o       x^ 

into  the  first  normal  form,  and  compare  the  corresponding 

roots  of  the  two  equations. 
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Mutton:  Given  3a;f  +  —  - 8  +  7a;-*  =  1  +  ^.  (A) 

fljy  o      a;* 

Clear  of  fractions,  9  jr  +  12  —  24  a;i  +  21  a;— i  =  4  a;i  +  9  a;i       (B) 

Transpose  and  collect  terms, 

9a;  +  21a;-t~28a;4-9a;i  +  12  =  0  (C) 

Multiply  by  ak , 

9a;i  +  21-28a*-9a;t  +  12xi  =  0  (D) 

Put  a;  =  a;«,      9a;»  +  21  -  28a;*~9a:*  +  12a;3  =  0  (E) 

Rearrange  terms, 

9a;»+0a;8  +  0a;'  +  0a;«-28ic»-9a;*+12a:»+0a;2+0a;+21  =  0        (F) 

The  roots  of  (A)  =  Vof  the  roots  of  (F). 


716.  An  equation  that  contains  all  the  powers  of  x, 
from  the  highest  to  the  lowest,  is  called  a  Complete  Equa- 
tion, An  incomplete  equation  may  be  written  in  the  form 
of  a  complete  equation  by  supplying  the  wanting  terms 
with  coeflBcients  of  zero. 

Thus,  ic*^  —  4a:^  +  2^  —  5  =  0  may  be  written  2?^  ±  Oa:* 
-4aj3±0a^  +  2a?-5  =  0. 


716.   Theorem  II. — The  equation   F^  {x)  =  0  may  he 
transformed  into  an  equation  of  the  form  of 

in  which  the  coefficient  of  aJ*  is  unity,  and  each  of  the 
remaining  coefficients  is  either  an  integer  or  zero. 

DttuoDstratioii. — 

Take     F^{x)  =  Ax*  +  Bj^-^  +  Ca:— »  +  ....+  JD  =  0 
^  ,  X    Ax*      Bx*-^       Cx*-^  ^       _ 

^^^    ^  =  Z'-A^+ A^+ ^-^■^••••  +  ^  =  ^ 

Multiply  by  J.*-*, 

X*  +  Bx*-^  +  AC£*-^  + +  A*-^L  =  0 

Put  pi  for  B,  Pi  tor  AC, pn  for  A*-^ L, 

X*  +i?ia:"->  +i?aa,-»-«  + +  i?»=  0 

This  is  the  second  normal  form  of  an  equation  of  one  unknown 
quantity,  and  will  hereafter  be  represented  by  /« {x)  —  0. 
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717,  Cor.  1. — Each  root  of  /« (x)  z=0  is  A  times  as 
great  as  the  corresponding  root  of  F^  {x)  =  0. 

718.  Cor.  2. — The  coefficient  of  the  second  term  of 
/.  (x)  is  the  same  as  the  coefficient  of  the  second  term  of 
F^  (x),  and  the  succeeding  coefficients  of  /« (x)  are  obtained 
by  multiplying  the  succeeding  coefficients  of  F^{x)y  in 
order,  by  A,  A^,  A^, -4"~^ 

Hote. — If  terms  are  wanting,  supply  them  with  coefficients  of  0. 

Example. — Transform  the  equation  4ic^  —  3a:^  +  2a;^  — 
7  =  0  into  an  equation  of  the  form  of  f(x)  —  0. 

Solution : 
Given      Fi^x)  =  4a;'^  —  3a:*  +  Oa;«  +  2a;2  +  Oa;  —  7  =  0, 
then  will  f{x)  =  a;*-3j;4  +  4x0a;«  +  42x2a;2  +  48x0a;--44x7  =  0  [718] 
or,  Six)  =  a*  -  3a:*  +  32a:2  -  1792  =  0. 

The  roots  of  /(a;)  =  0  are  4  times  as  great  as  those  of  F(^x)  -=  0. 

EXERCISE     102. 

Transform  the  following  equations  into  equations  of 
the  form  of  f(x)  =  0.  Compare  the.  roots  of  the  trans- 
formed equation  with  the  roots  of  the  original  equation. 

1.  3.r*  +  2a;3-3a:2^7^_5_0 

2.  2a:5  +  4a;*-a;3  +  a;2_7--o 

3.  4a:«  +  3:c*-5a:2_^7^_l_,0 

4.  3a;^-2a;J  +  3a;i-2a;*  +  4a;*-2  =  0 

6.  x-^  +  2  a:-*  +  3  x-^  -  x^^  +  a;-^  -  2  a;"-+  +  2  =  0 

6.  |:.+  |:.-J+|a;i- 1^-^  +  3  =  0 

7.  a;?-3a;^-2a;i  +  32;-i  +  2  =  0 

^2,5  3    _i   ,   J.      ^ 
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Divisibility  of  Equations. 

719.  Theorem  III. — If  a  is  a  root  of  F^  {x)  =  0,  then 
x  —  a  is  a  factor  of  F^  {x). 

For,  let  F^  (x)  ^{x^a)^  F..,  {x)  +  ^^ 

then,       {F.^i{x)\  (a:  -  a)  +  r  =  i^^x)  =  0 
but,  2?  —  a  =  0,  since  a;  =  a. 

r  =  0; 
whence,  F^  (x)  -~  (a;  —  a)  =  F^_^  {x). 

720.  Cor.  1. — If  a  is  an  integral  root  of  F^  (x)  =  0, 
it  is  a  divisor  of  the  absolute  term  of  Fn  {x)  [163]. 

721.  Cor.  2. — If  x  —  a  is  a  factor  of  F^  {x)y  then  a  is 
a  root  of  F^  {x)  =  0. 

For,        F, {x)  =  {F^_,  {x)}  (a;  -  «)  =  0  ; 
whence,  a;  —  a  =  0,  and  x=:a. 

722.  Cor.  5. — If  x  is  a  factor  of  F^  (x),  then  zero  is  a 
root  of  Fn{x)=iO. 

Number  of  Roots. 

723.  Tiieorem  IV.    F^  {x)  =  0  has  at  least  one  root. 
The  demonstration  of  this  theorem  may  be  found  in 

special  treatises  on  the  Theory  of  Equations.     It  is  too 
long  and  tedious  to  be  introduced  here. 

724.  Theorem,  V.  jP,  (x)  =  0  has  n  roots  and  only  n. 
For,  Fn  (x)  =  0  has  at  least  one  root.  [T.  IV.J 
Let                a  =  one  root  of  F^  (x)  =  0  ; 

then,  Fn (x)  =  {F^^t{x)]  {x  —  a}  =  0              [T.  IILJ 

.-.  Fn.t{x)  =  0. 

Let  b  =  one  root  of  F^^t  (x)  =  0  ;          [T.  IV.] 

then,  F._,  (x)  =  {Fn^iix)}  {ar  -  ft}  =  0              [T.  III.] 

.-.  Fn-,{x)  =  0. 
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Now,  as  F^  {x)  =  0  is  of  tbe  nth  degree,  and  each  time 
a  root  is  removed  by  division  the  degree  is  lowered  by 
unity,  it  follows  that  n  roots  and  only  n  can  be  removed 
before  Fn{x)  reduces  to  an  absolute  factor.  Therefore, 
F^{x)  =  0  has  n  roots  and  only  n. 

726.  Cor.    F^  {x)  =  0  may  he  written 

A{x  "  a){x  '-h){x  —  c)  . . . .  {x  —  T)  =  0  ', 

or  simply  {x  —  a){x-'h){x-^c) (a;  —  Z)  =  0,  in  which 

there  are  n  factors  of  the  form  of  x  —  r,  the  second  terms 
of  which  are  the  roots  of  F^  {x)  =  0  with  their  signs 
changed,  and  may  he  positive  or  negative,  fractional  or 
integral,  rational,  irrational,  or  imaginary,  suhject  only 
to  restrictive  conditions  explained  hereafter. 


Relation  of  Roots  to  Coefficients- 

726.  Theorem  VI.— If  F^  (x)  =  0  he  put  in  the  form 
of  x^  +  Bt(xf'-'^  +  Ci  a;— 2  _|_ .  _  .  ^  Xi  =  0,  *y  dividing  hoth 
members  of  the  equation  hy  A,  the  coefficient  of  af ,  then  will 

1.  Bi  =  the  sum  of  the  roots  with  their  signs  changed. 

2.  Ct  =  the  sum  of  the  products  of  the  roots  taken  two 
together. 

3.  Di  =  the  sum  of  the  products  of  the  roots  with  their 
signs  changed,  taken  three  together. 

4.  Fi  =  the  sum  of  the  products  of  the  roots  taken  four 
together.     And  so  on  to 

6.  Li  =  the  product  of  all  the  roots  with  their  signs 
changed. 

Demonstratioii :  Let  the  n  roots  of  the  equation  be  a,  ^,  c,  . . . .  / ; 

then,  Fn  (x)  =  x*  +  Bx  a:«-»  +  d  a^-^  + +  Li 

=  {X  -  a){x  -  b)ix  -  c) , , , .  {x - 1)  [725]. 
After  which  the  theorem  is  a  direct  inference  from  the  binomial  for- 
mula [587],  and  the  principle  that  "  changing  the  signs  of  an  even 
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number  of  factors  does  not  change  the  sign  of  their  product "  [page 
26,  Ex.  3]. 

Cor. — Changing  the  signs  of  the  alternate  terms  of 
Fn  (x)  =  Q  changes  the  signs  of  its  roots. 


0 

Imaginary  Roots. 

727.  Theorem  VII. — Imaginary  roots  can  enter  Fn  {x) 
—  0  only  in  conjugate  pairs. 

For  in  this  way  only  will  their  sum  and  the  sum  of 
their  products  be  real  [657],  as  they  must  be  [713]. 

728.  Cor.  1. — The  product  of  the  imaginary  roots  of 
F^  {x)  =  0  is  positive. 

For  the  product  of  each  pair  is  positive. 
Thus,  {a  +  hi){a-hi)=za^-\-V. 

729.  Cor.  2.  —  When  all  the  roots  of  F^{x)  =  0  are 
imaginary  the  absolute  term  is  positive. 

Suggestion. — For  the  equation  is  then  of  an  even  degree. 

730.  Cor.  3.  F^  {x)  =  0  has  at  least  one  real  root  oppo- 
site in  sign  to  the  absolute  term,  when  n  is  odd. 

731.  Cor.  4.  Fn  (x)  =  0  has  at  least  two  real  roots, 
one  positive  and  the  other  negative,  if  n  is  even  and  the 
absolute  term  is  negative. 

732.  Cor.  5.— The  sign  of  F^  (x)  for  any  real  value  of 
X  depends  on  the  real  roots  of  F^  (x)  =  0. 

For  the  product  of  x  —  {a  +  b i)  and  x  —  {a-—  bi)  = 
{x  —  ay  +  SS  a  positive  quantity  ;  and  this  is  true  of  every 
pair  of  factors  containing  conjugate  imaginary  terms. 

733.  Cor.  6. — Fvery  entire  function  of  x  with  real 
and  rational  coefficients  may  be  divided  into  real  factors 
of  the  first  or  second  degree. 

Digitized  by  VjOOQ IC 


396  ADVANCED  ALGEBRA. 

Fractional  Roots. 

734.  Theorem  VIII.—Nb  root  of  /,  {x)  =;=  0  can  be  a 
rational  fraction. 

Take  fn{x)  =  x^  +  i>iaf^-'  +  P2X''-'+  ....+Pn=0 
[716].  If  possible,  let  x=  j-,  a  rational  fraction  in  its 
lowest  terms.     Then,  by  substitution. 

Multiplying  by  d"~S  and  transposing  terms,  we  have 

a" 

--  =  —  pia""-^  —pza^-^b  — —  jt?,^"~^  = 

an  integer,  which  is  impossible. 

Schaliuni. — From  this  theorem  it  follows  tJiat  the  ra- 
tional fractional  roots  of  F^  {x)  =  0  may  be  obtained  by 
transforming  F^  (x)  =  0  into  /,  {x)  =  0  and  dividing  the 
roots  of  the  latter  equation  by  A,  the  coefficient  of  aJ*"^  in 
the  former. 


Relations  of  Roots  to  Signs  of  Equation. 

736.  Theorem  IX, — If  F^  (x)  =  0  has  no  equal  roots, 
then  F^  (x)  will  change  sign  if  x  passes  through  a  real  root. 

For,  take  F^{x)z={x  —  a){X'-b){X'-c)....{x—l)z=zQ 
[725] ;  conceive  x  to  start  with  a  value  less  than  the  least 
root  and  continually  increase  until  it  becomes  greater  than 
the  greatest  root.  At  first,  every  factor  of  F^  {x)  is  nega- 
tive, but,  at  the  instant  it  becomes  greater  than  the  least 
root,  the  sign  of  the  factor  containing  that  root  will  be- 
come plus,  while  the  others  remain  minus  ;  whence,  F^  {x) 
will  change  sign.  It  will,  moreover,  retain  its  new  sign 
until  it  passes  over  the  next  greater  root,  when  it  will 
again  change  sign,  and  so  on. 
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736.  Ckyr.  1. — If  for  any  two  assigned  values  of  Xy 
F^  {x)  has  different  signs,  one,  or,  if  more  than  one,  an 
odd  number  of  roots  of  F^  {x)  =  0  lie  between  these  values. 

737.  Car.  2. — If  for  any  two  assigned  values  of  x, 
Fn  (x)  has  the  same  sign,  either  no  root  or  an  even  number 
of  roots  of  jPn  {^)  =  0  lie  between  these  values. 

738.  Some  of  the  properties  of  F^  (x)  =  0,  already  dis- 
cussed, are  beautifully  illustrated  by  the  following  graph. 


1.  It  is  seen  that  y  =  i^n  (a^)  =  0  when  a;  =  1,  2,  3,  and  5.  There- 
fore, these  values  of  x  are  roots  of  Fn  (x)  =  0. 

2.  Immediately  before  a:  =  1,  y  is  positive,  and  immediately  after 
a;  =  l,  y  is  negative;  immediately  before  5:  =  2,  y  is  negative,  and 
immediately  after  a;  =  2,  y  is  positive,  etc. ;  illustrating  that  when  x 
passes  over  a  real  root,  Fn  {x)  changes  sign. 

3.  At  a;  =  3  two  values  of  y  become  zero ;  therefore,  two  roots 
become  identical,  or,  in  other  words,  3  is  twice  a  root.  Were  the  abso- 
lute term  of  Fn  {x)  so  changed  as  to  make  y  somewhat  less,  the  ar-axis 
would  cross  the  graph  twice  between  a;  =  2  and  a:  =  4,  once  before 
a;  =  3,  and  once  after,  thus  proving  conclusively  the  duality  of  the 
root  3,  when  y  =  0. 

4  Immediately  before  a:  =  —  2  and  x  =  Q^  the  graph  approaches 
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the  avaxis,  but  in  each  case  makes  a  turn  before  reaching  it,  prevent- 
ing, thereby,  equal  roots  or  unequal  real  roots.  These  turns  locate  the 
position  of  imaginary  roots.  The  truth  of  this  statement  becomes 
manifest  when  we  suppose  the  absolute  term  of  Fn  {x)  to  so  change  as 
to  cause  y  to  gradually  decrease,  the  a;-axis  will  gradually  arise  and 
finally  touch  the  graph  at  a;  =  —  2,  thereby  making  two  equal  roots, 
and,  if  y  continues  to  decrease,  the  2;-axis  will  cross  both  branches 
above  the  turn  at  a;  =  —  2,  making  two  unequal  real  roots. 

The  student  will  be  interested  in  observing  the  changes  in  the 
roots  if  the  absolute  term  of  the  equation  so  changes  as  to  cause  the 
a>axis  to  gradually  move  from  the  position  Ai  xi  to  the  position  A%  x« . 

5.  It  must  not  be  assumed,  however,  that  imaginary  roots  always 
denote  a  turning  point  in  the  graph  of  the  equation.  Such  may  or 
may  not  be  the  case. 

739.  If  any  two  successive  terms  in  a  complete  equa- 
tion have  like  signs,  there  is  a  permanence  of  sign  ;  if 
unlike  signs,  a  variation  of  sign.     Thus,  in  the  equation 

there  ai-e  five  variations  and  one  permanence. 

740.  Theorem  X. — No  complete  equation  has  a  greater 

number  of  positive  roots  than  there  are  variations  of  sign, 

nor  a  greater  number  of  negative  roots  than  there  are  per- 

manences  of  sign. 

Demonstration :  Let  the  following  be  the  successive  signs  of  a  com- 
plete equation ; 

+     —     —     +     +     — 

There  are  here  two  permanences  and  three  variations.    To  intro- 
duce another  positive  root,  the  equation  must  be  multiplied  by  x  —  a. 
The  signs  of  the  product  will  readily  appear  from  the  following 
work : 

+     —     —     +     +     — 
+     — 


—  —     +      +     — 

—  4-      +      —     — 


±      - 


The  double  sign  denotes  a  doubt,  growing  out  of  an  ignorance  of 
the  relative  numerical  magnitudes  of  the  terms  added. 

Now,  a  careful  inspection  will  show  that,  whether  we  regard  both 
doubtful  signs  negative,  both  positive,  or  one  negative  and  the  other 
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positive,  the  number  of  permanences  will  not  be  increased,  but  the 
number  of  terms  is  increased  by  one ;  therefore,  the  number  of  varia- 
tions must  be  increased  by  at  least  one.  Since  the  introduction  of  a 
positive  root  introduces  at  least  one  variation,  it  follows  that  the  num- 
ber of  positive  roots  can  not  exceed  the  number  of  variations. 

In  a  similar  manner,  by  introducing  the  factor  x  -^  a,  it  may  be 
shown  that  the  number  of  negative  roots  can  not  exceed  the  number 
of  permanences  of  sign. 

This  is  Descartes*  celebrated  rule  of  signs. 

741.  Car.  1. — If  all  the  roots  of  an  equation  are  redly 
the  number  of  variations  equals  the  number  of  positive 
roots,  and  the  number  of  permanences  equals  the  number 
of  negative  roots. 

742.  Ctn'.  2. — An  equation  whose  terms  are  all  positive 
can  have  no  positive  roots. 

743.  Cwr.  3. — An  equation  whose  terms  are  alternately 
positive  and  negative  can  have  no  negative  roots. 


Limits  of  Roots. 

744.  A  number  known  to  be  equal  to  or  larger  than 
the  largest  root  of  an  equation  is  called  a  superior  limit 
to  the  roots  of  the  equation. 

746.  A  number  known  to  be  equal  to  or  smaller  than 
the  smallest  root  of  an  equation  is  called  an  inferior  limit 
to  the  roots  of  the  equation. 

746.  Theorem  XT. — If  the  first  h  coefficients  of  F^  (x) 
are  positive,  and  P  is  the  smallest  of  them,  then,  if  Q  is 

numerically  the  largest  subsequent  coefficient,  ju  ^  + 1  w 
a  superior  limit  to  the  roots  of  F^  {z)  =  0. 

Demoiuitration :  It  is  evident  that  the  case  in  which  x  must  have 
the  greatest  value  to  make  Fn  {x)  =  0  when  the  first  h  coefficients  are 
positive,  is  the  one  in  which  these  coefficients  are  all  equal  to  the  least 
one  of  them  (P),  and  the  remaining  n  +  1  —  ^  coefficients  are  all 
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negative  and  each  equal  to  the  greatest  among  them  (Q),    Therefore, 
the  value  of  a;  is  a  superior  limit/  to  the  roots  of  Fn  {x)  =  0,  if 

Pa;*  +  Pa;— »  +....+  Pa?»+i-*  =  g a^-*+  <>a^-*-»+ . . . .  +  C; 
Pa^+i_Pa*  +  i-A  ^  ga;«  +  i-*— g 
'  a;—  1  ""         X—  1 

or,  Pa;«  +  »-*(a;*-l)  =  ^>(a;«+i-*--l) 

P(a^-l;  =  G(l-^;^) 

or  if,  P{a^  -  1)  =  ft  since  1  >  (l  -  ^^^^ 

+  1. 


=i/f 


747,  Cor. — If  the  signs  of  the  alternate  terms  of  an 
equation  be  changed,  then  will  the  superior  limit  to  the 
roots  of  the  transformed  equation,  with  its  sign  changed, 
be  the  inferior  limit  to  the  roots  of  the  original  equation 
[726,  Cor.].  

Equal  Roots. 

748.  Theorem  XII. — If  F^  (x)  =  0  has  equal  roots,  it 
may  be  separated  into  two  or  more  equations  with  unequal 
roots. 

This  is  a  direct  inference  from  Art.  701. 


Commensurable  Roots. 

749.  The  integral  and  rational  fractional  roots  of  F^  (ic) 
=  0  are  called  its  commensurable  roots, 

750.  Problem  1.    To  find  the  commensurable  roots  of 

.  P«(a;)  =  0. 

Solution :  Pursue  the  following  line  of  investigation : 

1.  Determine  the  number  of  roots  the  equation  has  [724]. 

2.  Determine  how  many  roots  may  be  positive  and  how  many 
negative  [740]. 

3.  Determine  the  limit  to  the  positive  and  the  negative  roots 
[746,  747]. 
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4.  Determine  what  integral  numbers  may  be  roots  [720]. 

5.  Find  and  remove  the  integral  roots  by  synthetic  division  [719, 
105]. 

6.  Determine  whether  there  are  any  equal  roots  [701],  and  if  so, 
remove  them  by  synthetic  division. 

7.  Find  the  rational  fractional  roots  from  the  equation  resulting 
from  the  removal  of  the  integral  roots,  and  according  to  Theorem 
VIII,  Scholium. 

ninstrations. — 1.  Find  the  commensurable  roots  of 
jF;  (a;)  =  24  a:*  +  122  a?3  +  5  ic«  -  26  a:  -  5  =  0. 

Solution : 

1.  This  equation  has  four  roots,  all  real,  or  two  real  [724,  731]. 

2.  There  are  one  variation  and  three  permanences  of  sign ;  there- 
fore, there  can  not  be  more  than  one  positive  nor  more  than  three 
negative  roots  [740]. 

3.  The  only  integral  roots  possible  are  +1,  —  1,  +5,  and  —  5 
[720].  

8  /26 

4.  The  largest  positive  root  <  4/  -^  +  1,  or  <  2  [746]. 

5.  Neither  +  1  nor  —  1  is  a  root,  since  F^{x)  is  not  divisible  by 
either  x—  i  or  a:  +  1,  as  witness : 

-1)24  +  122+     5-   26-     5 
-^24  -98+93-67 

m-   93+    67-    72* 

+  1)24  +  122+     5-26-     5 
24  +  146  +  151  +  125 

146+  151  +  125  +  120* 
Note.— It  is  evident  that  when  +  1  is  a  root  of  -F„  (a:)  =  0,  the 
sum  of  the  positive  coefficients  must  equal  the  sum  of  the  negative 
coefficients ;  and,  if  —  1  is  a  root,  +  1  is  a  root  if  the  signs  of  the 
alternate  terms  are  changed.  These  facts  determine  a  more  expe- 
ditious method  of  testing  whether  either  +  1  or  —  1  is  a  root. 

6.  —  5  is  a  root,  as  witness : 

-5)24  +  122+  5-26-5 
-120-10  +  25  +  5 
+     2-   5-    1 

7.  The  resulting  equation,  after  removing  the  root  —  5,  is  Fz  (x) 
=  24  a;'  +  2a;2  —  5  a:  —  1  =  0,  which  has  no  integral  roots. 

Transform  Fs  (x)  =  0  into  an  equation  of  the  form  of  fa  (x)  =  0, 
/a  (x)  =  a;8  +  2  a:«  -  120  re  -  576  =  0  [73i,  Sch.]. 
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8.  /i  (x)  =  0  has  three  roots  [724],  only  one  of  which  can  be  posi- 
tive, and  the  largest  positive  root  possible  is  ^bll  =  24. 

9.  The  divisors  of  576  not  exceeding  24  are  1,  2,  3,  4,  6,  8,  9, 12, 
16,  18,  24.  From  the  relative  values  of  the  positive  and  negative  co- 
efficients it  will  be  seen  at  a  glance  that  a;  >  6. 

10.  +  8  and  +  9  are  not  roots,  but  +  12  is  a  root,  as  witness : 

+  8)1+    2-120-576 
+    8+    80-320 


+  10- 

40- 

-896* 

+  9)1+    2- 

120- 

-576 

+    9  + 

99- 

-189 

+  11- 

21- 

-765» 

hl2)l+    2- 

120- 

-576 

+  12  +  168  +  576 

14+48 

11.  The  resulting  equation,  after  removing  the  root  +  12  from 
/s  {x)  =  0,  is  /j  (a;)  =  x*  +  14  a;  +  48  =  0 ;  whose  roots  are  found  to  be 
-  8  and  -  6  [331]. 

12         8 

12.  The  four  roots  of  F^  {x)  =  0  are,  therefore,  —  5,  +  s^'  ~  oi' 
_  111  ^^        ^^ 

and  —  2^  [734,  Sch.],  or  -  5,  +-,—-,  and  —  -j. 


2.  Find  the  commensurable  roots  of 

144  a^- 64  a; -192  =  0. 

Solution :  It  may  readily  be  found  by  synthetic  division  that  +  2, 
—  2,  and  —  3  are  the  only  integral  roots  of  this  equation. 

The  resulting  equation,  after  removing  these  roots,  is  f^  (a;)  =  a:*  — 
8  a;^  +  16  =  0.  If  any  of  the  roots  of  this  equation  are  integral,  they 
must  be  equal  to  one  or  more  of  the  roots  already  found.  They  may, 
however,  all  be  incommensurable  or  imaginary. 

Factoring  /« {x\  we  have  {a^  —  4)  (a;^  —  4)  =  0 ; 
whence,  a;  =  +  2,  —  2,  +2,  —  2. 

Therefore,  all  the  roots  of  fi(x)  =  0  are  ±2,  ±2,  ±  2,  and  —  3. 

EXERCISE     103. 

Find  ^he  commensurable  roots  of  : 
1.  a?-'^7?+'tx-b  =  Q  2.  a?3-6a:«-|-10a?-8  =  0 

3.  a:^  -  11  a^  -H  41  a;  -  55  =  0 
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4.  7?  +  Qqi?-\-Ux  +  1%  =  0 

5.  iC*-3a:3-2a:«  +  12ir-8  =  0 

6.  12a:3  +  8a:^-3a;-2  =  0 

7.  a;*  +  2a:3-72:«-8a;+12  =  0 

8.  a,'*-8a;3  +  10a:2  +  24a;  +  5  =  0 

9.  a;5  +  3a:*-3a:3_9^_4^_12  =  0 

10.  a;*-5ar'  +  3a;«  +  2a;  +  8  =  0 

11.  8a?3-16a:«-8ir  +  21  =  0 

12.  16a^-48a;3  +  32a:^  +  12;r-9  =  0 

13.  3a,'«  +  2a;*-21a:»-14a:2  +  36a:  +  24  =  0 

14.  9a:»  +  81  a;*  + 203  a:^  +  gOa.-^  -  92  a:  -  60  =  0 

15.  18a;5  +  9a:*  +  22a;3  +  lla;«-96a;-48  =  0 

16.  a:*  +  4a:3_i3^5_28a;  +  60  =  0 

17.  ar*  +  2a;3-lla:«-12a;  +  36  =  0 

18.  a:5  +  4iC*  +  a:3-10a:2-4a;  +  8  =  0 

19.  3a:«  +  14a:^  +  8ar*-42a:»-79a:2-52a;-12  =  0 


Incommensurable  Roots. 

761.  The  incommensurable  roots  of  an  equation  are 
best  sought  for  after  all  the  commensurable  roots  have 
been  removed  by  division  and  the  resulting  equation  trans- 
formed into  an  equation  of  the  form  of  /,  {x)  =  0. 

762.  The  first  step  necessary  in  the  search  for  the 
values  of  the  incommensurable  roots  of  an  equation  is  to 
find  the  number  and  situation  of  such  roots. 

Jacques  Charles  rran9ois  Sturm,  a  Swiss  mathemati- 
cian (1803-1855),  discovered  a  method  of  doing  this  in 
1829,  known  as  Sturm's  method. 
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763.  Sturm! %  Series  of  Functions.  —  Assuming  that 
f^  {x)  =  0  has  no  equal  roots,  this  eminent  mathematician 
formed  a  series  of  functions,  as  follows : 

The  first  two  terms  of  the  series  are  /,  {x\  and  its  first 
derivative,  which  we  will  now  represent  by  /,.i  {z). 

The  other  functions,  and  which  are  called  Sturmian 
functions,  are  derived  as  follows  :  Divide  /« {z)  by  /,_i  (a:), 
and  represent  the  remainder  vnth  its  sign  changed  by 
/,_8  {x).  Divide  /,_i  (x)  by  /«_2  (a;),  and  represent  the  re- 
mainder with  its  sign  changed  by  /,_3  {x) ;  continue  this 
process  until  the  last  remainder  with  its  sign  changed  is 
an  absolute  term.  Represent  this  remainder  /o  {x).  There 
will  then  be  w  + 1  of  these  functions,  as  follows : 

/•  {^l  fn-i  (^),  fn-2  (^)  . . .  ./o (x). 
Caiition.— Care  must  be  taken  in  the  operation  of  successive  divis- 
ion not  to  reject  any  negative  factors  except  in  the  remainders. 

764.  Relation  of  the  terms  of  Sturm^s  series  of  func- 
tions.— If  we  put  qt,  gg,  q^....  as  the  successive  quo- 
tients obtained  in  finding  the  Sturmian  functions,  it  is 
evident  that 

/.(^)= /.-I  (a;)  ?,-/,-*  (a;)  (1) 

/._,  (x)  =  /._,  (x)  q,  -  /._3  {X)  (2) 

/._,  (x)  =  /._s  (a;)  5-3  -  /«-« {x)  (3) 

/.-»  (^)  =  /.-4  (x)  q,  -  /.-.  {X)  (4) 

/.-.{"')  =f.-.{^)q.-fn-,ix)  (5) 

etc.,  etc.,  etc. 

768.  Fundamental  Principles. 

1.  No  two  consecutive  functions  can  vanish,  i.  ^.,  be- 
come 0,  for  the  same  value  of  x. 

For,  if  possible,  let  a;=amake/«_2(a;)=0  and/,_8(a;)  = 
0;  then  will  /,_4  {x)  =  0  [754, 3],  and  hence,  too,  /,_6  (^)  =  0 
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[754,  4],  and  so  on  until  lastly  /,  (a;)  =  0  ;  but  /o  (a?)  is 
the  absolute  tenn  and  can  not  be  zero.     Therefore,  etc. 


2.  If  any  one  of  the  functions  intervening  between 
/,  {x)  and  fo  (x)  vanishes  for  any  value  of  Xy  the  two  ad- 
jacent functions  have  opposite  signs  for  this^alue. 

Thus,  it  x  =  a  causes  /,_3  (x)  to  vanish,  /,_2  (^)  = 
-A-Ai^)  [764>  3].         

3.  If  any  value  of  x,  as  x  =  a,  causes  any  intervening 
function  to  vanish,  then  will  the  number  of  variations  and 
the  number  of  permanences  in  the  signs  of  the  functions 
be  the  same  for  the  immediately  preceding  and  the  imme- 
diately succeeding  values  of  x,  i.e.,  for  a;  =  a  — o  and 
x  =  a  +  <o. 

For  the  two  adjacent  functions  will  have  opposite  signs 
when  x  =  a  [755,  2],  and  will  not  change  their  signs  for 
any  value  of  x  from  a;  =  a  —  o  and  a;  =  a  +  o ,  since  no 
root  of  either  can  lie  between  these  values  [755,  1],  But 
the  function  in  question  does  change  its  sign,  since  x  passes 
over  a  root  of  the  function  in  going  from  a;  =  a  —  o 
to  a;  =  a  +  o .  If  the  signs  of  the  three  functions  for 
x  =  a  —  <o  are  +>  +>  —  >  for  x  —  a  +  <z>  they  will  be 
+,  —y  —y  which  in  either  case  form  one  permanence 
and  one  variation.  Similarly,  +,  — ,  —  will  change  to 
+  ,+,—;  — ,  +,  +  will  change  to  —,-,+;  and 
—  >  —  >  +  will  change  to  — ,  +,  +. 


^.  If  any  value  of  x  causes  /» (x)  to  vanish,  then  will 
one  variation  in  the  signs  of  the  functions  be  lost  in  pass- 
ing from  the  immediately  preceding  value  of  x  to  the  im- 
mediately succeeding  value. 
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Let  f,{x)  = 

{x  -  ai)  {x  —  ag)  (re  —  aa)  ....  (a;  —  a.) ; 
then   /,_i  (2:)  = 

(a;  —  a^  {x  —  ^3)  {x  —  a^ (a;  —  a,)  +    (1st  term) 

(a;  —  fli)  (a:  —  ^3)  {x  —  a^ {x  —  a,)  +     (2d  term) 

(x  •-  ffi)  (a;  —  ^2)  (a;  —  ^4) (x  —  a,)  +     (3d  term) 

{x  —  ai)  (a:  —  ag)  (a:  —  ^3) (a:  —  a.)  +    (4th  term) 

•.              •              •  • 

(x  —  ai)  {x  —  flg)  {x  —  as) x—a^-i       (nth  term) 

Now,  if  X  equals,  say  a^,  then  will  fn(^)  and  all  the 
terms  of  /«_i  (x),  except  the  third,  vanish. 

Now,  the  third  term  of  /,_i  (x)  contains  all  the  factors 
of  fn{^)  except  a?  — ^3.  Therefore,  if  x  is  infinitesimally 
less  than  a-s,  x  —  a^  will  be  negative  and  /,  (a?)  and  /,_i  {x) 
will  have  opposite  signs  or  will  form  a  variation  ;  but,  if  x 
is  infinitesimally  greater  than  a^,  x  —  a^  will  be  positive 
and  /,  {x)  and  /„_i  {x)  will  have  like  signs  or  will  form  a 
permanence.  Therefore,  a  variation  is  lost  in  passing  from 
ag  —  o  to  a3  +  o . 

766.  These  principles  are  true  if  /,  {x)  contains  imagi- 
nary roots  as  well  as  when  all  the  roots  are  real,  since  the 
signs  of  the  functions  depend  wholly  upon  the  real  factors 
they  contain  [732]. 

Sturm's  Theorem. 

757.  The  number  of  variations  of  sign  lost  in  the  terms 
of  the  Sturmian  series^  as  the  value  of  x  continuously 
changes  from  a  to  b,  a  being  less  than  b,  equals  the  num- 
ber of  real  roots  of  /,  (x)  =  0  lying  bettveen  a  and  b. 

Bemoiurtration,— For  each  time  the  value  of  x,  in  ascending  from 
a  to  6,  passes  over  a  root  of  /» (x)  =  0,  there  is  lost  one  variation  of 
sign  [755,  4]  and  only  one  [755,  3]. 
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768,  Car.  1. — The  theorem  is  equally  true  for  F^  {x) 
=  0,  there  being  nothing  in  the  demonstration  of  it  to 
restrict  its  application  to  /,  {x)  =  0. 

759.  Cor.  2. — The  difference  between  the  number  of 
variations  when  +  oo  and  —  oo  are  substituted  for  x  in 
the  series  is  the  number  of  real  roots  in  the  equation. 

760.  Cor.  3. — The  difference  between  the  number  of 
variations  when  0  and  +  oo  are  substituted  for  x  is  the 
number  of  positive  roots,  and,  when  0  and  —  oo  are  sub" 
stituted  for  x,  the  number  of  negative  roots. 

761.  Bemark  1,— It  is  evident  that  the  sign  of  the  absolute  term 
of  a  function  is  the  sign  of  the  value  of  the  function,  when  a;  =  0. 

762.  Remark  2.— The  sign  of  the  first  term  of  a  function  is  the 
sign  of  the  value  of  the  function,  when  a;  =  ±  oo . 

For,  Ax*  =  Aaf"-^  .x>  Bx:^-^  +  Gaf"-^  +  Bx^-^  +.... 
+  Lx»-^>  Bx^-^  +  (7a:*-«  +  Bx^-^-h +  A  when  a;=  ±oo. 

763.  Bemark  8. — The  sign  of  the  value  of  a  function  for  any 
Integral  or  decimal  value  of  x  is  best  determined  by  the  method  ex- 
plained in  Art.  106. 

Ulnstration. — Find  the  sign  of  F^{x)  =  3 ai*  —  2 a^  + 
^Jt^  —  dx-^S  when  a;  =  l-2. 

Solution :  The  value  of  F^  {x)  when  a;  =  1*2  is  -i- 1*2448,  as  witness ; 
1-2)3-2     +7      -   3        -8 

3-6  4-  1-92  4-  10-704  +  9-2448 
1-6  + 8-92  +    7-704 +1-2448* 
.-.  The  sign  of  JF^(a;)  is  +. 

Note. — ^In  practice  it  is  usually  not  necessary  to  make  the  last 
multiplication  and  addition  to  determine  the  sign  of  the  value. 

764.  Bemark  4. — Though  it  is  not  usually  best  to  apply  Sturm*s 
method  of  solution  to  equations  before  the  commensurable  roots  have 
been  removed  by  division,  on  account  of  the  great  labor  involved  in 
deriving  and  evaluating  the  different  functions  when  the  equation  is 
of  a  high  degree,  yet  such  a  course  may  be  pursued.  If  there  are 
equal  roots,  the  fact  will  appear  in  deriving  the  functions,  and  if  there 
are  integral  or  fractional  roots  they  will  be  discovered  in  evaluating 
the  functions  to  determine  their  signs. 
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Example. — ^Determine  the  number  and  sitaation  of  the 
real  roots  in  /s(a;)  =  «»  —  12a^  +  67a?  —  94=  0. 

Eolation:  /sCa;)  =  a;«-12aJ»  +  57a;-94 

/,(a;)  =  3x«-24a;  +  57 

fx{x)  =  -a; +  3 

/.W  =  - 

Substitiiting  in  these  functions  as  follows,  we  shall  have : 

For  a;=+oo,  +     +     —     —        one  variation. 

For  a;  =  0,  —     +     +     —        two  variations. 

For  a;=— 00,  —     +     +     —        two  variations. 

There  is,  therefore,  one  real  root  between  0  and  +  oo .  There  is 
no  negative  root.    Therefore,  there  are  two  imaginary  roots. 

To  find  the  situation  of  the  real  root,  we  proceed  as  follows : 

For  a;  =  1,  we  have  —  +  +  —  two  variations. 

For  a;  =  2,  we  have  —  +  +  —  two  variations. 

For  a;  =  3,  we  have  —  +  ±  —  two  variations. 

For  a;  =  4,  we  have  +  +  —  —  one  variation. 

Therefore,  there  is  one  real  root  between  3  and  4,  or  the  first 
figure  of  the  real  root  is  3, 

To  find  the  next  figure,  we  proceed  as  follows : 

For  z  =  3*1,  we  have  —  +  —  —  two  variations. 

For  X  =  3*2,  we  have  —  4.  —  —  two  variations. 

For  z  =  3*3,  we  have  —  +  —  —  two  variations. 

For  X  =  3*4,  we  have  +  +  —  —  one  variation. 

Therefore,  the  root  lies  between  3*3  and  3*4,  or  the  first  two  fig- 
ures of  the  root  are  3*3. 

By  a  continuation  of  this  process  the  root  might  be  extended  to 
any  number  of  figures,  A  more  expeditious  method,  however,  is 
known,  and  will  be  explained  hereafter,  for  extending  a  root  after  a 
sufficient  number  of  figures  have  been  found  to  distinguish  the  root 
from  any  other  root  lying  near  it.  Thus,  if  an  equation  had  the  two 
roots  3-1256. .  and  3*1234. . .,  the  first  four  figures  of  each  root  only 
would  be  found  by  Sturm's  theorem. 

When  it  is  known,  as  in  the  above  example,  that  only  one  real 
root  lies  between  two  numbers,  it  becomes  necessary  only  to  study 
the  signs  of  /« {x\  since  passing  over  the  roots  of  the  intermediate 
functions  does  not  cause  a  change  in  the  number  of  variations. 

The  same  conclusion  will  be  reached  by  the  simple  application  of 
Art.  735,  since  /s  (x)  changes  sign  between  a;  =  3  and  a;  =  4 
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EXERCISE    104. 

Find  the  number  and  situation  of  the  real  roots  in  the 
following  equations : 

2.  a^  +  6:x^-3x  +  9  =  0       b.  2a^- lla^  +  8a?-"  16  =  0 

3.  a^  +  Sa^-6x  +  2=:^0       6.  a:*- 12a^  +  12a;- 3  =  0 

Horner's  Method  of  Root  Extension. 

765.  In  1819,  W.  G.  Homer,  an  English  mathema- 
tician, published  an  elegant  method  of  extending  a  root 
of  an  equation  to  any  desired  number  of  places,  after  a 
suflScient  number  of  initial  figures  have  been  found  by 
other  methods  to  distinguish  the  root  from  other  roots  of 
the  equation.  This  method  is  based  upon  the  following 
principle : 

766.  Principle. — If  F^  (x)  be  continuously  divided  by 
X  —  a,  the  successive  remainders  will  be  the  coefficients  in 
inverse  order  of  an  equation  whose  roots  are  a  less  than 
the  roots  of  F^  (x)  =  0. 

Demonstratioii : 

Take      Fn{x)  =  ^a:— »  +  ^a^-«  +  .... 

'\-Jx^ArKX'\^L-^  (A) 

Put      aJi  +  a  =  a;,  ox  Xx-=.x  —  a\ 

Fn  {xi  +  a)  =  .4  {xi  +  a)—'  -h  B(Xi  +  a)«-«  + 

+  J{xi  4-  af  +  K(xi  +  a)  +  L  =  0  (B) 

Expand  terms,  bracket  coefficients  of  like  powers  of  Xi ,  and  rep- 
resent the  coefficients  of  the  transformed  equation  by  -4i ,  J5i ,  . . . . 
Ji,  Ki,  Li ;  then, 

Fn  {xi)  =  Ay  Xi— »  +  Bx  ari«-«  + . . . . 

.7,aJi«  +  ^ia:, +  ii  =  0  (C) 

Now,  the  roots  of  (C)  are  evidently  a  less  than  those  of  (A). 
Substitute  Xi  =  x  —  a  in  (C), 

Fn  {X'-a)  =  Ai  (x  -  o)»  4-  J5,  (a;  -  a)— 1  + . . . . 

+  e^i  (a;  -  a)«  +  ^,  (X  -  a)  +  i^,  =  0  (D) 
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Now,  ^1,  (x  —  a)  is  evidently  equivalent  to  Fn  {x\  and  will  leave 
the  same  remainder  when  divided  by  a;  —  a  as  will  Fn  {x)  -s-  (jc  —  a). 
But,  if  Fn  (x  —  a)  is  continuously  divided  by  x^-a,  the  successive 

remainders  will  be  Z^i ,  J^i ,  e/i , Bi,  and  ^i ,  or  the  coefficients 

of  Fn  {xi)  in  inverse  order.    Therefore  the  theorem. 

Applications. 

1.  Transform  a:*  +  a;3  +  a:«  +  3a?— 100  =  0  into  an 
equation  whose  roots  are  2  leas  than  those  of  the  given 
equation. 

(  +  8 


Farm. 

+  1 

+    1 

+    3 

-100 

+  2 

+    6 

+  14 

+    34 

+  3 

+    7 

+  17 

-   66* 

+  2 

+  10 

+  34 

+  5 

+  17 

+  51* 

+  2 

+  14 

+  7 

+  31* 

+  2 

+  9* 

The  transformed  equation  is  a:*  +  9  a:*  +  31  a;*  +  51  a;  —  66  =  0. 

Ii[planation. — Dividing  by  a;  —  2,  by  synthetic  division,  the  co- 
efficients of  the  first  quotient  are  1  +  3  +  7+17,  and  the  first  re- 
mainder is  —  66,  the  absolute  term  of  the  transformed  equation. 

Dividing  1  +  3  +  7  +  17  again  by  +  2,  the  second  quotient  is 
1  +  5  +  17,  and  the  second  remainder,  or  the  coefficient  of  x  in  the 
transformed  equation,  is  +  51. 

Dividing  1  +  5  +  17  again  by  +  2,  the  third  quotient  is  1  +  7, 
and  the  third  remainder,  or  the  coefficient  of  x'  in  the  transformed 
equation,  is  +  31. 

Dividing  1  +  7  again  by  +  2,  the  fourth  quotient  is  1,  and  the 
fourth  remainder,  or  the  coefficient  of  x^  in  the  transformed  equation, 
is  +9. 

Therefore,  the  transformed  equation  is  a;*  +  9  a;*  +  31  a;'  +  51a;  — 
66=0. 

Query. — Could  you  tell  by  inspection  that  the  roots  of  the  trans- 
formed equation  are  less  than  those  of  the  original  equation  ? 

Qmry.—Smce  1  +  9  +  31  +  51  >  66,  can  a;*  +  9x8  +  31  a;»  +  51a; 
—  66  =  0  have  a  positive  root  equal  to  or  greater  than  unity  I  Why, 
or  why  not  I 
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2.  Transform  ar*  +  9a:r3-|-31a:*  +  51a:  —  66  =  0  into  an 
equation  whose  roots  are  '8  less  than  those  of  the  given 
equation. 

(•8 


+  9 

-8 

+  31 

7-84 

+  51 
31-072 

-66 
65-6576 

9-8 
•8 

38-84 
8-48 

82-072 
37-856 

-0-3424* 

10-6 

•8 

47-32 
9-12 

+  119-928* 

11-4 

-8 

+  56-44* 

12-2* 
The  coefficients  of  the  first  quotient  are  1  +  9*8  +  38-84  +  82-072, 
and  the  first  remainder  is  —  0-3424,  which  is  the  absolute  term  of  the 
transformed-equation.  The  second  remainder,  or  the  coefficient  of  ic, 
is  119-928.  The  third  remainder,  or  the  coefficient  of  a;*,  is  56-44. 
The  fourth  remainder,  or  the  coefficient  of  «*,  is  12-2. 
The  transformed  equation  is 

a^  +  12-2  a;8  +  56-44  a;»  +  119-928  a;  -  -3424  =  0. 

3.  Transform 

a;*  + 12-2 ii;3  + 56-44 2^2 +119-928 a:-  -3424=0 
into  an  equation  whose  roots  are  -002  less  than  those  of 
the  given  equation. 

(•002 


12-2 

56-44 

119-928       --3434 

•002 

•024404 

•112928808   +  -240081857616 

12-202 

56-464404 

120-040928808   -  -103318142384  * 

•002 

•024408 

•112977624 

12-204 

56-488812 

120-153906432* 

•002 

•024412 

12-206 

56-513224* 

•002 

12-208* 

The  coefficients  of  the  first  quotient  are  1  +  12-202  +  56-464404  + 
120-040928808,  and  the  first  remainder,  or  the  absolute  term  of  the  trans- 
formed equation,  is  —  '103318142384.  The  second,  third,  and  fourth 
remainders,  or  the  coefficients  of  x,  x\  and  a;*,  are  120*153900432, 
56-513224,  and  12208. 

The  transformed  equation  is 
a^  +  12-2080^8  +  56-513224  a:«  +  120-153906432  a;  -  •103318142384  =  0. 
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4.  The  integral  part  of  one  of  the  roots  of  aJ*  +  ^r*  +  ^ 
+  3  a;  —  100  =  0  is  2.    Extend  the  root. 

Fonna 
+    3  -100  [2-802 


1 


+  1 

+  2 


+    1 
+    6 


+  14 


+    34 


+  3 

+  7 
+  10 

+  17 
+  14 

+  31» 

+  17 
+  34 

+  51* 

-  66* 

+  2 
+  5 

65-6576 
-0-3424* 

+  2 

31-072 

82-072 
37-856 

119-928* 

+  7 

+  2 
+  9* 

7-84 
38-84 

-240081857616 
-•102318142384* 

•8 

8-48 

47-32 
9-12 

56-44  ^^ 

+  9-8 
-8 

10-6 

•112928808 

120-040928808 
•112977624 

120-153906432  * 

•8 

•024404 

56-464404 
•024408 

56-488812 
•024412 

56-513224* 

11-4 

•8 

12-2* 

•002 
12-202 

•002 

12-204 
•002 

12-206 
•002 

12-208  * 

Ezplanation. — 1.  Transform  the  equation  into  one  whose  roots  are 
less  by  2.  The  new  equation  is  a-*  +  9  a:*  +  31  aj^  +  51  a;  —  66  =  0. 
The  roots  corresponding  to  the  one  we  are  considering  will  now  be  a 
decimal. 

2.  Since  (-l)*  =  -01 ;  (-l)*  =  -001 ;  and  (-I)*  =  -0001,  the  first  three 
terms  are  small  in  comparison  to  51  a; ;  therefore,  51  a;  =  66  nearly, 
whence  51  may  be  taken  as  a  trial  divisor  to  find  the  next  figure  of 
the  root,  Considerable  allowance  being  made  for  the  omitted  terms. 
At  first  we  would  be  tempted  to  try  -9  for  the  value  of  x.  But,  upon 
transforming  the  equation  into  one  whose  roots  are  less  by  '9,  we  shall 
find  that  the  absolute  term  will  become  positive,  which  shows  that  '9 
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is  a  superior  limit.  We  therefore  use  '8  for  the  next  term  of  the 
root,  and  transform  the  equation  into  one  whose  roots  are  *8  less.  The 
transformed  equation  is  «*  +  12-2  ic»  +  56*44  a;«  +  119-928  x  -  -3424  =  0. 
The  root  of  this  equation  is  now  less  than  *1. 

3.  Omitting  the  first  three  terms  of  the  equation  on  account  of 
their  smallness,  and  using  the  coefficient  of  a;  as  a  trial  divisor,  we  see 
that  the  root  is  less  than  *01  and  is  above  *002.  The  next  figure  of 
the  root  is  therefore  0,  and  the  following  one  2.  Transform  the  equa- 
tion into  one  whose  roots  are  less  by  '002 ;  the  resulting  equation  is 
a^  +  12-208  a:»  +  56-513224  a;«  +  120-153906432  a;  -  -102318142384  =  0. 

The  work  may  be  extended  as  far  as  we  please. 

767.  Bemark  1.— -When  the  number  of  decimal  places  in  the 
absolute  term  becomes  equal  to  the  number  of  such  places  desired  in 
the  root,  we  may  begin  to  drop  one  figure  in  the  preceding  term  (trial 
divisor),  two  in  the  next  preceding  term,  and  so  on  toward  the  left. 
When  all  the  figures  of  the  first  term  are  exhausted,  the  remaining  fig- 
ures of  the  root  may  be  found  by  simply  dividing  by  the  trial  divisor. 

768.  Remark  2.— The  absolute  term  after  each  transformation 
must  have  a  sign  opposite  to  that  of  the  next  trial  divisor. 

769.  Bemark  8. — The  method  may  be  applied  with  equal  facility 
to  extending  an  integral  root  after  a  sufficient  number  of  initial  fig- 
ures have  been  obtained  by  trial  or  by  Sturm's  Theorem  to  distinguish 
the  root  from  others  of  the  equation.  It  may  be  used  with  exactness 
whenever  there  is  an  exact  root ;  hence,  the  incorrectness  of  the  title 
"Homer's  Method  of  Approximation"  given  the  method  by  most 
authors. 

770.  Bemark  4.— The  negative  roots  are  the  numerical  equiva- 
lents of  the  positive  roots  of  the  equation  resulting  from  changing  the 
signs  of  tho  alternate  terms,  and  may  be  found  accordingly. 


5.  Solve  7?  -  1728  =  0,  or  find  the  Vl728, 
SolntioiL 
1  +0  +0  -1728 

10  100  1000 


(12 


10 

100 
200 

300* 

-728* 

10 

"20 

+  728 
0 

10 
30* 

64 
364 
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6.  Extract  the  5th  root  of  4312345  to  thousandths, 
i.  e.,  solve  approximately  a?  —  4312345  =  0. 

Boliitioni 


1   0 
20 

20 

0 

400 

400 

800 
1200 
1200 
2400 
1600 
4000* 

0 

8000 
8000 
24000 
32000 
48000 
80000* 

0 

160000 
160000 

-4312345  [21-229 

8200000 
-1112345* 

20 
40 

640000 
800000* 

20 
60 

84101 
884101 

884101 

-228244* 

20 

4101 

88304 
972405* 

80 

84101 
4203 

88304 
4306 

92610* 

198220-84832 

20 

101 
4101 

102 
~4203 

103 
4306 

104 
4410* 

100* 

-30023-15168* 

18699-2416 

991104-2416 

18877-3264 

1 

101 

1 

886-208 

1009981-5680* 

102 

1 

93496-208 
890-424 

103 

94386-632 
894-648 
95281-280* 

1 
104 

21-04 

4431-04 

21-08 

1 

105* 

445212 
21-12 

4473-24 
2116 

4494-40  * 

•2 

105-2 
•2 

105-4 

-2 
105-G 

•2 
105-8 

•2 
106-0* 

The  number  of  decimal  places  in  the  second  remainder  is  greater 
than  the  number  required  in  the  root ;  therefore,  the  remaining  fig- 
ures may  be  found  by  dividing  the  remainder  by  1009981*568  [767, 
Rem.  1]. 
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EXERCISE     108. 

Solve  : 
1.  a:^  -  704  a;  -  55025  =  0     2.  7^  -  15252992  =  0 

3.  a:3  +  3a^-3a;-7  =  0 

4.  a:*-4ic3-.6ir2  +  32a;-26  =  0 

5.  i»*-19a;3  +  24a:2+712a;-40  =  0 

6.  a:5+12a:*  +  59a;3  +  150a;8  +  201a:  +  94  =  0 

7.  3i»*  +  24a:3_^ 63^^32 a;-964  =  0 

8.  Find  the  cube  root  of  2         9.  Find  the  fifth  root  of  5 

10.  ic3  +  lla:2-102a;-h  181  =  0 

11.  a:*4-9ar»  +  31a:2_^51^_66-0 

12.  a;5  +  2a:*  +  3a:3  +  4a;«  +  5a;-54321  =  0 

13.  One  root  of  the  equation  a? -\-^7?-\-Zx-'  13089030  is 

235.     Find  a  cubic  equation  whose  root  is  225.  ■ 


Cubic  Equations. 

771.  A  cubic  equation  containing  an  integral  root  may 
be  readily  factored. 

Let  —  a  be  a  root  of  a  cubic  equation,  then  x-^a  \^ 
a  factor  of  the  equation  [719].  Let  oi^-\-mx-\'n  be  the 
other  factor ;  then, 

{x-\-a){(x?  +  mx  +  n)  =  0  (A) 

or,     oi?-\-{a-^m)oi?-\-{am-\-n)x-{-an  =  (i  (B) 

We  now  observe  that  if  we  subtract  the  factor  a  of  the 
absolute  term  from  the  coeflBcient  of  a?,  and  the  factor  n 
from  the  coeflBcient  of  .r,  the  latter  remainder  divided  by 
the  former  will  give  «,  the  root  with  the  sign  changed. 
This,  then,  is  the  condition  under  which  a  factor  of  the 
absolute  term  is  a  root  with  the  sign  changed. 
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niuftration.— Solve  aj»  — «:•  — 4a;  +  4  =  0. 

SohitiM:  1.  The  factors  of  +4  are  +2  and  +2;  —2  and  —2; 
+  4  and  +  1 ;  and  —  4  and  —  1 

Try  whether  +  4  is  a  root  with  the  sign  changed. 
Take  —  1  and  —  4,  the  coefficients  of  7?  and  x. 

Subtract,     +  4  and  +  1,  the  factors  of  the  absolute  term. 
Divide,       ^^)        "^C  which  4=  4. 

.*.    4  is  not  a  root  with  the  sign  changed. 
2.  Try  whether  —  2  is  a  root 
Take  —1  and  —4 

Subtract,     +  2  and  +  2 

Divide,       -3)        -0(  +  2 

.',    —  2  is  a  root. 
Now,  ir»  -  a;*  -  4  a;  +  4  =  (a;  +  2)  (x«  -  3  a;  +  2)  =  0 ; 

whence,  a;  =  —  2,  2,  and  1. 

Cardan's  Formula. 

772.  I.  The  general  cubic  equation  ^-^^a^-^-lx-^-  c 
=  0  may  be  transformed  into  an  equation  of  the  form  of 

2^+jt?y  +  ?  =  0,  by  putting  a;  =  y-  ^a. 

Demonstration :  Take  a;'  +  aa;'  +  6a;  +  c  =  0.  (A) 

Put  a;  =  y  —  o^  a ;  then, 


»««  = 

ay^  — 

2    ,         1    • 

hx- 

hy  --g-a* 

c  = 

c 

.'.  a:»  +  aa:«  +  6a;  +  c  =  y8+  Tj— g^aMy  +  fg^a'  — ^a6  +  cj 

1  2  1 

Put  ^  for  ft  —  Q- a\  and  q  iov  ^a^  —  -^ah  ■\'  c\  then, 

a;*  +  aa;3  +  6a;  +  c  =  y' +^y  +  g  =  0.  (A) 
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778.  II.  The  equation  y^+i?y  +  ?  =  0  may  be  trans- 
formed into  a  qnadratic  by  putting  y=.z—  ^ . 

Demonstratioii :  Take  ^  + 1>^  +  9  =  0.  (B) 

Put  y  =  0—^;then, 

JO' 

whence,    27  z^  -\- 27  q  z*  ^      ^  =  0 ; 

or,  ^6+      qz'~^p'  =  0.  ^  (C) 

774.  III.  Tlie  roots  of  sf^  +  qs^  -  ~p^  =  0  are 

^  ("■  2  "*"  1/4  +  27}   ^  whence, 

(-f+vW)'+(-i-|/^D*    <»' 

This  is  Cardan^s  formula. 

The  values  of  x  may  be  obtained  by  subtracting  -^a 
from  the  values  of  y. 

776.   IV.  Cardan's  formula  fails  when  all  the  roots  are 
real  and  unequal. 

For,  let  the  roots  be  a  +  V&,  a  —  \/j,  and  c.     Then, 
since  the  coeflScient  of  y^  is  0, 

(-a-VT)  +  (-a  +  V^)-^  =  0  [736,  1]; 
whence,  c  =  —  2  a. 

The  equation  whose  roots  are  a  +  Vb,  a  —  Vi,  and 
-2a,  is  y3-(3a«  +  ^»)y  +  2(a3-a^»)  =  0. 
.-.  p  =  -(3a2-f  J),  and  q  =  2(a3-a*), 

whence,  4/ 4  +  ^  =  l^*""  q*)  '^"'^^^  which  is  im- 
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aginary,  and,  therefore,  irreducible  when  b  is  positive,  or 
when  the  roots  are  all  real  and  unequal, 
ninstrations.— 1.  Solve  o^  —  'da^  +  ^^O. 

Here  a  =  —  3 ;  hence,  a;  =  y  —  I  —5-  J  =  y  +  1. 

Substitute,  (y  +  1)»  -  3  (y  +  1)«  +  4  =  0. 

Reduce,  y^  -  3 1/  +  2  =  0.  (1) 

P  1 

Here  o  =  —  3 ;  hence,  y  =  z—~-=z-\-  — . 

oz  z 

Substitute,    (^  +  7)  -  3  ^2  +  -^  +  2  =  0. 

Reduce,  ^«  +  2  2»  =  —  1. 

Complete  the  square,  2;«  +  2^»  +  1  =  0. 

Extract  the  V>  2»  +  1  =  0. 

Factor,  '  (2  +  \){z^-z^-  1)  =  0; 

whence,  2  =  —  lor^i-^  ^/—^. 

a;  =  3/  +  l=2+  —  +1  =  —  1,  or2,  or2. 


776.  Sometimes  an  mtegral  root  can  only  be  approxi- 
mately found, 

2.  Solve  a^  +  da?  +  9x-lS  =  0.  (A) 

Here  a  =  3 ;  hence,  x  =  y  -^  l-^j  =  y  —  l. 

Substitute, 

(y  _  1)8  +  3(^-  1)2  +  9(2^- 1)  -  13  =  0. 

Reduce,  y^  +  Qy -20  =  0.  (1) 

p  2 

Here  jp  =  6 ;  hence,  y  =  2;--jf-=2?— — . 

Substitute  in  (1), 

(._|)-.a(.-|)-«,  =  .. 

Reduce,  28-2028  =  8.  (2) 

Complete  the  square,  2«  —  20  ^^  +  100  =  108. 

Extract  the  V,  2^  -  10  =  ±  10-392304. 

Transpose,  z^  =  20-392304  or  —  -392304  + 

Extract  the  V»  ^  =  2-73+  or  -  -73  + 

a;  =  y-l  =  2:---l  =  2-73--73-l=l,or--73  +  2-73-l  =  l. 

These  two  values  are  identical.    The  other  two  roots  are  found  by 
dividing  equation  (A)  by  a;  ~  1. 
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EXERCISE     106. 

Solve  : 

1.  a;3_3^4.7a:__5  =  o  8.  ar^  +  a;^- 8a:  -  12  =  0 

2.  x^-(S7^  +  10x-%  =  0  9.  a^-a^  —  Sx  +  UzizO 

3.  ar^- 11 2:^  +  41  a;  — 55  =  0  10.  a;^- 11a;- 20  =  0 

4.  a^  +  63^  +  Ux+12=:0  11.  a:3_26a:+60  =  0 

5.  a:3-4a;2  +  5a:-G  =  0  12.  ar*  -  4a:2  + 3  =  0 

6.  a^  +  5a?  +  6x  +  S  =  0  13.  a;^  _  4a:8_7a;4_io  =  Q 

7.  ar3  +  7a:*+16a;  +  12  =  0  14.  0^  +  4:3^-11  x -10  =  0 


Recurring  Equations. 

777.  A  Recurring  Equation  is  one  in  which  the  co- 
efficients of  the  first  and  last  terms,  and  of  those  equi- 
distant from  the  first  and  last  terms,  are  numerically 
equal,  and  the  signs  of  the  corresponding  terms  are  either 
alike  throughout  or  unliiie  throughout ;  as, 

1.  a;V-4a;*  +  5a;34.5a:2-4a;  +  l  =  0. 

2.  a;'*  +  3a:*-2a:3  +  2a;2_3^_l--0^ 

3.  af^  +  4:X^-5x^  +  dx^'-5x^  +  4:X  +  l  =  0. 

778.  In  a  recurring  equation  of  an  even  degree  in 
which  the  corresponding  terms  have  unlike  signs,  the 
middle  term  is  wanting. 

For,  according  to  definition,  it  is  both  positive  and 
negative. 

779.  A  Reciprocal  Equation  is  one  such  that,  if  a  is  a 

root,  —  is  also  a  root. 
a 

780.  Theorem  J. — A  recurring  equation  is  also  a  re- 
ciprocal  equation. 
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Demonitratioa :  Let  a  be  a  root  of 
/,(a;)  =  a;«  +  ^ic— »  + 5a:— »  +  ....  ±5a;«±^a;±  1  =  0  (A) 

then,       o"  +  ^a«->  +  -Ba«-«+ ±Ba^±Aa±l  =  0  (B) 

Substitute  —  for  a;  in  /,  (x)  =  0, 

\  A  B  B      A      ^       ^  ,^ 

whence,  l  +  ^a  +  5a'+ ±  5o— «  ±  ^a«-»  ±  a»  =  0  (D) 

or,  a«  +  -Aa— »  +  Bo^-^-i- ±Ba}±Aa±\  =  0  (E) 

Now,  (E)  is  identical  with  (B) ;  therefore,  if  a  is  a  root  of  (A), 

—  is  also  a  root.  

a 

781.  Thewretn  II* — A  recurring  equation  of  an  odd 
degree  has  + 1  for  a  root  when  the  signs  of  the  correspond- 
ing terms  are  unlike. 

DomonstratioQ : 

Let      ««•+»  + -A a;««  +  5a;««-i  + -.5a;«-.-Ax- 1  =0    (A) 

then,  (x««+'  - 1)  +  Aa;(a;«— •»  -  1)  +  5aj«(a;«— •  -  1)  +....=  0    (B) 

Now,  each  term  of  (B)  is  divisible  by  a;  —  1  [134,  P.] ; 
/.    a;  —  1  =  0,  or  a;  =  1. 


782.  Theorem  III. — A  recurring  equation  of  an  odd 
degree  has  —  1  for  a  root  when  the  signs  of  the  correspond- 
ing terms  are  alike. 

Denunuitration : 

Let     a;8«+> +  ^a:««  +  5a;*— >+.... +  -Ba;*  +  ^a;  +  l  =  0    (A) 
then,  (a;«"+»  +  1)  -^  ^a;(ir»— >  +  1)  +  Bx^{x^*-^  +  1)  +....=  0    (B) 
Now,  each  term  of  (B)  is  divisible  by  a;  +  1  [135,  P.] ; 
.%    a;  -»- 1  =  0,  or  a;  =  —  1. 


783.  Theorem  IV. — A  recurring  equation  of  an  even 
degree  has  + 1  and  —  1  for  roots  when  the  signs  of  the 
corresponding  terms  are  unlike. 

Demonstration : 

Let      a;«»  +  ^a:»"->+.Ba:»»-«  +  ....-5a;«-^a:-l  =0    (A), 
then,      (a;««-.l)  +  ^a;(a;«—»-l)  +  5a;«(a;8— *-!)+....  =0    (B) 

Now,  (B)  is  divisible  by  both  a;  - 1  and  a;  +  1  [134, 136,  P.] ; 
.•.    a;  —  1  =  0  and  a;  +  1=0;  whence,  a;  =  ±  1. 
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784.  Theorem  V. — A  recurring  equation  of  an  even 
degree  may  he  transformed  into  an  equation  of  one  half 
the  degree  when  the  signs  of  the  corresponding  terms  are 
alike. 

DemoxiBtratioii : 

Let    a;««  +  ^a;««-»  +  Bic»— «  + -^  Bx^  ■\-  Ax +  1  =  0     (A) 

Divide  by  a:*,  and  collect  terms, 

(a;«+l)+4(x»-»+^)+5(a=-»+^.)  +  ....  +  P=0     (B) 
Put       x+  —  =z  z  ;  then  will 

X 

a;«  +  i  =  2;«  -  2 

a:»+ l  =  2»-32r, 

and,  in  general,  each  term  of  (B)  may  be  transformed  into  a  term  of 
only  half  the  degree. 


ninstration. — 

Take  a;«  +  4a;'^- 3ar*  +  2a^  -  3a;2  +  4a;  +  l  =  0.       (A) 

Divide  by  ir»,       a:* +  4ic«- 3a;  +  2- |  +  ^  +  ^  =  0  (B) 

Rearrange  the  terms  and  factor. 

Put  x+-  =  y;  (1) 

X 

(2) 


then, 

^*'*h 

=  y'; 

or, 

-*l 

=  y'-a; 

and, 

a;»  + 

''*i*l. 

=  ?»; 

or,  a? 

^^ 

-»(-i) 

=  y»; 

or. 

-^^ 

=  3/»-33/ 

(8) 


Substitute  (1),  (2),  and  (3)  in  (C), 

(y»-3y)  +  4(2^«-2)-3y  +  2  =  0; 
whence,  y»  +  4  y*  —  6  y  —  6  =  0. 
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EXERCISE     107. 

Solve : 
1.  a;3-2a:2  +  2a:-l  =  0  2.  x^ -^a? -'^x  +  l  —  O 

3.  a?*-3a;3  +  3a;~l  =  0  4.  a:*  +  3a,-3-3a;-l  =  0 

5.  2i»*--5«^  +  4a:2-5a;  +  2  =  0 

6.  a;*  +  5a:*  +  10ic3+10a;«  +  5a;  +  l  =  0 

7.  62;5-.a:*-43ar»  +  43a:2  +  a;-6  =  0 

B.  5a;«^  +  lla:*-88ic3~88a:2  +  lla;  +  5  =  0 


Reduction  of  Binomial  Equations. 

786.  A  Binomial  Equation  is  an  equation  of  two  terms, 
one  of  which  is  absolute  ;  as,  rr*  ±  a  =  0. 

786.  Every  hinomial  equation  can  he  reduced  to  the 
form  y*  ±1  =  0. 

DemoDBtration :  Take  the  general  binomial  equation  a;"  ±  a  =  0. 
•  / — 
Put  ^^  ioT  Xj       -s  ±  a  =  0 ;  whence,  y*  ±  1  =  0. 

787.  2/*  ±  1  =  0  is  a  recurring  equation,  and  may  be  go 
solved. 

ninstrative  Solutions.—!.  Solve  a:*  +  l  =  0.  (A) 

Divide  by  x\  a;»  +  ^  =  0  (1) 

Put  re  +  -  =  y  (2) 

Square  a;«  +  2  +  -^  =  y* 

Transpose,  a;'  +  -j  =  y'  —  2 

Substitute  in  (1),  y»  -  2  =  0 

Factor,    (y  +  ^/^\  {y -  v^)  =  0; 
•whence,  y  =  ±  V^' 

Substitute  in  (2),  a;  +  -  =  ±  \/2  (3) 

whence,    x  =  |-(\/2"±  V-^X  or  -  -^-(V^T  a/-^)-   - 
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CHAPTER  XIII. 
DETERMIJ^AJfTS  AJ^D    PROBABILITIES. 


Introduction. 

788.  In  the  polynomial 
tti  bfi  Ci  —  tti  ^3 1?2  +  ««  *3  ^1  —  ^2  *i  ^3  +  (h  *i  ^«  —  «3  *«  ^1  >      (A) 
it  will  be  seen  : 

1.  That  the  letters  a,  i,  and  c  of  each  term  are  ar- 
ranged in  natural  order. 

2.  That  the  subscript  figures,  1,  3,  and  3,  are  dis- 
tributed among  the  letters  in  tho"  six  different  terms  in 
as  many  ways  as  possible,  using  all  in  each  term  and 
making  no  repetitions. 

3.  That  the  first  term  contains  no  inversions  of  sub- 
script figures,  they  advancing  in  natural  order  from  left  to 
right ;  the  second  term  contains  one  inversion,  3  standing 
before  2 ;  the  third  term  contains  two  inversions,  2  and  3 
both  standing  before  1 ;  the  fourth  term  contains  one  in- 
version, 2  standing  before  1 ;  the  fifth  term  contains  two 
inversions,  3  standing  before  1  and  2  ;  and  the  sixth  term 
contains  three  inversions,  3  and  2  both  standing  before  1, 
and  3  standing  before  2. 

4.  That  in  the  positive  terms  there  is  an  even  number 
of  inversions  (zero  being  regarded  an  even  number),  and 
in  the  negative  terms  there  is  an  odd  number  of  inver- 
sions. 
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1 


789.  If  we  DOW  arrange  the  nine  different  quantities 
found  in  (A)  in  a  square^  as  follows : 

«i    a,    fla 

ii    bt    *s      ;  (B) 

Ci     c^     c, 

form  all  the  possible  products  of  them  taken  three  to- 
gether, using  in  each  product  one  and  only  one  from  each 
row,  and  one  and  only  one  from  each  column ;  arrange 
the  factors  of  the  products  in  the  natural  literal  order ; 
consider  those  products  positive  which  have  an  even  num- 
ber of  inversions  of  subscript  figures,  and  those  negative 
which  have  an  odd  number ;  and  take  the  algebraic  sum 
of  these  products,  we  will  have : 

ttx  Jg  C3  —  ttx  ^3  C2  +  (h  h  Ci  —  ««  *i  ^3  +  ^3  *i  ^  —  flfs  *2  ^i«  (A) 
Therefore,  form  (B)  may  be  taken  as  the  representative 
of  form  (A),  and  when  so  taken  it  is  called  a  determinant, 
and  (A)  its  development. 

790.  Definition. — A  Determinant  is  any  n*  quantities 
arranged  in  a  square,  as  follows : 


a, 

Og 

(h  •• 

..  a. 

*i 

h 

h,.. 

..h 

Cl 

Cg 

C3 .. 

..  c. 

(C) 


Pi      P2     PZ Pn 

and  interpreted  to  denote  the  algebraic  sum  of  all  the 
products  that  may  be  formed  by  taking  one  and  only  one 
quantity  from  each  row,  and  one  and  only  one  from  each 
column  ;  arranging  the  letters  of  each  product  in  the  natu- 
ral literal  order,  and  regarding  all  products  positive  that 
have  an  even  number  of  inversions  of  subscript  figures, 
and  all  negative  that  have  an  odd  number  of  such  inver- 
sions. 
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791.  The  quantities  contained  in  a  determinant  are 
called  the  elements  of  the  determinant. 

792.  Determinants   are    divided    into    orders,   named 
second,  third, nth,  accordingly  as  they  contain  2^,  3*, 


Thus, 


is   a   determinant  of   the   second 


bi    bfi 

order.    Form  (B)  is  a  determinant  of  the  third  order,  and 
form  (C)  a  determinant  of  the  nth  order. 

793.  The  diagonal  joining  the  upper  left-hand  element 
with  the  lower  right-hand  element  is  called  the  principal 
diagonal;  and  the  one  joining  the  upper  right-hand  ele- 
ment with  the  lower  left-hand  element  the  secondary 
diagonal. 

794.  The  product  of  all  the  elements  along  the  principal 
diagonal  is  called  the  principal  term  of  the  development. 

796.  If  the  elements  on  the  principal  diagonal  are 
known  in  order,  the  entire  determinant  may  be  written  ; 
hence  it  is  that  a  determinant  is  often  expressed  by  a 
modified  form  of  the  principal  term  of  its  development ; 
as,  [01^2^3....^,],  or  2(±ai^'2C3....j9„). 

796.  It  is  evident  that  there  are  as  many  terras  in  the 
development  of  a  determinant  of  the  nth  order  as  there 
are  permutations  of  n  things  taken  all  together,  or  [n. 


Properties  of  Determinants. 

797.  If  we  rearrange  the  factors  of  the  terms  in  form 
(A)  so  as  to  place  the  subscripts  in  natural  order,  we  shall 
have 
^1  h Cs  —  «i  C2 ^3  +  ^1  ^ ^3  —  bt  ^2 ^3  +  ^1  ^2 ^3  ""  ^1  h ^3«    (A-i) 
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It  will  be  observed  that  in  form  (Ai),  ^ 

1.  The  Talue  of  each  term  and  of  the  entire  polyno- 
mial is  the  same  as  in  form  (A). 

2.  The  first  term  contains  no  literal  inversion ;  the 
second  term  contains  one,  c  standing  before  b ;  the  third 
term  contains  two,  c  standing  before  both  a  and  b ;  the 
fourth  term  contains  one,  b  standing  before  a;  the  fifth 
term  contains  two,  b  and  c  both  standing  before  a ;  and 
the  sixth  term  contains  three,  c  and  b  both  standing  before 
a,  and  c  before  b. 

3.  The  terms  which  contain  an  even  number  of  literal 
inversions  are  positive,  and  those  which  contain  an  odd 
number  negative. 

798.  If  we  now  interchange  the  rows  and  columns  in 
(B),  giving  us  the  form 

tti    bi    Ci 

02    bft    c^      ;  (D) 

fl3       J3       C3 

make  all  the  possible  products  of  three  elements,  using, 
each  time,  one  and  only  one  from  each  row,  and  one  and 
only  one  from  each  column ;  arrange  the  factors  of  the 
products  so  that  the  subscripts  stand  in  natural  order; 
consider  those  products  positive  which  have  an  even  num- 
ber of  literal  inversions,  and  those  negative  which  have  an 
odd  number ;  and  take  the  algebraic  sum  of  these  prod- 
ucts, we  shall  have 

tti  ^2  ^3  —  ^1  ^2  ^3  +  Ci  ^2  ^3  —  bi  ^2  ^3  +  ^1  ^2  ^3  —  ^1  ^2  %•  (Ai) 
This  shows  that  in  a  determinate  of  the  third  order  an  in- 
terchange of  rows  and  columns  does  not  change  the  value. 

Is  this  law  true  for  a  determinant  of  the  nth  order  ? 

1.  It  is  evident  that  the  number  of  terms  in  the  de- 
velopment of  both  forms  is  the  same,  each  being  |_w. 
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2.  Each  term  in  the  development  of  either  form  has  a 
corresponding  term  of  equal  numerical  value  in  the  devel- 
opment of  the  other  form,  because  both  developments  con- 
tain all  the  possible  products  of  n  elements  that  can  be 
formed  from  the  n^  elements  by  taking  one  and  only  one 
from  each  row  and  one  and  only  one  from  each  column. 

3.  The  signs  of  the  corresponding  terms  will  he  the 
same.  For  the  number  of  literal  inversions  in  a  term  of 
the  second  development  is  equal  to  the  number  of  sub- 
script inversions  in  the  corresponding  term  of  the  first 
development,  as  will  readily  appear  from  the  fact  that,  if 
a  subscript  in  any  term  of  the  first  development  follows  r 
subscripts  greater  than  itself,  then,  in  the  second  develop- 
ment, the  letter  containing  this  subscript  must  precede  r 
letters  antecedent  to  it  in  the  natural  order.     Therefore, 

Prin.  1. — An  interchange  of  rows  and  columns  in  a 
determinant  of  any  order  does  not  change  the  value  of  the 
determinant.  

799.  In  form  (A)  and  in  form  (Ai)  the  second  term 
equals  minus  the  first  term  with  the  subscripts  of  h  and  c 
interchanged ;  the  third  tenn  equals  minus  the  second 
term  with  the  subscripts  of  a  and  c  interchanged  ;  and  so 
on,  showing  that  any  term  in  the  development  of  a  deter- 
minant of  the  third  order  equals  minus  some  other  term  in 
the  development  with  the  subscripts  of  two  factors  inter- 
changed. 

Is  this  law  true  for  the  development  of  a  determinant 
of  the  nth  order  f 

1.  It  is  evident  that,  if  Pc^  h^  be  any  term  in  the  de- 
velopment of  a  determinant  of  the  wth  order,  then  will 
Pc„Jcr  be  numerically  another  term  of  the  development; 
because  P  in  both  instances  is  the  product  of  n  —  2  ele- 
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ments,  none  of  which  are  taken  from  rows  c  and  ife,  and 
none  from  columns  r  and  m\  and  Crh^  and  c^h^  are 
different  elements  taken  from  these  rows  and  columns 
and  combined  with  P,  Therefore,  the  products  are  not 
identical. 

2.  The  signs  of  the  original  and  the  derived  terms  are 
always  opposite.     For, 

(1)  Suppose  the  two  subscripts  interchanged  to  be  con- 
secutive. Let  the  original  term  be  Pc^Je^  Q,  and  the  de- 
rived term  Pc^Jc^Q.  Since  m  and  »  follow  all  the  sub- 
scripts contained  in  P  and  precede  all  contained  in  Q,  an 
interchange  of  them  can  not  affect  the  number  of  inver- 
sions they  make  with  the  subscripts  of  either  P  or  ^ ;  but 
such  an  interchange  will  either  change  a  natural  into  an 
inversion  or  an  inversion  into  a  natural,  either  of  which 
will  evidently  cause  a  change  of  sign. 

(2)  Suppose  the  two  subscripts  interchanged  to  be  non- 
consecutive.  Let  the  original  term  be  Pc^Q  i«  Ry  and 
the  derived  term  Pc^Qh^  R.  Suppose  Q  to  contain  q 
subscripts.  Let  m,  in  the  original  term,  interchange  con- 
secutively with  each  of  the  subscripts  in  Q  and  with  the 
subscript  of  c,  then  will  it  make  q  +  l  interchanges  before 
it  becomes  the  subscript  of  c.  n  will  now  be  the  subscript 
of  the  first  element  in  Q.  Let  it  now  interchange  con- 
secutively with  each  of  the  remaining  subscripts  in  Q  and 
with  the  subscript  of  k ;  then  will  it  make  q  interchanges 
before  it  becomes  the  subscript  of  h.  Therefore,  for  the 
two  subscripts  of  c  and  i  in  the  original  term  to  inter- 
change there  must  be  made  2q-{-l,  or  B,n  odd  number  of 
consecutive  interchanges,  each  one  of  which  will  cause  a 
change  of  sign  (1)  in  the  entire  term.  Therefore,  the  sign 
of  the  term  will  be  changed.     Therefore, 
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Prin.  2. — If  ttvo  subscripts  be  interchanged  in  any 
term  of  the  development  of  a  determinant,  another  term 
of  the  development  will  be  obtained  whose  sign  is  opposite 
to  that  of  the  original  term. 


800.  If  we  let  Fh^Qh^R  be  a  term  in  the  develop- 
ment of  a  determinant,  then  will  Pk^QKR  be  the  term 
formed  by  the  elements  which  occupy  the  same  places,  if 
rows  h  and  k  be  interchanged,  and  will  have  the  same 
sign.  But  Pk^Qh^R  is  also  a  term  of  the  development 
of  the  original  determinant,  and  has  there  an  opposite  sign 
\x)  Ph^Qk^R  [P.  2].     Therefore, 

Prin.  5. — Interchanging  two  rows  in  a  determinant 
changes  the  sign  of  the  determinant. 

Car.  1. — Interchanging  two  columns  in  a  determinant 
changes  the  sign  of  the  determinant. 


801.  It  is  evident  that  if  two  columns  or  two  rows  of  a 
determinant  are  in  every  respect  alike,  an  interchange  of 
them  would  not  affect  either  the  form  or  value  of  the  de- 
terminant. But,  according  to  Principle  3,  the  sign  of  the 
value  would  be  changed.  Now,  both  these  statements  can 
be  true  only  when  the  value  of  the  determinant  is  zero. 
Therefore, 

Prin.  4. — A  determinant  that  has  two  rows  or  two  col- 
umns identical  equals  zero. 


802.  Since  every  term  in  the  development  of  a  deter- 
minant contains  one  factor  and  only  one  from  each  row 
and  one  and  only  one  from  each  column,  it  follows  that, 

Prin.  5. — Multiplying  or  dividing  all  the  elements  of 
one  row  or  one  column  of  a  determinant  by  any  quantity 
multiplies  or  divides  the  determinant  by  that  quantity. 
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Car,  1. — Changing  the  signs  of  all  the  elements  in  any 
row  or  column  changes  the  sign  of  the  determinant. 

Car.  2. — If  two  rows  or  two  columns  of  a  determinant 
differ  only  by  a  common  factor,  the  value  of  the  deter- 
minant  is  zero. 

803.  Definitions. — If  any  number  of  rows  and  the  same 
number  of  columns  be  deleted  (stricken  out)  of  a  deter- 
minant, the  remaining  elements,  taken  in  order,  form  a 
determinant  called  a  minor,  and  the  elements  common  to 
the  deleted  rows  and  columns  form  another  minor.  These 
minors  are  said  to  be  complementary. 

Thus,  in  the  following  determinant  of  the  fourth  order, 
(ix    b-i    C'l    d\ 
-tpa — ^2 — <^2 — dz~ 


(h       ^3       ^'3 

^h — ^5 — kr 
the  complementary  minors  are 

bz    d^ 


ds 

-dr- 


and 


a2 
a* 


C2 


804.  If  a  single  row  and  a  single  column  be  deleted, 
the  remaining  minor  is  called  the  principal  minor,  and  it, 
together  with  its  complementary  minor,  which  in  this  in- 
stance is  a  single  element,  are  called  cof actors. 


805.       Problem.    To  develop  a  determinant. 
Let  it  be  required  to  develop 

^1       ^2       ^3       ^4 

bi     bz     S3     h 

C\      C2      C3      c^ 

di    dz    d-s    d^ 
into  a  series  of  determinants  of  a  lower  order. 

Let  Ai,  Ai,  At,  and  Aa  represent  respectively  the  cofactors  of 
Oi ,  at,  at,  and  a^ .    Then,  it  is  readily  seen  that  all  the  terms  in  the 
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development  containing  the  factor  ax  are  formed  from  ax  and  its  co- 
factor  Ax ,  and  the  sum  of  these  terms  is  ax  Ax,  Similarly,  the  sum 
of  all  the  terms  containing  a^  is  a^  A^,  the  sum  of  all  the  terms  con- 
taining as  is  as  At ,  and  the  sum  of  all  the  terms  containing  a^  is 
a4  J.4 .  Now,  in  each  term  of  aa  -4a  there  occurs  one  more  inversion 
than  in  each  term  of  ai  J.i ,  since  a  subscript  2  will  precede  a  subscript 
1 ;  similarly,  in  each  term  of  as  At  there  occur  two  more  inversions 
of  subscripts  than  in  ax  Ax,  and  in  each  term  of  a*  A^  there  occur 
three  more  inversions  of  subscripts  than  in  ax  Ax, 
Therefore, 


«! 

a. 

a. 

at 

*I 

b. 

bz 

b* 

«! 

Ci 

c» 

e* 

di 

d. 

di 

d4 

=  ai 


c%    Cz 
di   ds 

az 


—  at 


hi 

Cl 

dx 


bz    &4 

Cz     C4 

dz   d^ 


bx 
c\ 
dx 


69      &4 

d%   d^ 


—  04 


bx 

C\ 

dx 


Therefore, 

JStc/e. — Multiply  each  element  of  the  first  row  hy  its 
cof actor,  making  the  products  alternately  plus  and  minus y 
and  take  the  algebraic  sum  of  the  results, 

806.  Scholiutn. — The  successive  application  of  this  rule 
will  eventually  make  the  full  development  of  any  deter- 
minant depend  upon  the  development  of  a  determinant  of 
the  second  order.     Thus, 
I2  bs  J4 


=  b. 


0-6     ^4 


-b. 


C2 

dz 


C4. 
d. 


+  J4 


C2     C3      <?4 
dz    6?3     t?4 

*2(^3^4  —  ^4^3)  —  *3(^2^4  —  ^4^2)  +  *4(^2^J 


Illustrative  Example.— Find  the  value  of 


SoIutJ 

2 

on: 
3 

4 

3 

2 

4 

4 

3 

3    1 

=  2 


-3 


+  4 


2 
3 
4 

2 
3 


C'6  dz) 

4 
4 
2 


1x2-4x3) -3  (3x2-4x4) +  4  (3x3-2x4)  = 

-16  +  30  +  4=  18.' 
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EXERCISE    lOa 


Find  the  value  of : 


1. 

3  16 

4  2  7 
16  4 

2. 

4  3  2 
6  14 
2  4  6 

3. 

4. 

a  0  » 
-a  *  0 

6. 

m  0  n 
m  p  0 

6. 

a  b  i 

? 

0  p  n 

10. 


13. 


2  3  2  3 

8. 

3  2  3  2 

2  3  3  2 

3  2  2  3 

-1  2 

2  -1 

3  2 
1  2 


2  3  12 

11. 

3  2  14 

2  3  12 

143  2 

3  4  12 

14. 

6  8  2  4 

12  3  4 

2  4  6  8 

2  3  4  2 

12. 

2  3  4  2 

2  3  4  2 

2  3  4  2 

12  0  1 

16. 

2  4  0  1 

3  6  0  1 

4  8  0  1 

3-1      4 
2      1-3 

4      2      7 

b-\-c  c  b 
c  a-\-c  a 
b      a   a+b 

0  2  3  4 

2  0  3  4 

3  2  0  2 

4  12  0 

abed 
efg  h 
abed 
i  k  I  m 

abed 

^  —  —  — 
n  n  n  n 

a  c  b  d 

e  a  d  b 


Additional  Properties  of  Determinants. 

807.  Prin.  6. — If  every  element  of  one  row,  or  columUy 
of  a  determinant  is  a  binomial,  the  determinant  can  be 
expressed  as  the  sum  of  two  other  determinants;  one  of 
which  is  derived  from  the  original  determinant  by  drop- 
ping the  second  terms  of  the  binomials  and  the  other  by 
dropping  the  first  terms. 

Demonstration. — ^Each  term  of  the  development  contains  one  and 
only  one  of  the  binomial  elements  as  a  factor.  Therefore,  each  term 
of  the  development  can  be  separated  into  two  terms,  one  of  which  is 
the  first  terra  of  the  binomial  factor  times  the  remaining  factors  of* 
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the  term,  and  the  other  the  second  term  of  the  binomial  factor  times 
the  remaining  factors  of  the  term.  The  sum  of  the  component  parts 
that  contain  the  first  terms  of  the  binomial  elements  will  form  a  de- 
terminant  which  is  independent  of  the  second  terms  of  the  binomial 
elements,  and  the  sum  of  the  component  parts  that  contain  the  second 
terms  of  the  binomial  elements  will  form  a  second  determinant  which 
is  independent  of  the  first  terms  of  the  binomial  elements. 


Thus, 


J  +  c 
a  +  c 
a  +  ft 


c  h 
c  a 
h    b 


808.  Cwr.  1. — If  every  element  in  any  row,  or  column, 
consists  of  m  terms,  the  determinant  can  be  expressed  as 
the  sum  of  m  other  determinants. 

809.  Cor.  2. — If  the  elements  of  r  rows,  or  columns^ 
consist  of  a,b,c,  —  m  terms  respectively,  the  determi- 
nant can  be  eaipressed  as  the  sum  of  abc,...fn  determi- 
nants. 

810.  Scholiufn. — These  truths  are  of  value  in  reducing 
a  determinant  when  otu  or  more  of  the  derived  determi- 
nants reduce  to  zero.     Thus, 


a    b-\-a-\-c    c 
d    e  +  d+f  f 
g    h-\-g+h   h 

= 

a  i  c 
de  f 

ghk 

+ 

a  a  c 
ddf 
9  9^ 

+ 

ace 

dff 
9  kk 

a  i  e 
de  f 
ghk 

+  0 

+  0  [80] 

L,  P 

a 

.]  =     rf 

9 

h  t 

«  J 
h  i 

811.  Prin»  7. — If  to  all  the  elements  of  any  row,  or 
column,  be  added  equimultiples  of  the  corresponding/  ele- 
ments of  any  other  row,  or  column,  the  value  of  the  deter- 
minant will  remain  unchanged. 

DemonstratioiL. — Consider  a  determinant  of  the  third  order.    Thus, 

ai-\-pa^    «3     ^3 


Prove 


a, 

0% 

as 

h 

h 

h. 

Cl 

Ci 

Cs 

h  -\-p  bs 
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DfloiioiiftnitioiL — 


ai  -¥ pat    a«    at 

fli    a«    i 

3t 

pat 

at    at 

h  '¥pht     bt    bt 

= 

bi     bi    bt 

+ 

p  bt    bi    bt 

Ci    -k-pCt       Cf      Cz 

Ci      Ci      Ct 

pCt      Ci      Ct 

Oi      Os      flj 

ai    ch    at 

bi    bi    bt      +0  [802, 

L'or.  2]  = 

6i     bi    bt 

Cl       Ci      Cs 

Ci      Ci 

Ct 

The  method  of  proof  employed  in  this  example  is  general,  and  is, 
therefore,  applicable  to  a  determinant  of  any  order. 


812.  Cor. — It  may  also  be  shoton  that 

j    ai+pa2+  qas    a^ 

=  j     ii+ph  +  qh     h 
I     Ct+pcj+qcs     C2 


as 


«3 
h 
Ci 


etc. 


Ci      C2 

That  is, 

To  all  the  elements  of  any  row,  or  column,  may  he  added 
equimultiples  of  the  corresponding  terms  of  a  second  row, 
or  column,  and  again  equimultiples  of  the  corresponding 
terms  of  a  third  row,  or  column,  etc. 

813.  Schoiimn. — This  principle  is  of  practical  value 
in  the  reduction  of  a  determinant,  if  hy  its  application, 
two  rows,  or  columns,  can  be  made  identical,  or  one  of 
them  a  multiple  of  the  other.     Thus, 


5  8  11  I 

6  9  12  I  = 

7  10  13  I 

[802,  Cor.  2]. 
determinant. 


=  0 


5+8  +  11  8  11 
6+9  +  12  9  12 
7  +  10  +  13  10  13 

It  may  also  be  used  to  simplify  a  complex 


24 

8  11  1 

27 

9  12 

30  10  13 

814.  Prin.  8. — If  the  elements  of  one  column  of  a  de- 
terminant be  multiplied  by  the  cofactors  of  the  correspond- 
ing  elements  of  another  column,  the  sum  of  the  products, 
taken  alternately  plus  and  minus,  is  zero. 

Demonstration. — Take  two  determinants,  alike  in  every  respect, 
except  that,  in  the  second,  the  gth  column  is  identical  with  the  pWi 
column.    Now,  in  the  first,  the  sura  of  the  products  of  the  elements 
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in  the  pth.  column  and  the  cofactors  of  the  corresponding  elements  of 
the  ^th  column,  when  the  products  are  taken  alternately  plus  and 
minus,  is  OpA^  —  hpBq  ■\-  ,,,, 

The  yalue  of  the  second  determinant  is 

a,  ^,  -  6, 5,  +  . . . .  [805,  R.]  =  0  [801,  P.]. 

But  it  is  evident  that  a^ ,  6, ,  ....  are  identical  with  Op ,  bp,  .... 
Therefore,  (ipA^  —  bpBf  + =0. 


EXERCISE     109. 


Find  the  value  of  : 

8  2  3  2. 

5  3  4 
7  4  5 

0-1-2    1 

8      5      2    1 

6      9      8    1 

-8481 


-4      2      0 

6-2      2 

-9      3  -3 


3.        12 
-3 


-o 
4 

0 


7.  Prove 


8.  Prove 


b-\-p    c  +  q    a-{-r     + 
c-\-p    a-\-q    b-\-r 

b-^-c  c  +  a  a  +  b 
q  +  r  r+p  p  +  q 
y  +  z    z  +  x    x  +  y 

a^  —  bc    (?  —  ab 


y  +  z  x—z  x-y 
y  —  z  z  +  x  y  —  X 
z  —  y    z  —  x    x  +  y 

a—p  b  —  q  c  —  r 
b  —  p  c  —  q  a  —  r 
c  —p    a—  q    b  —  r 

a    b    c 

=  2    p    q    r 

X    y   z 


=  ciSabc-a^-b^-c") 


Multiplication  of  Determinants. 


815. 

Letnfna.— 

at 

b,    c,    I 

m 

n 

a^ 

b^    c^    p 

9 

r 

«3 

^3       ^3       ^ 

t 

u 

0 

0     0     a^i 

Vi 

^1 

0 

0     0     a;g 

Vt 

Z2 

0 

0     0     5:3 

ys 

% 

fli  bt  Ci 

^1  yi  ^1 

= 

a^  bf  C2 

X 

X2  y^  Z2 

^3    ^3    Cs 

a?3    ^3    «3 
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Dflmonitrfttioii* — 

a\  h\  C\  I  m  n 

os  5«  08  p  g  T 

at  bt  ci  8  t  u 

0  0  0   xi  yi  z\ 

0  0  0   Xi  yi  Zi 

0  0  0  xz  yt  Zi 

bi  Ci    I  m  n 

bi  c%  p  q  r 

+  08    0  0  ari  yi  z\ 

0  ^  Xi  yi  Zi 

0  ^  Xz  yt  Zz 

Cz  8  t  u 

0  Xi  y\  zi 

0  Xi  yi  Zi 

0  Xz  yz  Zz 

Ci  I  m  n 

0  x\  yi  Zi 

0  Xi  yi  Zi 

0  Xz  yz  Zz 


=  ai 


—  aj6i 


—  ozbi 


—  flj  6i  C3 


X\ 

yi 

Z\ 

Xi 

Vi 

Zi 

Xz 

Vi 

Zz 

bi  Ci  p  q  r 

bz  Cz  8  t  u 

0  0  xi  yi  z\ 

0  0  a-j  yj  Zi 

0  0  a:i  ya  ^8 


—  at 


0  0  a:i  yi  ^i 
0  0  a:?  y,  ^t 
0    0   a-i  ys  2:3 


=  a\  bi 


+  a*  bz 


Q>\  bi  Cz 


+  as  63  ^1 


Ca  A     ^     u 

0  xi  yx  z\ 
0  iTs  yi  Zi 

—  fliJa 

0  ira  ya  Zz 

ci  /     m  n 

0    x\  y\  z\ 
0    a-f  y»  Zf 

+  aa&i 

0    a-8  ya  Zz 

«i  yi  z\ 
Xi  yi  Zi 
Xz  yz  Zz 

x\  y\  z\ 
Xi  yi  Zi 
Xz  yz  Zz 


—  ai  bz  Ci 


+  aa  bi  Ci 


Ci 

p    q    r 

0 

xi  yi  zi 

0 

Xi  yi  Zi 

0 

x-z  yz  Zz 

Ci  p  q  r 

0    xi  yi  zi 

0    Xi  yi  Zi 

0    Xz  yz  Zz 


Xi 

y\ 

Z\ 

Xi 

ys 

Zi 

Xz 

3/8 

Zt 

xi  y\  z\ 
Xi  yi  Zi 
Xz  yz  Zz 


—  cbz  bi  C\ 


x\  yi  zi 

Xi  yi  Zi 

= 

Xz  yz  Zz 

ai  bi  ci 

Oi  bi  Ci 

X 

as  bz  Cz 

xi  y\  zi 
Xi  yi  Zi 
Xz  yz  Zz 


[789,  (A)]. 


Sobollimi.— It  will  be  seen  that  the  elements  Z,  m,  n,  p,  q,  r,  «,  ^,  u 
of  the  first  member  do  not  appear  in  the  second  member.  This  is  due 
to  the  fact  that  in  the  development  of  the  first  member  all  the  terms 
containing  these  elements  eventually  vanish. 

816.  Problem.  To  find  the  product  of  two  determinants 
of  any  order  in  terms  of  a  determinant  of  the 
same  order. 


Example. — Find  the  product  of 

Ox    b\    Ci 

fla    hz    C2        X 

o>z    ^3     ^3 


^1    Vi    «i 
Xfi    yz    Z2 

^3    Vz    ^3 
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a\  h\  C\ 

x\  yx  zi 

a«  h  Ci 

X 

Xi  yt  Zi 

= 

as  h  cz 

xz  yz  zz 

az 

hz 

Cz 

0 

0 

0 

0 

0 

0 

0 

0 

0 

[815J 


EiplaTiation ; 

ax  hx  ci   -1  0  0 

a%  bi  d      0  —1  0 

0  0   -1 

xi  yx  ^l 

Xi  y%  z% 

Xz  yz^  Zz 

0  0  0-100 

0  0  0  0-10 

0  0  0  0     0-1 

axXx-\-a^yx+atZx  biXi  +  b^yx  +  htZx  CxXi  +  c^yi  +  CtZi    Xi    yx    Zi 

aia;a  +  aaya+a«2a  6ia:a+6jya +  68  2^8  CxX^+c^yt-k-CzZt    x^   y%    Zt 

axXa-k-a^ys-^atZi  biXt-^-btyt-^biZt  eiXt+c^yt-i-CtZt    a*,   yt    Zt 

(This  last  form  is  derived  from  the  preceding  by  adding  to  the 
first  column  ax  times  the  4th  column  +  as  times  the  5th  column  + 
az  times  the  6th  column ;  to  the  second  column,  bx  times  the  4th  + 
bf  times  the  5th  +  bz  times  the  6th ;  and  to  the  third  column,  cx  times 
the  4th  +  Ci  times  the  5th  +  Cz  times  the  6th  [812]) 

ax  xi  +  flfj  yi  +  az  Zx    bx  Xx  +  *j  yi  +  bz  Z\    Cx  X\  -¥  c^yx  -¥  Cz  Zx 
a\  Xi  +  as  ya  +  az  Zi    bx  Xi  +  68^8  +  bz  Zi    Cx  Xi  +  Cs  ya  +  Cz  Zi 
ai  Xz  +  Oiyz  +  az  Zz    bx  Xz  +  b^yz  +  bz  Zz    Ct  Xz  +^9^3  +  Cz  Zz 
[805,  R.]. 

Let  the  student  observe  how  the  elements  of  the  first  column  of 
the  product  are  derived  from  the  elements  of  the  multiplicand  and 
multiplier ;  then,  how  the  elements  of  the  second  and  third  columns 
are  found.  The  laws  which  he  will  observe  are  general  for  determi- 
nants of  any  order. 

Example. — Show  that,  according  to  the  laws  above  ob- 
served, 


ai  (h 

X 

^1  yx 

bx  h 

Xz  y^ 

OiOJi  +  agyi    btX^  +  bayt 
axx^  +  a^yz    h^z  +  hVi 


EXERCISE     110. 


Find  the  value  of  : 


1. 


3. 


2  3 

1  2 

12  3 

2  3  1 

13  2 


X 


1 
4 

3  0  1 
2  13 
12  3 


1      3 

\y 

3  0 

2  -2 

X 

1  2 

3  0  3 

10  0 

3  10 

X 

2  2  2 

2  0  3 

1  3 

2| 
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Applications. 

817.  I.  Solution  of  Simultaneous  Equations  of  the 
First  Degree. 

1.  Solve  «ia?  +  *iy  =  ^i  (A) 

a^x  +  l^y^r^  (B) 

Mntioii :  Multiply  (A)  by  Ai  and  (B)  by  —A% ,  in  which  Ay  and 
A%  are  the  cofactors  of  ai  and  a%  in  the  determinant  [  oi  h%  ],  and 
take  the  sum, 

{a\A\  —  a%A%)z  +  (fti^i  —  Js^j)^  =  nAi^r%A%  (C) 

Now,    h  ^1  -  fts  ^8  =  0  [814,  P.].    Therefore, 
(a\  A\  ^a%A'i)z^r\A\  —  rj  -4j ;  whence, 

^  ^  '•^^■-'•'^J  =  LiLfttJ  [805.  795]. 

Again,  multiply  (A)  by  Bi  and  (B)  by  —  ^8 ,  in  which  B\  and 
.^8  are  the  cofactors  of  h\  and  J^s ,  and  take  the  sum, 

{aiBx-a^Bi)x-\-(hiBi-h  Bt  )y  =  riBi-  u B,  (D) 

Now,    aiBi'-(hBi=0  [814,  P.].    Therefore, 

y  "  hBx-h,B,  -  HTM  [^^'  ^^^J- 


2.  Solve  «i  a;  +  Ji  y  +  Ci  ;2:  =  ri  -  (A) 

«2^+*2y  +  ^2^=^2  (B) 

a^x  +  b^y  +  c^zz^rs  (C) 

Solution :  Multiply  (A)  by  -4i ,  (B)  by  -Ai ,  (C)  by  As ,  in  which 
J.1 ,  Af,  and  Ja  are  respectively  the  cofactors  of  oi ,  08 ,  and  at  in 
the  determinant  [  ai  bf  cz  ],  and  add  the  resulting  equations, 

(ai  -4.1  —  08-4.8  +  08  Az  )x  •¥  {h  A\  —  h%  At  +  63  Az  )y 

-^^  (c\  A\  —  c%  At  -¥  ci  Az)z  =  r\  Ai  —  rt  A%  +  rt  At 

Now,  the  coefficients  of  y  and  z  vanish  [814,  P.] ; 

^  ^  r.^,-r.^.  +  r,^.  ^  [  r.  6,  c]  ^^g^ 

01-41—08^9+08-48  [O168.C8J 

Then,  by  symmetry, 

^^  __  [^1  n  Cz]       ,      ___  [oi  &«  n] 
^       [  01  68  Ca  J  [  oi  ^8  Cz  J 

In  a  similar  manner  it  may  be  shown  that,  if  we  take  n  equations 
of  the  first  degree  of  the  form  of  oi  a;  +  &i  y  +  Ci  ^  +....  =  n  ,  mul- 
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tiply  the  first  by  A\ ,  the  second  by  —-Ag ,  the  third  by  Azy  ,..,,  in 

which  ^1 ,  A9 ,  A3  y  , , . ,,  are  the  cofactors  of  ai ,  as ,  as , ,  and 

take  the  sura,  the  coefficients  of  all  the  unknown  quantities,  except  x, 
will  vanish,  and  we  shall  have 

X  =  F — *   ,*    '^  i  ;  and,  by  symmetry, 

[aybiCs ]  ^' 

[ai   r,  g8....  ]    ^^^     Therefore, 
^       [ai   bi  C3 ] '  * 

Principle. — Any  unknown  quantity  in  a  complete  sys- 
tern  of  simultaneous  equations  of  the  first  degree  equals  a 
fraction  whose  denominator  is  a  determinant  formed  from 
the  coefficients  of  the  terms  of  the  equations  taken  in  order ^ 
and  whose  numerator  is  formed  from  the  denominator  hy 
replacing  the  coefficients  of  the  unknown  quantity  by  the 
corresponding  right  members  of  the  equations. 


EXERCISE     111. 

Solve : 
1.  3ar  +  2y  =  16  2.  5a;~3.y=    6 

2ar-3y=   2  2x  +  by=z^l 

3.   ax+by:=c  ^  (a  +  b)x-' {c  +  d)y:=m 

mx  +  ny  =  d  {a'-'b)x+{c  — d)y  =  n 

6.  2x  +  3y  —  2z=:  5  6.  a;—  y+  z=  6 
3a;  — 2y  +  4;2:=16  3a:  +  5y  — 3j2;=14 
4a;  — 3y-    z^—b  2a;  +  4y +  3;?;  =  20 

7.  ax-\-by-\-  cz:=:d  8.  {a-^^x-^by-^-az^m 
cx  +  by  +  az  =  e  ax  +  {a  +  b)y  +  bz  =  n 
bx  +  cy  +  az=:h  bx  +  ay  +  {a  +  b)z  =  r 

9.  x  +  y  +  z+u  =  14:  10.  ax+by  +  cz=m 

X  —  y  +  Z'-u=  —  2  bx+  cy  +  au  =  n 

x  +  y  --  z  —  u=  —  4:  cx-\-az-\-bu=ip 

x  —  y-'Z  +  u=    0  ay  +  bz+cu=:q 

II.  2x  —  3y  +  2z+    w  =  —  12 
3a;  +  2«/  — 3;2;  +  2«^  =  12 

x  —  Zy  +  ^z  +  Zu—  —  24 
2a;  +  2;y  — 30  — 4w  =  28 
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12.  ax-\-by-\-cz-\-du=zp 
ax  —  by-\-cz  —  du  =  q 
ax  +  by  —  cz  —  du  =  r 
ax^by-~cz-\-du=^8 

13.  2a;  +  3y  — 4z  +  2m  +  3i;  =  19 
3  X  —  2y +  2  z  —  du  +  ^v^  13 
2x-'4:y  +  dz  —  2u  +  2vz=   5 

«+    y-'Sz  +  2u+    v=   7 
ix:  +  2y  +  3z'-4:U  +  6v  =  23 


818.   II.   To  determine  under  what  condition  (»  +  l) 

equations  of  n  unknown  quantities  may  be  simultaneously 

true, 

AsBume  the  equations 

ai^^  +  iiy  +  Ct^O,  (A) 

(h^  +  hy  +  (^2  =  0,  (B) 

and  032; +  33^  +  ^3  =  0  (C) 

to  be  simultaneously  true. 

Multiply  (A)  by  Ci ,  (B)  by  -  Cg ,  and  (C)  by  C9 ,  in  which  Ci , 
Cj ,  and  Cs  are  the  cofactors  of  ci ,  d,  and  C3  in  the  determinant 
[at  bi  cs]^  and  add  the  results.    Then, 

(ai  C  —  as  Cs  +  aa  Cs )  a;  +  (6i  Ci  —  6s  Cs  +  63  Ca )  y 

+  (c,  Ci  -  cs  Cs  +  C3  Ca )  =  0  [Ax.  2]. 
But,  ai  C  —  Oj  Cs  +  as  Ca  =  h  d  —  ftg  Cj  +  63  Cj  = 

ci  Ci  -  c,  Cs  +  ca  Cs  =  [  ai  fts  ca  ]  [814,  P. ;  805,  R.]. 
.'.    [o>\  h%  Ca  ]  =  0  is  the  condition  under  which  (A),  <B),  and 
(C)  are  simultaneously  true. 

Note. — The  equation  [a\  h%  ca  ]  =  0  is  called  the  diminant  of 
the  group. 

In  a  similar  manner  it  may  be  shown  that  n  +  1  equations  of  n 
unknown  quantities,  of  the  form  of 

a\x  -\-biy  + +  n  =  0, 

are  simultaneously  true,  when 

[ai   As  Ca r»4i  ]  =  0. 

Note.— Equations  that  are  simultaneously  true  are  said  to  conaiat, 
that  is,  they  are  consistent. 
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EXERCISE    lis. 

Test  the  consistency  of  : 
1.  2ar  +  3y  — 13  =  0 
3a;+2y-12  =  0 
a:  +  3y-ll  =  0 


2.  3a;  +  2y-17  =  0 
5a;-3y-  3  =  0 
2a;-.6y+15  =  0 


819.  III.   To  eliminate  x  from  any  two  rational  inte- 
gral equations  in  x. 

ninstrations, — 1.  Eliminate  x  from  the  equations 


aa^+  bx  +  c 

=  0 

(A) 

mx^  +  nx  +  r  =  Q 

(B) 

Solution :  It  is  evident  that 

ax^-^  bx*  -^  ex        =0 

ax'^  +  bx  +  c  =  0 

mx^  +  nx*  +  rx         =0 

and                                         mx^  +  nx  +  r  =  0 

are  simultaneously  true.    Therefore, 

a     b     c     0 

0     a     b     c 
m    n     r     0 

=  0 

0     m    n     r 

2.  Eliminate  x  from  the  equations 

ax!^--\-ba^-\-ca^-\-dx  +  e  =0 
ma^  +  ns?  +p  x  +  q  =  0 
SoliLtion :  It  is  evident  that 

ax^ -¥  bx!*  +  ca^  +  dx^  +  ex        =0 

ao^  +  bx^  +  cx^  +  dx  +  e  =  0 

mj^ +  nx^  ■\- po^  +  qx^  =0 

mx^  ^^  nx^  +  px^  •\- qx         =0 

ma^  +  nx^  +  px  +  g-  =  0 

are  simultaneously  true.    Therefore, 

a     b     c 


0 
m 
0 
0 


b 

P 

n 
m 


d 
c 

P 


=  0 


This  method  is  known  as  Sylvester's  Method  of  Elimination. 
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Probabilities. 

Definitions  and  Fundamental  Principles. 

820.  When  the  number  of  ways  in  which  an  event  may 
occur  is  greater  than  the  number  of  ways  in  which  it  may 
fail,  and  the  ways  are  equally  likely  to  happen,  we  say  : 

1.  The  event  is  probable. 

2.  The  event  is  likely  to  happen. 

3.  The  chance  is  in  favor  of  the  event. 
4*  The  odds  are  in  favor  of  the  event. 

821.  When  the  number  of  ways  in  which  an  event  may 
fail  is  greater  than  the  number  of  ways  in  which  it  may 
occur,  and  the  ways  are  equally  likely  to  happen,  we  say  : 

1.  The  event  is  improbable. 

2.  The  event  is  not  likely  to  happen. 

3.  The  chance  is  against  trie  event. 
Jh  The  odds  are  against  the  event. 

822.  When  the  number  of  ways  in  which  an  event  may 
occur  is  equal  to  the  number  of  ways  in  which  it  may  fail, 
and  the  ways  are  equally  likely  to  happen,  we  say : 

1.  The  occurrence  and  failure  of  the  event  are  equally 
probable. 

2.  The  event  is  as  likely  to  happen  as  to  fail. 

3.  There  is  an  even  chance  for  and  against  the  event. 
4-  The  odds  are  even  for  and  against  the  event. 

823.  If  an  event  can  occur  in  a  ways  and  fail  in  b 
ways,  and  the  ways  are  equally  likely  to  happen,  we  need 
more  definite  language  to  express  the  exact  probability  or 
chance  of  the  event.     Thus,  we  say  : 

1.  The  odds  are  as  a  to  b  in  favor  of  the  event. 

2.  The  odds  are  as  b  to  a  against  the  event. 
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824.  If  we  let  k  represent  the  probability  of  any  par- 
ticular way  happening,  a  the  number  of  ways  favorable  to 
the  event,  and  h  the  number  of  unfavorable  ways,  then 
will  ah  represent  the  probability  of  the  event  happening, 
and  ih  the  probability  of  its  failing,  and  ah-\-ihy  or 
(a  +  6)  hy  certainty y  which  is  taken  as  the  unit  of  measure, 

then  (a  +  J)  i  =  1 ;  whence,  k  =         ,  ; 

and  a  i  =         , ,  the  probability  or  chance  of  the 

event,  and  J  i  =      ,  , ,  the  probability  or  chance  against 

the  event.     Therefore, 

Prin*  1. — The  probability  or  chance  of  an  event  hap- 
pening equals  the  number  of  favorable  ways  divided  by  the 
whole  number  of  ways. 

Prin.  2. — The  probability  or  chance  of  an  event  fail- 
ing  equals  the  number  of  unfavorable  ways  divided  by  the 
whole  number  of  ways. 

825.  Since  an  event  is  certain  to  happen  or  fail,  and 
certainty  is  expressed  by  unity,  it  follows  that, 

Prin.  3m — The  probability  of  an  event  happening  equals 
unity  minus  the  probability  that  it  will  fail;  and  the  prob- 
ability that  it  will  fail  equals  unity  minus  the  probability 
that  it  will  happen. 

ninstration* — If  there  are  3  black  and  2  white  balls  in 
a  bag  containing  only  5  balls,  what  is  the  chance, 

1.  That  a  black  ball  will  be  drawn  on  the  first  trial  ? 

2.  That  a  black  ball  will  not  be  drawn  on  the  first  trial  ? 
Solution :  1.  There  are  3  favorable  ways  out  of  5  to  draw  a  black 

Q 

ball ;  therefore,  the  chance  is  -^  (Prin.  1). 

2.  There  are  2  unfavorable  ways  out  of  5  to  draw  a  black  ball, 
namely,  the  two  favorable  ways  for  drawing  a  white  ball ;  therefore, 

2 
the  chance  of  failing  to  draw  a  black  ball  is  -^ .    Or, 
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That  a  black  ball  will  be  drawn  or  not  drawn  on  the  first  trial 

g 

is  certainty.    The  chance  for  drawing  a  black  ball  is  -=-;  therefore, 

3        2 

the  chance  of  failure  is  1  —  -=-  =  -^ . 

0  0 

826.  Exclusive  Events. — Two  or  more  events  are  mu- 
tually exclusive  when  the  happening  of  one  of  them  pre- 
cludes the  possibility  of  any  other  one  happening.  Thus, 
if  a  coin  be  thrown  up,  it  may  fall  either  head  or  tail.  If 
it  fall  head,  or  is  supposed  to  fall  head,  it  can  not  fall  tail, 
or  be  supposed  to  fall  tail,  in  the  same  throw.  Falling 
head  and  falling  tail  are,  therefore,  mutually  exclusive 
events, 

827.  In  a  bag  are  d  balls  ;  a  of  them  are  white,  h  blue, 
c  red,  and  the  remaining  ones  yellow.  What  is  the  chance 
of  drawing,  on  the  first  trial, 

1.  Either  a  red  or  a  white  ball  ? 

2.  A  red,  a  white,  or  a  blue  ball  ? 

Solution :  1.  The  chance  of  drawing  a  red  ball  is  -^ ,  and  the 
chance  of  drawing  a  white  ball  is  ^;  and  the  chance  of  drawing 

either  a  red  or  a  white  ball  is  — -5—  =  -^  +  ^ . 

2.  The  chance  of  drawing  a  red  ball  is  -? ;  of  drawing  a  white 

h 

ball,  -^  ;  of  drawing  a  blue  ball,  -j  ;  and  of  drawing  a  red,  a  white,  or 
a  blue  ball, -5 ;  which  equals  77  +  ;/  +  -^  •    Therefore, 

Brin.  d. — The  chance  that  one  of  several  mutually  ex- 
clusive events  will  happen  equals  the  sum  of  their  separate 
chances  of  happening. 

EXERCISE    118. 

1.  What  is  the  chance  of  throwing  4  with  a  single  die  ? 

Saggestion.— A  die  has  six  faces,  which  are  equally  liable  to  turn  up, 

but  only  one  of  these  contains  four  dots.    Therefore,  the  chance  is  -^ . 
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2.  What  is  the  chance  of  throwing  an  even  number 
with  a  single  die  ? 

Snggestion. — Three  of  the  faces  have  an  even  number  of  dots; 

3  1 

therefore,  the  chance  is  ^ ,  or  ^  • 

3.  If  the  odds  be  4  to  3  in  favor  of  an  event,  what  are 
the  respective  chances  of  the  success  iEind  failure  of  the 
event  ? 

Snggestion.— There  are  4  points  out  of  7  favorable  and  3  out  of  7 
unfavorable  to  the  happening  of  the  event ;  therefore,  the  respective 

chances  of  success  and  failure  are  •=  and  y . 

4.  If  4  coppers  are  tossed,  what  are  the  odds  against 
exactly  2  turning  up  head  ? 

Suggestion. — Each  coin  may  fall  in  two  ways;  hence,  the  four 
coins  may  fall  in  2*  =  16  ways  ^550,  Cor»].    The  two  coins  that  may 

4x3 

turn  up  head  can  be  selected  from  the  four  coins  in  —7^— »  or  6  ways. 

/»  o  ' — 

Therefore,  the  chance  of  success  is  jj,,  or  q-  ,  and  the  chance  of  fail- 

3        5  10  » 

ure  is  1  —  -^  =  ^ .    Therefore,  the  odds  are  as  5  to  3  against  the 

event. 

6.  In  a  bag  are  7  white  and  5  red  balls ;   if  two  are 

drawn,  find  the  chance  that  1  is  red  and  1  white,         .  . 

12  X  11 
Solution :  Two  balls  can  be  selected  from  12  balls  in  — -^ —  =  66 

ways.  One  white  ball  can  be  selected  from  7  white  balls  in  7  ways,  and 
1  red  ball  from  5  red  balls  in  5  ways.  Hence,  1  white  ball  and  1  red 
ball  can  be  selected  from  7  white  and  5  red  balls  in  7  x  5,  or  35  ways. 
Therefore,  35  out  of  66  ways  are  favorable  to  drawing  1  white  and  1 

35 

red  ball.    Therefore,  the  chance  is  ^^  • 

DO 

6.  Twenty  persons  take  their  seats  at  a  round  table. 
What  are  the  odds  against  two  persons  thought  of  sitting 
together? 

Solution :  Let  the  two  persons  be  A  and  B.  Besides  the  place 
where  A  may  sit,  there  are  19  places,  two  of  which  are  adjacent  to 
him,  and  the  remaining  17  not  adjacent.  Any  of  these  B  may  select. 
Therefore,  the  odds  are  as  17  to  2  against  A  and  B  sitting  together. 
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828.  Expectation.  —  The  value  of  any  probability  of 
prize  or  property  depending  upon  the  occurrence  of  some 
uncertain  event  is  called  an  Expectation. 

7.  A  person  holds  a  tickets  in  a  lottery  in  which  the 
whole  number  of  tickets  issued  is  n.  There  is  only  one 
prize  offered,  and  this  is  worth  %p.  What  is  the  i)erson's 
expectation  ? 

Solution :  It  is  evident  that  the  n  tickets  are  worth  %p,  and  that 
the  tickets  are  of  equal  value  before  the  drawing;  therefore,  the  a 

tickets  are  worth  —  of  $p,  which  is  $0  x  - .    Therefore, 

829..  JPrin,  5. — The  expectation  of  an  event  equals  the 
product  of  the  sum  to  be  realized  and  the  fhance  of  the 
event. 

8.  A  person  is  allowed  to  draw  two  bank-notes  from  a 
bag  containing  8  ten-dollar  bills  and  20  two-dollar  bills. 
What  is  his  expectation  ? 

28  X  27 
Solution :  The  two  notes  can  be  drawn  from  28  notes  in  — r^ — 

I*. 
=  378  ways.    Two  ten-dollar  notes  can  be  drawn  from  8  ten-dollar 

8x7 
notes  in     .^     =  28  ways.    Two  two-dollar  notes  can  be  drawn  from 

—  20  X  19 

20  two-dollar  notes  in  — ^i —  =  100  ways. 

One  ten-dollar  note  and  one  two-dollar  note  can  be  drawn  from 
8  ten-dollar  notes  and  20  two-dollar  notes  in  8  x  20  =  160  ways. 
Therefore,  « 

28 
The  chance  of  drawing  $20  is  57=^,  and  the  expectation  is  $1.4&A» 

The  chance  of  drawing  $4  is  ~ ,  and  the  expectation  is  $2.01i^. 

160 
The  chance  of  drawing  $12  is  ^:i^ ,  and  the  expectation  is  $5.07f f. 

.-.  The  entire  expectation  is  $1.48^  +  $2.01  ^  +  $5.07 1|  =  $8.57 -f. 

9.  A  bag  contains  a  £5  note^  a  £10  note,  and  six  pieces 
of  blank  paper  of  the  same  size  and  texture  as  a  bank-note. 
Show  that  the  expectation  of  a  man  who  is  allowed  to  draw 
out  one  piece  of  paper  is  £1  17s.  6d. 
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880.  Independent  Events. — Two  or  more  events  are  in- 
dependent of  each  other  when  the  happening  of  one  of 
them  does  not  affect  the  probability  of  any  other  one's 
happening. 

10.  There  are  h  balls  in  one  bag,  a  of  which  are  white ; 

d  in  another,  c  of  which  are  white ;  and  /  in  another,  e  of 

which  are  white.     Show  that  the  chance  of  drawing  one 

CL        c        e 
white  ball  from  each  bag  in  a  single  trial  ^s  -r  X  -^  X  -^^ 

Solution :  One  ball  can  be  drawn  from  each  bag  in  b  x  dx  f  ways 
[550],  One  white  ball  can  be  dr^wn  from  each  bag  in  ax  c  x  e  ways 
[550].    Therefore,  the  chance  of  drawing  a  white  ball  from  each  bag 

^  blTdx-f  ^^^  ^-  y  =  6  ^  J  ^  /•    Therefore, 

831.  JPrin.  6. — The  chance  of  two  or  more  independent 
events  Mppening  simultaneously  is  the  product  of  their 
several  chances  of  happening. 

832.  Cor.  l.—The  chance  of  two  or  more  independent 
events  failing  simultaneously  is  the  product  of  their  several 
chances  of  failing. 

833.  Cwr.  2. — The  chance  of  one  of  two  independent 
events  failing  and  the  other  happening  is  the  product  of 
the  chance  that  one  fails  and  the  chance  that  the  other 
happens.  • 

11.  A  can  solve  3  problems  out  of  4,  B  5  out  of  6, 
and  C  7  out  of  8.  What  is  the  chance  that  a  certain 
problem  will  be  solved,  if  all  try  ? 

Solution :  Unless  all  fail,  the  problem  will  be  solved.    The  chance 

that  A  will  fail  is  -r ,  that  B  will  fail  s ,  that  C  will  fail  -3- ,  that  all 
4  o  o 

will  fail  T  ^  "ft  ^  "q  =  Too  •    Therefore,  the  chance  of  success  is  y^. 

834.  Dependent  Events. — In  a  series  of  events,  any 
assumed  event  is  said  to  be  dependent  upon  a  preceding 
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€vent,  if  the  happening  of  the  preceding  event  changes  the 
probability  of  the  happening  of  the  assumed  event. 

12.  Find  the  chance  of  drawing  3  white  balls  in  suc- 
cession from  a  bag  containing  5  white  and  3  red  balls. 

Bolutioii :  The  chance  of  drawing  a  white  ball  on  the  first  trial 

is  -^ .    Haying  drawn  a  white  ball,  there  remain  in  the  bag  7  balls, 
o 

4  of  which  are  white.    The  chance  of  drawing  a  white  ball  on  the 

4 
second  trial  is  therefore  ■=-.    Similarly,  the  chance  of  drawing  a  white 

o 

ball  on  the  third  trial  is  -^ .    Therefore,  the  chance  of  drawing  three 

^  K  ^  O  K 

white  balls  in  succession  is  g^  x  -=-  x  g^  [831]  =  ^r^ .    Therefore, 

835.  JPrin.  7.  —  The  chance  that  a  series  of  events 
should  happen  is  the  continued  product  of  the  chance  that 
the  first  should  happen,  the  chance  that  the  second  should 
then  happen,  the  chance  that  the  third  should  folloWy  and 
so  on. 

13.  In  one  of  two  bags  are  3  red  and  4  white  balls,  and 
in  the  other  5  red  and  3  white  balls,  and  a  ball  is  to  be 
drawn  from  one  or  other  of  the  bags.  Find  the  chance 
that  the  ball  drawn  will  be  white. 

Solution :  The  chance  that  the  first  bag  will  be  chosen  is  -^ .    Then, 

4 
the  chance  of  drawing  a  white  ball  from  the  first  bag  is  -j^  ^  hence,  the 

14       2 
real  chance  of  drawing  a  white  ball  from  the  first  bag  is  -jr-  of  -=•  =  7, . 

<o         7         7 

Similarly,  the  chance  of  drawing  a  white  ball  from  the  second  bag  is 

13        3 

^  of  -Q  =  T^.    These  events  are  mutually  exclusive;  therefore,  the 

2       3        53 
chance  required  is -y  +  ^  =  T^o* 


836.  Inverse  Probability. — When  an  event  is  known 
to  have  happened  from  one  of  two  or  more  known  causes, 
the  determination  of  the  chance  that  it  has  happened  from. 
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any  particular  one  of  these  canses  is  a  problem  of  inverse 
probability. 

14.  It  is  known  that  a  black  ball  has  been  drawn  from 
one  of  two  bags.  The  first  of  these  bags  contained  ?n  balls, 
a  of  which  were  black,  and  the  second  n  balls,  b  of  which 
were  black.  What  is  the  chance  that  the  ball  was  drawn 
from  the  first  bag  ? 

Solution :  Suppose  that  2  N  drawings  were  made.  The  chance  is 
that  N  were  made  from  each  bag.    In  the  N  drawings  from  the  first 

d 
bag  the  chance  is  that  —  x  N  were  black  balls.    In  the  drawings 

from  the  second  bag  the  chance  is  that  —  x  N  were  black  balls. 

Therefore,  in  2iV  drawings,  the  chance  is  that  I—  +  —)^  were 

black  balls.    Therefore,  the  chance  that  a  black  ball  was  drawn  from 

the  first  bag  is  f  »  x  iVr  W  f^  +  *)iV=  — ^. 

837.  Thewrenh. — If  an  event  is  believed  to  have  been 

produced  by  some  one  of  the  causes  Pi,  Pg,  P3, P^, 

which  are  mutually  exclusive^  and  Pi,  P29  P39  •  •  •  •  Jt?«  rep- 
resent the  respective  probabilities  of  these  causes  when  no 
other  causes  exist,  then  the  probability  that  P^  produced 

P  V 
the  event  is  -73 r- 73 "^ t—jz — • 

P\PX-{'P2P2+   .  .  .  .  +  PnPn 

Demonftration. — Let  N  be  the  number  of  trials  made  in  produc- 
ing the  event.  The  first  cause  operated  N  x  P\  times ;  therefore, 
on  the  supposition  that  no  other  causes  operated  than  those  named, 
the  probability  that  the  event  was  produced  by  the  first  cause  is 
N  X  P\  X  pi.  Under  similar  restrictions,  the  probability  that  the 
event  was  produced  by  the  second  cause  is  iV  x  Pj  xpt;  by  the  third 
cause,  Kx  Pi  x  ps;  by  the  rth  cause,  N  x  Pr  x  pr;  by  any  one  of 

the  causes,  N{P\pi  +  Pj^  +  Pgjoa  + +  P%Pi^    Therefore,  the 

real  chance  of  its  having  been  "caused  by  the  rth  cause,  or  Pt ,  is 

N  X  Pr    Xpr Pf    Xpr 

N{P\px  +  P3i?9  +....  +  PnPn)  P\  P\    +  PjJ^S  + +  PnPn 

16.  Four  bags  were  known  to  contain  3  red  and  4  white, 
4  red  and  3  white,  5  red  and  1  white,  and  4  red  and  4 
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white  balls  respectively,  A  white  ball  was  drawn  at  ran- 
dom from  one  of  the  bags.  Find  the  chance  that  it  was 
drawn  from  the  second  bag. 

Solution:   Pi  =P8  rzP,  =  P4  =  4,  i>i  =  y,  P^  =  i^.  ^^=6' 
and  ^4  =  ^.    Therefore,  the  required  probability  is 

i     i  i 

4^7  79 


5  ""35' 
4V7"7"6"^2>'       3 


l_/4        3        1^       2.V 
4^7  ■*■  7  "^  6  "•■  2>' 


838.  Probability  of  Testimony.— The  following  exam- 
ples illustrate  how  to  deal  with  questions  relating  to  the 
credibility  of  testimony : 

16.  A  speaks  the  truth  a  times  in  m,  B  b  times  in  n, 
and  C  c  times  in  r.  What  is  the  chance  that  a  statement 
is  true  which  all  affirm  ?  Which  A  and  B  affirm  and 
C  denies  ? 

Solution :  1.  The  statement  is  either  true  or  false.    If  true,  all  have 

spoken  the  truth ;  the  probability  of  which  is  —  x  —  x  —  = . 

^  »r  J  m       n       r       mnr 

If  false,  all  have  lied ;  the  probability  of  which  is 

\        mj\        nj\        r)  mitr 

Hence,  the  probability  of  the  truth  of  the  statement  is, 

abc        {abc       {m—a)(n—b){r—c)\__  abc 

mnr       {mnr  mnr  f  ""  aftc  +  (m— a)(w--6)(r— c)' 

2.  If  the  statement  is  true,  A  and  B  have  told  the  truth  and  G 

has  lied ;  the  probability  of  which  is  —  x  —  x(l )  =  — ^^ ^ . 

'^  ^  m       n      \        r  J         mnr 

If  the  statement  is  false,  A  and  B  have  lied  and  C  has  told  the  truth ; 

the  probabUity  of  which  is  (l-  ^)  (l-  |)  (1)  =  ^1^=^=^. 

Hence,  the  probability  of  the  truth  of  the  statement  is, 

ab(r'-c)      ja6(r— c)      (w— a)(n— 6)c( a b (r—e) 

mnr  (     mnr  mnr        )  ""  a  J  (r— c) + {m—a)  (n—b)  c 

17.  A,  B,  and  C  tell  the  truth  to  the  beat  of  their 
knowledge  and  belief.  A  observes  correctly  4  times  out 
of  5,  B  3  times  out  of  5,  and  C  5  times  out  of  7.  What 
is  the  probability  that  a  phenomenon  occurred  (which  was 
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just  as  likely  to  fail  as  to  occur),  provided  all  had  equal 
opportunity  of  observing,  and  all  report  its  occurrence  ? 
What  if  A  and  B  report  its  occurrence  and  C  its  failure  ? 
Solution :  1.  The  phenomenon  either  occurred  or  failed.  If  it  oc- 
curred, A,  B,  and  C  observed  correctly ;  the  probability  of  which  is 

-^  X  -=•  X  -=■.    The  inherent  probability  that  it  would  occur  is  -^  . 

Hence,  the  probability  that  the  assumption  that  it  occurred  is  correct 
.    j_       4       3       5_^ 

If  it  did  not  occur,  all  observed  falsely ;  the  probability  of  which 

12        2 

is  -=■  X  -=■  X  -=- ;  and  the  probability  of  the  correctness  of  the  assump- 

112        2         2 

tion  that  the  phenomenon  failed  is-jr-x-=-x-=-x-=^  =  Ti=r .   Hence, 

<o         O         O  7         170 

the  chance  that  the  phenomenon  occurred  is  ;r=  -*-  (  ._  +  ^^^^  )  =  :— . 

oo        \o5       175/       Id 

2.  The  probability  of  the  correctness  of  the  assumption  that  the 

,  .     1        4       3       2        12 
phenomenon  occurred  is^x^x-=-x^  =  zri==. 

The  probability  of  the  correctness  of  the  assumption  that  the 

,  ..,,.11251 

phenomenon  failed  iS7rx-=^x-=-x^  =  ^. 
«         3         0  7         oO 

Hence,  the  chance  of  the  event  is  pz=  -^  I  j-=  +  ^k  )  =  T7  • 

Kote. — For  a  fuller  treatment  of  Choice  and  Chance  than  space  will 
permit  to  give  in  this  book,  see  Whitworth's  "  Choice  and  Chance." 


EXERCISE     114. 

1.  If  A's  chance  of  winning  a  race  is  —  and  B's  chance 

1  ^17 

p-,  show  that  the  chance  that  both  will  fail  is  r-r. 
8  24 

2.  If  the  odds  be  w  to  w  in  favor  of  an  event,  show 
that  the  chance  of  the  event  is  — ; — ,  and  the  chance 
affainst  the  event  is  — ; — . 


3.  If  the  letters  e,  t,  s,  n  be  arranged  in  a  row  at  ran- 

)rd  is  — . 
0 

Google 


dom,  show  that  the  chance  of  having  an  English  word  is  — . 

DD  " 
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4.  Show  that  the  chance  that  the  year  1900  + a;,  in 

Q 

which  X  <  100,  is  a  leap-year,  is  ^ . 

6.  A  draws  3  balls  from  a  bag  containing  3  white  and 
6  black  balls ;  B  draws  1  ball  from  another  bag  containing 
1  white  and  2  black  balls.  Show  that  A's  chance  of  draw- 
ing a  white  ball  is  to  B's  chance  as  16  to  7. 

6.  Show  that  when  two  dice  are  thrown  the  chance  that 
the  throw  will  amount  to  more  than  8  is  -^ . 

lo 

7.  Show  that  the  chance  of  throwing  exactly  11  in  one 
throw  with  two  dice  is  — . 

8.  One  purse  contains  5  sovereigns  and  4  shillings; 
another  contains  5  sovereigns  and  3  shillings.     Show  that 

the  chance  of  drawing  a  sovereign  is  -jj,  if  a  purse  is 

selected  at  random  and  a  coin  drawn  from  it  at  random. 
Show  that  the  expectation  of  the  privilege  is  125.  2Vi2^. 

9.  There  are  three  independent  events  whose  several 

2     3  1 

chances  are  ^,  — ,  and  — .     Show  that  the  chance  that 

3 

one  of  them  will  happen  and  only  one  is  — . 

10.  If  two  letters  are  taken  at  random  out  of  esteemed^ 
show  that  the  odds  against  both  being  e  are  the  same  as 
the  odds  in  favor  of  one  at  least  being  e. 

XI.  A  letter  is  taken  at  random  out  of  each  of  the 
words  choice  and  chance.     Show  that  the  chance  that  they 

are  the  same  letter  is  -- . 

12.  A  bag  contains  6  black  and  1  red  ball.  Show  that 
the  expectation  of  a  person  who  is  to  receive  a  shilling  for 
every  ball  he  draws  out  before  drawing  the  red  one  is  3 
shillings. 
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13.  Two  numbers  are  chosen  at  random.  Show  that 
the  chance  is  —  that  their  sum  is  even. 

14.  An  archer  hits  his  target  on  an  average  3  times  out 

of  4.     Show  that  the  chance  that  he  will  hit  it  exactly 

27 
3  times  in  4  successive  trials  is  ^ . 

3  4 

15.  A's  reputation  for  telling  the  truth  is  — ,  B's  — ,  and 

C's  -.    1st,  Show  that  the  probability  of  the  truth  of  a 
8  5 

statement  which  all  deny  is  — ;  2d,  Show  that  the  proba- 

35 

bility  of  the  truth  of  the  statement  is  — ,  if  A  and  B 

deny  it  and  C  affirms  it. 

16.  Show  that  with  two  dice  the  chance  of  throwing 
more  than  7  is  equal  to  the  chance  of  throwing  less  than  7. 

17.  Two  persons  throw  a  die  alternately,  with  the  under- 
standing that  the  first  who  throws  6  is  to  receive  11  cents. 
Show  that  the  expectation  of  the  first  is  to  that  of  the 

second  as  6  to  5. 

3 

18.  A's  chance  of  winning  a  single  game  against  B  is  - . 

Show  that  his  chance  of  winning  at  least  2  games  out  of  3 
.     81 
''  125' 

19.  A  party  of  n  persons  take  their  seats  at  random  at 
a  round  table.  Show  that  it  is  w  —  3  to  2  against  two 
specified  persons  sitting  together. 

20.  Show  that  the  chance  that  a  person  with  2  dice 
will  throw  double  aces  exactly  3    times  in    5    trials  is 


(36/  ^  (sej 


X  10. 


21.  There  are  10  tickets,  five  of  which  are  numbered 
1,  2,  3,  4,  5,  and  the  rest  are  blank.  Show  that  the  prob- 
ability of  drawing  a  total  of  ten  in  three  trials,  one  ticket 

33 

being  drawn  each  time  and  replaced,  is  ^tt/tt:. 
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SUPPLEMENT. 


COJfTIJfUED    FRACTIONS. 


I.   Definitions. 
839.  An  expression  in  the  form  of 
a 
3+T      • 


rf+e 


/+  etc., 
is  a  Continued  Fraction, 

840.  The  discussion  in  this  section  will  be  limited  to 
continued  fractions  in  the  form  of 

1 

a+  1 


^+1 


c+  etc., 


and  -,  T>  —  >  etc.,  will  be  called  Partial  Fractions, 
a     o     c 

841.  A  continued  fraction  may  be  written  in  a  more 
convenient  form,  as  follows  : 

111  111 

842.  When  the  number  of  partial  fractions  in  a  con- 
tinued fraction  is  finite,  it  is  a  terminating  continued  frac- 
tion ;  when  infinite,  an  interminate  continued  fraction. 

843.  If  at  some  stage  in  an  interminate  continued  frac- 
tion one  or  more  partial  fractions  begin  to  repeat  in  the 
same  order,  it  is  called  a  periodic  continued  fraction. 
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1 

- 

or 

1 
a 

i 
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CONTINUED  FRACTIONS.  455 

844.  A  periodic  continued  fraction  is  pure  when  it 
contains  no  other  than  repeating  partial  fractions,  and 
mixed  when  it  contains  one  or  more  partial  fractions  be- 
fore the  repeating  ones. 

rp,  1         1         1         1 

is  a  pure  periodic  fraction ; 

1       111       1 

^^^  a  +  b  -^  c  -\-  b  +  c  ^" 

is  a  mixed  periodic  fraction. 

846.  The  fraction  resulting  from  stopping  at  any  stage 
is  called  a  convergent. 

2.  The  Formative  Law  of  Successive  Convergents. 
846.  In  the  continued  fraction 

111  1111 

a  +  b  +  c^'"'  +  p^q  +  r+s+''''' 

—  =  the  first  convergent. 
—   .   T  =     ,   .  ^  =  the  second  convergent. 

—   -  -T    -   —  =  .    ,   .  ..v — i —  =  the  third  convergent. 

It  will  be  seen  that 

1.  The  numerator  of  the  third  convergent  is  the  numer- 
ator of  the  second  convergent  multiplied  by  the  denomina- 
tor of  the  third  partial  fraction,  plus  the  numerator  of  the 
first  convergent;  and 

2.  The  denomiruitor  of  the  third  convergent  is  the  de- 
nominator of  the  second  convergent  multiplied  by  the  de- 
nominator of  the  third  partial  fraction,  plus  the  denomi- 
nator of  the  first  convergent. 

Digitized  by  VjOOQ IC 


456  ADVANCED  ALGEBRA. 

Will  these  laws  hold  true  in  the  formation  of  any  con- 
vergent from  the  two  preceding  convergents  ? 

P      O      R  S 

Let  -n9  Yr>  W^  *^^  ~q'  be  respectively  the  (n  — 2)th, 
■^t     Vi    -"1  ^1 

{n  —  l)th,  wth,  and  (n  +  l)th  convergents  ;  and  p,  q,  r, 
and  8  the  denominators  of  the  {n  —  2)th,  {n  —  l)th,  nth, 
and  (»  +  l)th  partial  fractions. 

Suppose  the  laws  to  hold  true  in  the  formation  of  the 

.  R     ..         ...  R       rQ  +P  ... 

convergent  ^^ ,  then  will  -^  =  rQ,  +  F, "  ^^^ 

Now,  from  the  nature  of  the  continued  fraction,  ^  may 

1  R 

be  formed  by  putting  r  H —  for  r  in  -y^.     Therefore, 

8  Jil 


{r+])Q+P 


S__  \        s/^  _{sr  +  l)Q  +sP 

_s{rQ+P)+Q  _8R  +Q 

Therefore,  if  the  laws  are  applicable  in  the  formation 
of  the  nth  convergent,  they  are  also  applicable  in  the 
formation  of  the  (n  +  l)th  convergent.  But  we  have 
seen  that  they  do  apply  in  the  formation  of  the  third 
convergent,  and,  hence,  apply  in  the  formation  of  the 
fourth  convergent,  and  so  on.     Therefore,  in  general, 

i.  The  numerator  of  the  nth  convergent  equals  the 
numerator  of  the  {n  —  l)th  convergent  multiplied  by  the 
denominator  of  the  nth  partial  fraction,  plus  the  numera- 
tor of  the  {n  —  %)th  convergent ;  and 

2.  The  denominator  of  the  nth  convergent  equals  the 
denominator  of  the  {n  —  l)th  convergent  multiplied  by  the 
denominator  of  the  nth  partial  fraction,  plus  the  denomi- 
nator of  the  {n  —  2)th  convergent. 
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Example. — ^Find  the  first  8  convergents  of  the  con- 

^.,.,.11111111 
tinued  fraction  ^_^  3  _^  3- _^j_^^_^^_^--_^-. 

Solution : 

R  _  rQ  +P  _lill?^?_217967     3118 

i2i""r<>i +P,  "  2'    7'    9'  48'  224*  491*  2188'  7055* 


Properties  of  Convergents. 

847.  Take  the  continued  fraction 
_  1        1        1        1 

whence,  a+-   .   -<«  +  ti  -  i  •:j  i*---; 
and  —   ,   T   .   —  >  Vj  etc.     Therefore, 

Prif^.  1, — The  successive  convergents  are  alternately 
greater  and  less  than  the  continued  fraction  {the  odd  orders 
being  too  great  and  the  even  orders  too  small). 


848.  The  difference  between  the  first  two  convergents 

=  \-  ^TS+l  =  a(al+l)  =  """"'^y  ^"'^'^  ^  tUprod- 
uct  of  their  denominators.     Is  this  a  general  law  ? 

P     O  R 

Let  -75-,  yr-,  and  -^  be  the  (;i— l)th,  wth,  and  (w+l)th 

convergents,  and  p,  q,  and  r  the  denominators  of  the 
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(n  —  l)th,  wth,  and  {n  +  l)th  partial  fractions,  and  let  '^ 
denote  difference  between. 

Assume  -75-  ^^  ^  =  —  jT'n  — ~  ==  t>  n  y   ^^®°  ^^^^ 

Ri^  Qi  QiRi  QiRi 

Therefore,  if  the  law  holds  good  for  the  difference  be- 
tween the  (n  —  l)th  and  wth  convergents,  it  will  also  for 
the  difference  between  the  (n  +  l)th  and  the  wth  conver- 
gents. But  we  have  seen  that  it  does  hold  good  for  the 
difference  between  the  first  and  second  convergents,  and, 
hence,  it  will  for  the  difference  between  the  next  higher 
pair,  and  so  on.     Therefore, 

Brin.  2. — The  difference  between  any  two  consecutive 
convergents  equals  unity  divided  by  the  product  of  their 
denominators,  

849.  Since  P  ft  —  ^  Pi  =  1  [848,  A],  F  and  P^  can 
not  have  a  common  factor,  neither  can  Q  and  ft. 
Therefore, 
Frin.  3» — Every  convergent  is  in  its  lowest  terms. 


850.  If  we  let  -pr  represent  the  true  value  of  the  con- 
tinned  fraction  ;  then  will 

A^T^<p;^ftt^-'^'^^^^^^^ft<p;^l; 
"p;'^77,<prftt'^-'i'^^^''^^ft^Aft- 

Hence,  if  either  ^-  or  ^  be  used  for  yf ,  the  error  will 
be  less  than  p    .  ,  or  less  than  ^ « . 
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P      O  R 

851.  Let  -^,  -TTy  and  ^-  be  three  consecutive  con- 

vergents  whose  terminal  partial  fractions  are  -,  — ,  and 

1  J7  ^     ^ 

—  ;  and  -z=-y  the  true  value  of  the  continued  fraction. 

r  U\ 

JJ  R  \ 

Then,  y^  differs  from  -^  only  in  the  use  of  r  H etc. 

Ui  ^        Ml  8  + 

f or  r.    Put  r  H r-  etc.  =  x. 

s  + 

Now    ^  -  ^g+^  .    ^  -  ^Q  +P 


and. 


P       ^_^       a;^  +P  _x{PQt-PtQ) 
Px'^  U^- P.'^xQ.^P,-   P,(xQ,  +  P,) 

X 


Now,  x>  1,  and  A  <  Ci  > 


1  .  a; 

or. 


~-  is  nearer  -==-  than  is  -5-.     Therefore, 

Prin.  4. — 7%e  higher  the  order  of  a  convergent  the 
nearer  does  it  approach  to  the  true  value  of  the  continued 
fraction. 

862.  Car. — A  continued  fraction  is  the  limit  of  its  con- 
vergents  ;  or,  if  y  he  a  continued  fraction  and  x  its  vari- 
able convergent^  y  =  Um.  x. 


853.  The  higher  the  order,  the  greater  will  be  the  de- 
nominator of  a  convergent  [846,  2]  and  the  nearer  will  the 
value  of  the  convergent  be  to  the  value  of  the  continued 
fraction  [851,  Prin.  4].     But  may  there  not  be  some  other 
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fraction,  not  a  convergent,  with  smaller  denominator,  that 
is  a  nearer  approximation  to  a  continued  fraction  than  a 
given  convergent? 

Suppose  -TjTjr  not  a  convergent,  and  nearer  to  yj  than  -^, 

A    nr  ^  n\y.       U       M  ^Q        U  ^'  ^' 

and  Jf,<  (?,;  then  -^^^  <  ^^-^; 

M       P^Q       P  MPr^M^P  ^      1 

''WrT.^'Q.^'P,'^''''        M,P,        ^  Q^P^' 
But  JfiPi  <  QiPty  since  M^<Qi. 
.•.  MPx  '^  MiF  <  1;  which  is  impossible,  since  Jf, 
Ml,  P,  and  Px  are  integral.     Therefore, 

Brin*  5. — Any  convergent  is  nearer  the  trtie  value  of 
a  continued  fraction  than  any  fraction  with  smaller  de- 
nominator. 

Problems. 

851.    1.  To  reduce  a  common  fraction  to  a  terminating 
continued  firaction. 

Since  an  improper  fraction  is  equivalent  to  an  integer 
and  a  proper  fraction,  it  will  be  necessary  only  to  investi- 
gate a  method  for  extending  a  proper  fraction. 

Let  —  =  a  proper  fraction  in  its  lowest  terms. 

Divide  both  terms  by  5,  and  put  for  the  improper  frac- 

a  c 

tion  -r,  the  mixed  number  p-\-  j;  then, 

5  _  1 

a  ~  p-\-  e 
1 

Divide  both  terms  of  -r  by  c,  and  put  -  =  q-\ — ; 

then,  ^  —  1 

a  "p+l 

c 
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fj.  /»  /» 

Again,  divide  both  terms  of  —  by  dy  and  put  -7  =  r  -f-  ;t  ; 

C  (t  (b 

then,  *  _  1       1      1 

d 
It  will  now  be  seen  that  the  denominators  of  the  suc- 
cessive partial  fractions  have  been  obtained  as  follows : 
b)  a  {p 
hp 

cq_ 

d)  c  (r 
rd 
e  etc. 
Since  a  and  h  are  integral,  they  have  a  highest  com- 
mon divisor,  and  the  division  will  eventually  terminate. 

Therefore,  the  continued  fraction  will  be  a  terminat- 
ing one, 

JRule. — To  reduce  a  proper  fraction  to  a  terminating 
continued  fraction,  find  the  highest  common  divisor  of  its 
terms  hy  successive  division,  and  use  the  quotients  in  regu- 
lar order  for  the  denominators  of  the  partial  fractions. 

855.    2.    To   reduce  a  quadratic   surd  to  a  continued 
fraction. 

niustrationa — 1.  Eeduce  a/26  to  a  continued  fraction. 

SoltttUm:  \/26  =  5+  — 

=  10+^ ,  =10+  ^ 


10  +  1  ~    ^  10  +  1 

10+^ 

X 


/5^         re  1  1  1  «r  1 
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2.  Beduce  Vl^  to  a  continued  fraction. 
8olvti0ii:  VlQ  =  4+  - 


X 


Vi9  +  4^3^1 


ars  = 


^19- 4"  3        "         a:, 

3        _  \/l9'4-2  _         Jl 

5  Vl9  +  3       .       1 

— 7= =    s =  O  +   — 

Vl9  -  3  2                   a;. 


A77       ^       1        1        1 

Schoiium. — ^  qtmdratic  surd  may  always  be  reduced 
to  a  periodic  continued  fraction  if  the  expansion  is  carried 
sufficiently  far. 

866.    3.   To  reduce  a  periodic  continued  fraction  to  a 
simple  fraction. 

The  periodic  continued  fraction 

ili^lll  _ 

P  +  q  +  T'^p  +  q  +  r+x^ 

qr-^qx  +  l 

-       =  X 


pqr+pqx+p  +  r  +  x 
whence,  (pq+l)^  +  {pqr  —  q  +p  +  r)x  =  qr  +  1 

The  value  of  x  found  from  this  equation  is  the  value 
of  the  continued  fraction.' 

857.    4.  To  approximate  the  ratio  of  two  numbers. 

Example. — When  the  diameter  of  a  circle  is  1,  the  cir- 
cumference is  3*1415926  +  .  Approximate  the  ratio  of  the 
diameter  to  the  circumference. 

Solution: 

•i      o^A^Kn^n         10000000  1111  rT»     V.    -n 

1 : 3-1415926  =  3jjj^  =  ^  +7+15  +  1  +--  t^^^^' ^^^ 

The  successive  convergents,  which  are  also  the  successive  approxi- 

-  ^,        ,.  17      106     113      , 

mationsof  the  ratio,  are :  ^,  ^,  ^,  ^,  etc 
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EXERCISE     118. 

Reduce  to  continued  fractions  : 

125        140        100      ^106 
^'  317        213        999        729 

6.  a/IO  6.  VV2,  7.  VSO  8.  V57 

9.  -3183  10.  3-1416         11.  67°  20' 30' 

Find  the  successive  convergents  of  : 

1111  laiili 

^2-  2  +  3  +  4  +  6  "'3  +  1  +  9  +  1 

ii  lii         ,«ii 

^^2  +  3  ^^-1+2  +  3  ^®-  2  +  3 

Find  the  true  value  of  : 

i  ii  li^^iii 

"•I         "-2  +  4        '^-2  +  4        ^^-1+2+1 
.  21.  Find  a  series  of  common  fractions  converging  to 
1  :  \/J. 

22.  Express  approximately  the  ratio  of  a  liquid  quart 
(57*75  cu.  in.)  to  a  dry  quart  (67*2  cu.  in.). 

23.  The  square  root  of  600  is  24 '494897,  and  the  cube 
root  of  600  is  8*434327.  Find  a  series  .of  four  common 
fractions  approximating  nearer  and  nearer  to  the  ratio  of 
the  latter  to  the  former. 

24.  The  imperial  bushel  of  Great  Britain  contains 
2218-192  cu.  in.,  and  the  Winchester  bushel  2150*42  cu. 
in.  Find  the  nearest  approximation,  that  can  be  expressed 
by  a  common  fraction  whose  denominator  is  less  than  100, 
of  the  ratio  of  the  latter  to  the  former. 

25.  Two  scales  of  equal  length  having  their  zero  points 
coinciding  also  have  the  27th  gradation  of  the  one  to  coin- 
cide with  the  85th  gradation  of  the  other.  Show  that  the 
7th  and  22d  more  nearly  coincide  than  any  other  two  gi-a- 
dations. 
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THEORY    OF   Jf UMBERS. 


Systems  of  Notation. 

I .  Definitions. 

858.  Notation  is  the  art  of  expressing  numbers  by 
means  of  characters. 

859.  A  system  of  notation  is  a  method  of  expressing 
numbers  in  a  series  of  powers  of  some  fixed  number. 

860.  The  order  of  progression  on  which  any  system  of 
notation  is  founded  is  called  the  scale  of  the  system,  and 
the  fixed  number  on  which  the  scale  is  based  is  called  the 
radix. 

861.  Any  integral  number,  except  unity,  may  be  taken 
as  the  radix.  When  the  radix  is  two,  the  scale  and  system 
are  called  binary ;  when  three,  ternary ;  when  four,  qua- 
ternary ;  when  five,  quinary ;  when  six,  senary ;  when 
seven,  septenary  ;  when  eight,  octary  ;  when  nine,  nonary ; 
when  ten,  denary  or  decimal ;  when  eleven,  undenary ; 
when  twelve,  duodenary ;  etc. 

862.  In  the  decimal  or  denary  system, 

56342  =  5  X  10,000  +  6  X 1000  +  3  X 100  +  4  X 10  +  2  = 

5X10*  + 6x103  +  3x10^  +  4x10  +  2; 
or,  in  inverse  order, 

2  +  4x10  +  3x10^  +  6x103  +  5x10^ 

In  the  octary  system, 

34725  =  3X8*  +  4X83  + 7x8^  +  2x8  +  5; 
or,  in  inverse  order, 

5  +  2x8  +  7x8^  +  4x83  +  3x8*. 
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.'.  In  general,  if  r  be  taken  as  the  radix,  and 

as  the  n  digits  of  a  number,  reckoning  in  order  from  right 

to  left,  the  number  is  represented  by 

«-.i  r"-^  +  a,_2  r— 2  +  a._3  r— ^  +  ....-f.a2r2  +  air  +  ao 

863.  Theorem. — Any  integral  number  may  be  expressed 
in  the  form  of 

ar^  +  b  r*~^  +  ^  ^"^  + +pr^  +  qr'\-s, 

in  which  the  coefficients  are  each  less  than  r. 

Demonstration :  Let  N  equal  the  number  of  units  in  any  number, 
and  r*  the  highest  power  of  the  radix  less  than  N 

Divide  N  by  r\  and  let  the  quotient  be  a  and  the  remainder  N', 
Then  N  =  ar""  +  N'. 

Now,  a  is  less  than  r,  else  r"  would  not  be  the  highest  power  of 
r  less  than  N;  and  N'  is  less  than  r". 

Divide  N'  by  r*-\  and  let  the  quotient  be  b  and  the  remainder 
N".    Then  iV'  =  6r»-i  +  N",  in  which  6 <  r  and  iV"  <  r*-K 

In  like  manner,  divide  N"  by  r»-*,  and  let  the  quotient  be  c,  and 
the  remainder  N'",     Then  iV"  =  cr"-*  4-  iV'",  in  which  c  <r  and 

If  this  process  be  continued,  a  remainder,  s,  will  eventually  be 
reached  less  than  r.  Therefore,  N  =  ar*  +  br*—'^  +  cr*-^  + . . . . 
-b  pr^  +  qr  +  8y  in  which  the  coefficients  are  each  less  than  r. 

864.  Car* — In  any  system  of  notation,  the  number  of 
digits  including  0  is  equal  to  the  radix. 

865.  Problem.   To  express  a  given  number  in  any  pro- 

posed scale. 

Solution :  Let  N  be  the  number  and  r  the  radix  of  the  proposed 
scale. 

Suppose  .  -ZV=ar"  +  6r»->  +  c  r»-*  + +  p  r*  +  g'  r  +  «,  it  is 

required  to  find  the  values  of  a,  i,  c, . . . .  p,  q,  s. 

N  8 

—  =  at^-^  +  bt*-^  +  C7^-^  + +pr+g+-. 

T  .  r 

Therefore,  the  remainder,  after  dividing  N  by  r,  is  the  last  digit. 

Suppose  N'  =  ar»-*  +  6r"-»  +  ci*-^  + -^c pr  ^-  q, 

—  =  af*-'^  Jf  6r"-8  +  cr»-*  + +»  +  -. 

r  ^       r 

Therefore,  the  remainder,  after  dividing  N'  by  r,  is  the  next  digit. 

Digitized  by  VjOOQ IC 


ADVANCED  ALGEBRA. 

Suppose  JV"=  af*-^  ■{■  br—*-^  cr*-*  + +  p. 

N"  V 

=  ar*"^  +  6f*-*  +  cr»-»  + +  — . 

r  T 

Therefore,  the  remainder,  after  dividing  iV"  by  r,  is  the  next  digit 

Etc.,  etc.,  etc. 

Therefore, 

Bjule. — Divide  the  number  hy  the  radix,  then  the  quo- 
tient by  the  radiXy  and  so  on  uiitil  the  quotient  becomes  less 
than  the  radix  ;  the  successive  remainders  will  be  the  digits 
of  the  number,  beginning  with  the  units. 

ninBtrative  Ezamplea — 1.  Express  35432  (denary  scale) 
in  the  senary  scale  ;  also,  35432  (senary  scale)  in  the  octary 
scale. 

(1)      6)35432  (2)      8)35432 

6)5905-2  8)2545--4 

6)984-1  8)212-1 

6)  164-0  8)14-0 

6)^-2  1-2 

4-3  /.  35432,.  =  3  =  12014r=8 

.-.  35432r=io  =  432012,.=6 
Explanation  of  (2) : 

35  -4-  8  =  (3  X  6  +  5)  -^-  8  =  23  -J-  8  =  2,  and  7  over; 
74  +  8  =  (7  X  6  +  4) -4-8  =  46-^-8  =  5,  and  6  over; 
63  -^  8  =  (6  X  6  +  3)  -<-  8  =  39  -^  8  =  4,  and  7  over; 
72-4-8  =  (7  X  6  +  2)^-8  =  44 -4-8  =  5,  and  4  over. 

2.  Express  35439  (denary  scale)  in  duodenary  scale  ; 
also,  34439  (nonary  scale)  in  undenary  scale. 

Kote. — The  undenary  scale  needs  a  character  to  represent  ten,  and 
the  duodenary  scale  two  characters  to  represent  ten  and  eleven.  We 
will  represent  ten  by  t  and  eleven  by  e, 

(1)       12)34439  (2)       11)35439 

12)2869-g  11)2852-5 

12  )239  -  1  11  )236  -  8 

12^- e  11)18-8 

1-7  1-6 

.-.  34439r=io=17«l6r=ia  /.  35439r=9  =  16885r=ii 
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EXERCISE     116, 

1.  Find  the  sum  in  senary  scale  of  4:532r  =  6, 

3452r  =  6,  5423r  =  6,  and  3251^  =  6 

2.  Find  the  difference  (octary  scale)  of  3574^  =  8  and 

2756^  =  8 

3.  Multiply  36425r  =  7  by  8^  also  25436,.  =  8  by  10 

4.  Divide  4765/4^=11  by  9;  also  2e6St3r  =  i2  by  11 
6.  Express  43250r  =  5  in  the  denary  scale. 

6.  Express  38472,.  =  9  iu  the  septenary  scale. 

7.  Express  35243^  =  0  iu  the  duodenary  scale. 

8.  Express  8 e/ 950,.  =  12  in  the  quaternary  scale. 

9.  Find  the  sum  (denary  scale)  of  3472r  =  8  and  5842^=  10 

10.  Find  the  difference  (nonary  scale)  of  5/34^  =  n  and 

6432r  =  7 

11.  What  is  the  radix  of  the  scale  in  which  476^  =  10 

=  2112? 
Suggestion.— Let  r  =  the  radix ;  then  will  2  r^  +  r»  +  r  +  2  =  476. 

12.  In  what  scale  is  3  times  134  =  450  ? 

13.  In  what  scale  is  135r  =  6  =  43  ? 

14.  What  is  the  H.  C.  D.  of  36^  =  8,  48^  =  8,  and  60r^8  ? 

15.  Multiply  28r  =  9  by  45^  =  9;  also  square  25,.  =  6 

16.  In  what  scale  is  1552  the  square  of  34  ? 

17.  Show  that  35,  44,  and  53  are  in  arithmetical  progres- 

sion in  any  scale  of  notation. 

18.  Show  that  1331  is  a  perfect  cube  in  any  system  of  no- 

tation. 

19-  Show  that  14641  is  a  perfect  fourth  power  in  any  sys- 
tem of  notation. 

20.  Show  that  11,  220,  and  4400  are  in  geometrical  pro- 
gression in  any  system  of  notation. 
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Divisibility  of  Numbers  and  their  Digits. 

866.  Theorem  I. — If  a  number,  X,  be  divided  by  any 
factor  of  r,  r^,  r^,  etc.,  respectively  (r  being  the  radix),  it 
will  leave  the  same  remainder  as  when  the  number  ex- 
pressed by  the  last  term,  the  last  two  terms,  the  last  three 
terms,  etc.,  is  divided  by  the  same  factor. 

Demonstration :  Suppose  x  a  factor  of  r,  y  a  factor  of  r^,  and  z  a 
factor  of  r*,  etc. 

N—  ar*-^  +  6r»-«  +....  + i?f«  +  ^r +  «. 

Now,  X  is  certainly  a  factor  of  every  term  of  N,  except  « ;  y,  a 
factor  of  every  term,  except  qr  +  a;  and  z,  a  factor  of  every  term, 
except  pt^  +  qr  +  8,  etc.    Therefore, 

N  8 

1.  —  =  an  integer  +  — . 

X  X 

2.  —  =  an  integer  + . 

3.  —  =  an  integer  + ;  which  was  to  be  proved. 

867.  Car. — In  the  decimal  system  of  notation, 

1.  A  number  is  divisible  by  any  factor  of  10,  if  tlis 
units^  digit  is  divisible  by  that  factor. 

2.  A  number  is  divisible  by  any  factor  of  100,  if  the 
number  expressed  by  the  last  ttoo  figures  is  divisible  by 
that  factor. 

S.  A  number  is  divisible  by  any  factor  of  1000,  if  the 
number  expressed  by  the  last  three  figures  is  divisible  by 
that  factor. 

868.  Theorem  II. — The  difference  between  a  number 
and  the  sum  of  its  digits  is  divisible  by  the  radix  less  one. 

Demonstration : 

Let  N  =  a r»-*  +  b r»-»  + +  pr*  +  ^r  +  «  =  any  number ; 

then,  a  +  b-^,...  +  p  +  q-\-8  =  the  sum  of  the  digits. 

Now,  a(r— »— l)  +  *(r— «-!)+ +  i?(r«-l)  +  ?(r-l)  =  the 

difference  between  the  number  and  the  sum  of  its  digits,  and  every 
term  is  divisible  by  r  —  1. 
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869.  Car. — In  the  decimal  system  of  notation, 

The  difference  between  a  number  and  the  sum  of  its 
digits  is  divisible  by  9  or  3. 

870.  Theorem  III. — A  number,  N,  divided  by  r  —  1, 

leaves  the  same  remainder  as  the  sum  of  its  digits  divided 

by  r—1,  r  being  the  radix. 

Demonstration. — Put  s  for  the  sum  of  the  digits;  q  and  q'  for 
the  quotients;  and  c  and  c'  for  the  remainders. 

1.  iV=^(r  — l)  +  c 

2.  8  =  q'{r-l)  +  c' 

.'.    N^8  =  (q-q'){r-l)  +  {c-e'). 
Now,  -^  —  «  is  divisible  by  r  —  1  [T.  II],  and  (q  —  q')  (r  —  1)  is 
evidently  divisible  by  r  —  1 ;  therefore,  c  —  c'  is  divisible  by  r  —  1. 
But  e  and  c'  are  each  less  than  r  —  1 ;  hence,  c  —  c'  =  0,  or  c  =  c', 

871.  Car. — In  the  decimal  system, 

A  number  is  divisible  by  9,  if  the  sum  of  its  digits  is 
divisible  by  9. 

872.  Theorem  IV. — If  from  a  number,  N,  we  sub- 
tract the  digits  of  the  even  powers  of  r,  and  add  those  of 
the  odd  powers,  the  result  will  be  divisible  by  r  + 1. 

Demonstration. — Let  iV=  or*  +  6r*  +  cr*  +  (?r  +  e. 
Add      — a     +6     — c     +rf—  e, 
then,  a  (r*  —  1)  +  *  (r«  +  1)  +  c  (r»  -  1)  +  rf  (r  +  1),  the  result,  is  divis- 
ible by  r  +  1,  since  every  term  is  divisible  by  r  +  1. 

873.  Theorem  V. — If  a  number,  N,  be  divided  by 
r  + 1,  the  remainder  will  be  the  same  as  when  the  differ- 
ence between  the  sums  of  the  digits  of  the  even  and  odd 
powers  of  r  is  divided  by  r  +  1. 

Demonstration.— Put  d  for  the  difference  between  the  sums  of  the 
digits  of  the  even  and  odd  powers  of  r;  q  and  q'  for  the  quotients; 
and  c  and  c'  for  the  remainders ;  then  will 

iV=  ^(r  +  l)  +  c, 
and  d  =  q'  (r  •\'  1)  +  c'. 

.-.    JV-d  =  {q-q'){r-\-l)-^C'-c\ 
Now,  N-d  is  divisible  by  r  +  1  [T.  IV],  and  {q-q')(r  +  1)  is 
evidently  divisible  by  r  +  1.    Therefore,  c  —  c'  is  divisible  by  r  +  1. 
But  c  and  c'  are  each  less  than  r  +  1;  hence,  c  —  c'  =  0,  or  c  =  c'. 
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874.  Cwr. — In  the  decimal  system  of  notation, 
A  number  is  divisible  by  11,  if  the  difference  between 
the  sums  of  the  digits  in  the  even  and  odd  places  is  divis- 
ible by  11. 


Even  and  Odd  Numbers. 

876.  An  even  number  is  a  number  that  is  exactly  di- 
visible by  2. 

876.  An  odd  number  is  a  number  that  is  not  exactly 
divisible  by  2. 

877.  If  we  let  x  represent  any  integral  number  in- 
cluding zero,  and  regard  zero  as  an  even  number,  it  be- 
comes evident  that  the  general  formula  for  an  even  num 
ber  is  2  x,  and  for  an  odd  number  %x-\-l. 

878.  Theorem  J. — The  sum  of  any  number  of  even 
numbers  is  even. 

Demonstration. — Let  2xi,   2x^,  2x%, 2:r«  represent  n  even 

numbers ;  then  will  their  sum  be 

2xx  +  2ira  +  2a:a  + +  2xn  =  2{xi  +  Xa  +  ara  + +  ir») 

an  even  number. 

879.  Thewrem  II. —  The  sum  of  an  even  number  of 
odd  numbers  is  even. 

Bemonstration.— Let  2a;i  +  1,  2x^  +  1,  2a;8  +  1  + +  2x^n  +  1 

represent  2«  odd  numbers ;  then  will  their  sum  be 

(2a;,  +  1)  +  (2a;a  +  1)  +  {2x^  +  1)  + . . . .  +  (3a;a«  +  1)  = 

2a;i  +2a;, +  2a:,  + +  2a;a«+  2n  = 

2  (a;,  +  a;a  +  arg  + . . . .  +  a^ai.  +  w),  an  even  number. 

880.  Theorem  III. — The  sum  of  an  odd  number  of 
odd  numbers  is  odd. 

Demonstration. — Let    2a:,  +  1,   2a:a  +  1,   2.r8  +  1, 2a:8«+i  +  1 

represent  2  n  +  1  odd  numbers ;  then  will  their  sum  be 

(2a;,  +  1)  +  (2a;a  +  1)  +  (2a-8  +  1)  +  . . . .  +  2a;8,+i  +  1)  = 

2a;,  +2a;a  4-2a:8  + +  2xin^i  +  2n  +  1  = 

2 (a;,  +  a;t  +  ar8  + +  a:2«+ 1  +  n)  +  1,  an  odd  number. 
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881.  Theorem  IV. — The  sum  of  an  equal  even  number 
of  even  and  odd  numbers  is  even. 

Demoiistration.--Let  (2a;,  +  1)  +  (2 a;,  +  1)  +.....  +  (2 a;,,  +  1)  = 
the  sum  of  2n  odd  numbers ; 

and  2a;'i  +  2a:'a  + +2a;'a«         = 

the  sum  of  2  »  even  numbers ;  then  will  their  sum  be 

j2(a;i  +  a;',)  +  l}  +  {2{Xft  +  x'^)  +  1\  +....+  {2(a:2,  +  a;',,)  +  1}, 
which  is  even  [T.  II]. 

882.  Theorem  V. — The  sum  of  an  equal  odd  number 

of  even  and  odd  numbers  is  odd. 

Demonstration.--Let  (2a;i  +  1)  +  (2x8  +  1)  + +  (2a'8«+i  +1)  = 

the  sum  of  2  »  +  1  odd  numbers ; 

and  2a;'i+2a;'a  + +  2a;'2,  +  i         = 

the  sum  of  2  71  +  1  even  numbers ;  then  will  their  sum  be 

{2(a;i  +  x\)  +  If  +  {2(a;2  +  a/a)  +  If +  .'. .  .  +  {2(a;j,  +  ,  +  a;'j,  +  i)  +lf, 

which  is  odd  [T.  IIIJ. 

883.  Theorem  VI. — The  difference  bettoeen  two  nmn- 
bers,  if  both  are  odd  or  both  even,  is  even. 

.  Demonstration. — 1.  Let  2  a;  and  2  a;'  be  two  even  numbers. 
Their  difference  is  2  a;  —  2  a;'  =  2  (a;  —  x'),  which  is  even. 
2.  Let  2  a;  +  1  and  2  a;'  +  1  be  two  odd  numbers. 
Their  difference  is  (2a;  +  1)  —  (2a/  +  1)  =  2a;  —  2a;'  =  2(a;  —  x'\ 
which  is  even. 

884.  Theorem^  VII. — The  difference  between  an  odd 

and  an  even  number  is  odd. 

•    Demonstration. — Let  2a;+  1  be  any  odd  number,  and  2  a;'  any 
even  number.* 

Their  difference  is  (2  a;  +  1)  —  2  a/  =  2  (a;  —  a;')  +  1,  which  is  odd. 

885.  Theorem  VIII. — The  product  of  any  number  of 

even  numbers  is  even. 

Demonstration. — Let  2  a;i ,  2  a;a ,  2  a;^ ,   . . .  2  a;«  be  n  even  numbers. 
Their  product  is  2(2*-'a;, ,  a;a,  a;», a;,),  which  is  even. 

Cw. — Any  power  of  an  even  number  is  even. 

886.  Theorem  IX. — The  product  of  any  number  oj 
odd  numbers  is  odd. 
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BemoiwtratloB. — Let  2xi  +  1,  'Zx%  +  1, . . .  ^Xm  +  1  be  n  odd  num- 
bers. It  is  evident,  from  the  nature  of  multiplication,  that  the  prod- 
uct of  these  numbers  will  contain  the  factor  2  in  every  term,  except 
the  last,  which  will  be  1.  That  is,  the  product  will  have  the  form  of 
2ic'  4- 1,  which  is  odd. 

887.  Ctyr. — Any  power  of  an  odd  number  is  odd. 

888.  Theorem  X. — The  product  of  any  number  of  odd 
and  even  numbers  is  even. 

Demonitration. — The  product  of  the  odd  numbers  is  odd  [T.  IX], 
and  may  be  represented  by  2  a;  +  1. 

The  product  of  the  even  numbers  is  even  [T.  VIII],  and  may  be 
represented  by  2  x'. 

.'.  The  entire  product  is  2  a;'  (3a;+ 1)  =  2(a;a;'+a;'),  which  is  even. 

Example. — It  is  required  to  divide  one  dollar  among  15 
boys,  giving  to  each  boy  an  odd  number  of  cents.  Is  this 
question  possible  ? 


Prime,  Composite,  Square,  and   Cubic   Numbers. 

I.  Definitions. 

889.  A  Prime  Number  is  a  number  that  can  not  be 
produced  by  multiplying  together  factors  other  than  itself 
and  unity. 

A  prime  number  is  divisible  only  by  itself  and  unity. 

890.  A  Composite  Number  is  a  number  that  may  be 
produced  by  multiplying  together  other  factors  than  itself 
and  unity. 

A  composite  number  is  divisible  by  other  factors  than 
itself  and  unity. 

891.  A  Square  Number  is  one  that  may  be  resolved 
into  two  equal  factors. 

892.  A  Cubic  Number  is  one  that  may  be  resolved  into 
three  equal  factors. 
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893.  Two  or  more  numbers  are  prime  to  each  other 
when  they  have  no  common  factor,  except  unity. 

2.   Primes. 

894.  Theorem  I. — The  number  of  primes  is  unlimited. 
For,  let  n  be  the  number  of  primes,  and,  if  n  is  not 

unlimited,  let  p  be  the  greatest  prime  number.     Then  will 

2x3x5x7XllX Xj^be  divisible  by'all  primes  not 

greater  than  p;  and  (2  X  3  X  5  X  7  X  11  X Xp)  +  1 

not  be  divisible  by  any  prime  not  greater  thanjo.  There- 
fore, (2x3x5x7xllX Xp)  +  1  is  itself  a  prime 

greater  than  ji?,  or  is  divisible  by  a  prime  greater  than  p. 
In  either  case,  p  is  not  the  greatest  prime.  Therefore,  n 
is  unlimited.  

895.  Theorem  II. — Every  prime  number,  except  2  and 
3,  belongs  to  the  form  6n  ±1. 

For,  every  number  evidently  belongs  to  one  of  the 
forms  6  71,  6n  +  ly  6n  +  2,  6n-\-3,  6  7i  +  4,  or  6;^  +  5, 
in  which  n  may  be  any  integer  including  0.  Now,  Qn, 
6n  +  2,  and  6  7^  +  4,  are  each  divisible  by  2,  and  6  w  +  3 
by  3  ;  hence,  these  forms  are  composite,  except  when  n  =  0 
in  6  w  +  2  and  6  w  +  3,  in  which  case  we  have  the  primes 
2  and  3. 

The  only  forms  remaining  to  contain  primes  are  6n  +  l 
and  6n  +  b.  But  6n  +  5  =  {6n  +  e)-l  =  e{n  +  l)  —  l 
=  6 7^'  —  1.  Therefore,  the  general  form  6n  ±1  contains 
all  primes,  except  2  and  3. 

SchoHum. — It  must  not  he  inferred  from  this  propo- 
sition  that  all  numbers  expressed  by  6  w  ±  1  are  prime. 
Thus,  when  w  =  4,  67^  +  1  =  25;  and  when  n  =  11, 
6w-l  =  65. 
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Cor* — Every  prime  above  3,  increased  or  diminislied 
by  uniiy,  is  divisible  by  6. 


896.  Theorem  HI. — No  rational  formula  can  repre- 
sent primes  only. 

For,   if    ix)ssiblc,    let    a  +  bx  +  ca^  +  d2r^+ be 

prime  for  all  values  of  x. 

When  x=zm,  let  a  +  bx  +  ca^  +  d2^+ =/?; 

then,         p  =  a  +  bm'{-cm^-\'dm^+ 

When  a;  =  W2  +  »/?,  let  a  +  bx  +  ca^  +  da?-}- =^9 

then,         q=ia  +  b{7n  +  np)  +  c  (w  +  npY  + 

rf(w  +  wj9)^+  .... 
=  a  +  ftm  +  e?7»*  +  rfm^+  .. ..  +r^ 
=1  p  '\-  r p  =  p  {1  -\'  r),  a  composite  number. 

897.  Scholium. — The  form  w^  +  w  -|-  41  is  prime  for  all 
values  of  n  from  0  to  39  inclusive,  and  the  form  2  7^*  -f-  29 
for  all  values  of  n  from  0  to  28  inclusive.  These  forms 
have  been  discovered  by  trial,  and  are  not  demonstrable. 


898.  Theorem,  IV. — If  a  number  is  not  divisible  by  a 
factor  equal  to  or  less  than  its  square  root,  it  is  a  prime. 

For,  let  N^xXy  be  any  number  not  prime.  Then, 
if  ir  =  y,  If=y^,  and  y=  VN.  But,  if  a:>  Vl^  then 
y  <  ViV,  since  a:  X  y  =  2V.  But  iV  is  divisible  by  y. 
Therefore,  if  N  is  not  prime,  it  is  divisible  by  a  factor 
equal  to  or  less  than  VN.  Hence,  too,  if  a  number  is  not 
divisible  by  a  factor  equal  to  or  less  than  its  square  root, 
it  is  prime. 

3.  Composites. 

899.  Theorem  I. — If  a  number  is  a  factor  of  the  prod- 
uct of  two  numbers  and  is  not  a  factor  of  one  of  them,  it 
is  a  factor  of  the  other. 
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Thus,  let  a;  be  a  factor  of  a  b,  and  not  a  factor  of  a ; 
then  will  it  be  a  factor  of  b. 

For,   -r  may  be  reduced  to  a  tenninating  continued 

fraction  [854].     Let  —  be  the  convergent  next  in  value 

to  -.     Then,  ^  ^  —  =  —  [848,  P.] ;  whence, 
X  '  q        X        qx  ^      ^      ^^ 

px^aq=^l;  and  bpx  ^  abq  =  b. 

Now,  bp  X  and  a  d  ^  are  each  divisible  by  x  ;  therefore, 

their  difference,  b,  is  divisible  by  x. 

900.  Cor. — If  a  number  is  prime  to  each  of  two  or  more 

other  numbers,  it  is  prime  to  their  product. 


901.  Theorem  II. — Every  composite  number  may  be 
resolved  into  one  set  of  prime  factors  and  into  only  one 
set. 

1.  Any  composite  number  {N)  is  the  product  of  two 
or  more  factors  each  less  than  iV,  which  are  all  composite, 
all  prime,  or  some  composite  and  some  prime.  As  many 
of  these  as  are  composite  are  again  resolvable  into  other 
factors  less  than  themselves,  and  so  on,  until  no  factor  is 
further  resolvable  into  factors  less  than  itself  and  greater 
than  unity,  at  which  stage  all  the  factors  are  prime. 

2.  Let  one  set  of  prime  factors  of  AT  be  a,  ^,  c, , 

and,  if  possible,  let  another  set  be  jo,  g',  r,  . . . .  ;  then  will 
axbxcx =pXqXrX 

Now,  suppose  a  different  from  q,  r, ,  then  it  is  not 

contained  in  q  XrX  ....   [900]  ;  it  must,  therefore,  be 
contained  in  p,  but  this  can  only  be  when  a=^p,  since  p 

is  a  prime.     But,  it  a=p,  bXcX =q  Xr  X ; 

from  which  it  follows  as  before  that  b  is  identical  with  one 
of  the  factors  in  q  X  r  X ;  etc. 
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902.  Theorem  III. — The  product  of  any  r  consecutive 
numbers  is  divisible  by  [r. 

For,  — ^^ '-^ j ^^ ^- — ^   18  the  product 

of  r  consecutive  numbers  divided  by  |r,  and  it  is  also  the 
number  of  combinations  of  n  things  taken  r  together, 
which  is  evidently  a  whole  number. 

908.  Cor.  i.— The  coefficient  of  the  (r  +  l)th  term  of 

the  binomial  theorem  is  — — 1*"  *\ Jl_i 

\r 
[595];  therefore,  ~ 

Tlie  coefficient  of  every  term  of  the  binomial  theorem  is 

integral  when  n  is  a  positive  integer. 

904.  Cor.  2. — If  we  represent 

W  (W  —  1)  (W  —  2) (tZ  —  r  +  1)   ,  . .     .  n  XT.    i. 

— ^^ — —J ^ ' — -  by  q,  it  follows  that. 

All  factors  of  the  numerator  that  are  prime  and  are 
greater  than  r  are  divisors  of  q. 


906,  Thewem  IV. — Fermafs  Theorem.     If  p  b 
prime  number,   and  a   be  a  number  prime  to  p,   then 
a^~^  —  1  will  be  divisible  by  p, 

Demonstratioxi :  ap  =  [1  +  (a  —  1)]p 

=  l+^(a-l)  +  ^i^^(a-l)2+....+  (a-l)p         (A) 

...    aP-{a-l)p-l=p{a-l)+  --jf—  +  etc. 

=  a  multiple  of  p  [901.    140,  P.],      ^  (B) 

Let  a  =  2,  then 

aP  —  (a  —  l)P  —  l  =2p  —  2  =  &  multiple  of  p. 
Let  a  =  3,  then 

aP-{a-l)P-l  =Sp-2P-l  =  {np^S)-  (2p  -  2) 
=  a  multiple  of  p. 
.-.    3i»  -  3  is  a  multiple  of  p  [157,  P.]. 
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By  continuing  this  process,  it  may  be  shown  by  induction  that 
aP  —  a  is  a  multiple  of  p. 

But  aP —  a  =  a{aP-^ —  1)  and  a  is  prime  to  p\  therefore, 
a^-*  —  1  is  divisible  by  p. 


Perfect  Squares. 

906.  Thecrem  I. — Every  square  number  is  of  the  form 
3  m  or  3  m  +  1. 

For,  every  number  is  of  the  form  of  3  a;  or  3  a:  ±  1. 

Now,  {Sxy=z9a^=:d{Sx^)=zdm;  and 
{3x±lY  =  {9a^±6x  +  l)  =  3{Sx±2)  +  l=Sm  +  l. 


907.  Tlieorem  II. — Every  square  number  is  of  the 
form  4  m  or  4  w  +  1. 

For,  every  number  is  of  the  form  of   4  a;,    4a:  +  l, 
4a; +  2,  or  4a? +  3. 

Now,  (4a;)8  =  16a:«  =  4(4a:«)  =  4m; 
(4a;  +  l)2  =  16a:2+   8a;  + 1  =  4(4a:«  +  2a;)  +  l 

=  4w  +  l; 
(4a:  +  2)«  =  16a«+  16a;  +  4  =  4(4a:«  +  4a;  +  l) 

=  4m ; 
and   {4:X  +  3Y  =  16a:«  +  24a:  +  9  =  4(4a:«+.6a:  +  2)  +  l 
=4m  +  l. 

908.  Theorem  III. — livery  square  number  is  of  the 
form  6m  or  5m  ±1, 

For,   every  number  is  of  the  form  5x,   5  a;  ±  1,  or 
5a:  ±2. 

Now,  (5a;)«  =  25a;«  =  5(5a?)  =  5m; 
(5  a;  ±1)8  =  25a,'«±10a:  +  l  =  5{5x^±2x)  +  l 

=  6m  +  l ; 

and    (5a?±2)«  =  25a:«±20a;  +  4  =  5(5a;«  ±  4a;  +  l) -1 

=  5  m  —  1. 
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909.  Theorem  IV. — If  a^  +  P^(^  when  a,  b,  and  c 
are  integers^  then  will  abc  be  a  multiple  of  60, 

For,  1.  a^  and  b^  can  not  both  be  of  the  form  3  m  +  1, 
else  would  c*  be  of  the  form  3m +  2,  which  is  not  a 
square.     Therefore,  either  a  or  J  is  a  multiple  of  3  [906]. 

2.  a^  and  b^  can  not  both  be  of  the  form  of  4  w  + 1, 
else  would  c*  be  of  the  form  4m +  2,  which  is  not  a 
square.  Therefore,  either  a  or  b  must  be  a  multiple  of  4, 
or  each  of  them  a  multiple  of  2  [907].  In  either  case, 
abc  is  SL  multiple  of  4. 

3.  a^  and  ^  can  not  both  be  of  the  form  5  m  + 1  or 
6  m  —  1,  else  would  c*  be  of  the  form  6  m  ±  2,  which  is 
not  a  square.  Therefore,  either  «*  or  b^  must  be  of  the 
form  6  m,  or  one  of  the  form  5  m  + 1  and  the  other  of 
5  m  —  1  [908].  In  the  former  case,  either  a  or  &  is  a 
multiple  of  5,  and  in  the  latter,  c  is  a  multiple  of  6,  and 
in  either  case,  abc  is  a  multiple  of  6. 

4.  Since  abc  is  a  multiple  of  3,  4,  and  6,  and  these 
numbers  are  prime  to  each  other,  aba  is  a  multiple  of  60. 

Scholium. — By  means  of  this  theorem  and  the  formula 
a  =  V{c  +  b){c  —  b),  rational  values  of  a,  J,  and  c  may 
be  determined  by  inspection  that  will  satisfy  the  equation 
a2  +  S«  =  c2. 

910.  Problem.    To  determine  the  rational  value  of  x 

that  will  render  x^  +  px  +  q  a  perfect  square. 

Solution:  Let  x^  +px  ■\-  q  =:  (x-\-  mf 
then,  a;* +j?a;  +  g  =  a;' +  2ma;  +  m* 

whence,  x  = jr^ ,  in  which  m  mav  have  any 

rational  value  from  —  oo  to  +  oo . 

Illustration. — What  value  of  x  will  render  a:^  —  7  a:  +  2 
a  perfect  square  ? 
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•  Solution :  Here  ^  =  —  7,  g  =  2,  and  let  m  =  6, 

25-3  23  ,6 

then,  X  =  -,j^-35  =  __  =  _i_ 

.      „        o       529       161      ^      3844       /62\« 

911.  Cor.  1. — For  m  >  Vq  and  %m  <p,  or  m  <  Vq 
and  2m>p,  m  being  positive,  x  will  be  positive. 

912.  Car.  2.— Put  m^  —  q  =  n{p  —  2m) ;  then 

q  =1  m^  —  n{p  —  2  m)  ; 
X  =  n,  an  integer  j  and 
a^+px  +  q  =  a?+px  +  m^  —  n{p—2m) 
=  (ti  +  'f^Yy  ^»  integer. 

913.  Car.  3.— Put  x  = 


m 


m» 
P- 

-2W 

-m 

;  or 

P 

2  ■ 

V?- 

'i> 

theny 

a^+px  +  q  =  0,and  a:=-  |  q:  i/^  - 5^* 
wAit?A  conforms  to  Art.  S37. 


Perfect  Cubes. 


914.  Theorem  I. — Every  cube  is  of  the  form  4:m  or 
4tm±l. 

For,  every  number  is  of  the  fonn  4  a:,  4  a;  +  1,  4  a;  +  2, 
or  4a; +  3. 

Now,  (4a;)3  =  64a;3  =  4 (16 a;^)  =  4m  ; 
(4a;  +  l)3  =  64a;3_|_48a:«_^i2a;  +  i 

=  4  ( 1 6  a:^  _|_  1 2  a;«  +  3  a;)  + 1  =  4  wj  +  1 
(4a;  +  2)3  =  e^a^  +  QQa^  +  ^Sx  +  S 

=  4  (16a:»  +  24a;2  + 12  a;  +  2)  =  4y?t 
(4a;  +  3)3=  64ar»  +  144a;«  +  108a;  +  27 

=  4(16a;3  +  36a;«  +  27a;+7)-l  =  4w-l 
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916.    Problem.    To  determine  rational  values  of  x  that 
will  render  a^  -hpx*  -hqx-hr  a  perfect  cube. 

Bolutioii:  Put  x^  -^px^  +  ^x  +  r  =  (x  +  m)»;  then, 

(j9  — 3m)x«  +  (g  — 8m«)a;  +  (r  — m»)  =  0.  (A) 

1.  Put       3w  =j?,  or  m  =  -^p;  then 


"  q-Hm*"  27gr-9j9« 


—  f^P9  —  ^'^r  —  2p^y 

Cor.— ijr  9;?l7-27r-2/  =  0,   or    r=  ^^^^^^\ 
a?+pa?  +  qx  +  r=:0,  and  g  =  -^  ~  g^. 

2.  Put  w*  =  r,  and  suppose  r  =  ri',  then  wi  =  n ;  and  (A)  will 
become  {p  —  S  rO  x*  +  (g  —  8  ri*)  a;  =  0 ;  whence, 

x=      __Q  ^  ;  and  a^+px^  +  qx-^r  =  ii^-hpx^  +  qx+ri^; 

and  (X  +  m)»  =  f^^^^^^^)  .    Therefore, 
Xp  —  ori/ 

X  =  — *  o     will  render  x*+»x'  +  gx+ri8  =  (       '  T     ) 

Cor. — i/"  g'  =pTi,  a;  =  —  ri,  an(? 

a:^  +/?  a;*  +  ?  ^  +  ^1^  =  0. 

Schoiiufn» — Other  values  under  particular  suppositions 
may  be  obtained  by  putting  dm^  =  q  =  3qi^, 

EXERCISE     117. 

1.  Find  which  of  the  following  numbers  are  prime : 
197,  261,  313,  281,  461,  829,  957. 

2.  Find  the  least  multiplier  that  will  render  3174  a 
perfect  square. 

3.  Find  the  least  multiplier  that  -will  render  13168  a 
perfect  cube. 
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4.  Find  which  of  the  foUowiDg  numbers  are  divisible 
by  9,  which  by  11,  and  which  by  both  9  and  11 :  11205, 
24530,  342738,  25916,  558657. 

6.  Show  that,  if  ;? +  3'  is  an  even  number,  then  is  jo  — g' 
also  an  even  number,  provided  p  and  q  are  integral. 

6.  Show  that  every  cube  number  is  of  the  form  7  w  or 

7.  Find  such  a  value  of  a?  as  will  render  the  "s/ax 
rational. 

Suggestion.— Put  Va^  =  ^. 

8.  Find  such  values  of  a:  as  will  render  "s/az-^-b 
rational. 

9.  Prove  that  2**  —  1  is  a  multiple  of  15. 

la  Show  that  no  square  number  is  of  the  form  3  n  —  1. 

11.  Show  that  w(/^  +  l)(2w  +  l)  is  divisible  by  6. 

12.  Show  that  {n^  +  3)  {rt^  +  7)  is  divisible  by  32,  when 
n  is  odd. 

13.  Show  that  n^  -—n  is  a  multiple  of  30. 

14.  Show  that  the  fourth  power  of  any  number  is  of 
the  form  5  m  or  5  w  + 1- 

15.  Every  even  power  of  every  odd  number  is  of  the 
form  8w  +  l. 

16.  Show  that  2^^  - 1  is  divisible  by  11,  and  13«  - 1 
is  divisible  by  7. 

17.  Show  that  a*  +  «  and  a"  —  a  are  even  numbers. 

18.  Show  that  every  number  and  its  cube  leave  the 
same  remainder  when  divided  by  6. 

19.  If  w  >  2,  show  that  w*^  —  5  w^  +  4  w  is  divisible  by 
120. 

20.  If  w  is  a  prime  number  greater  than  3,  show  that 
7i*  —  1  is  divisible  by  24. 
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21.  Find  such  a  value  of  2;  as  will  render  "^ax  rational. 

Soffffostion. — 

/ —  p' 

Let  \ax  =  j9,  any  rational  quantity,  then  will  a;  =  —  . 


22.  Find  such  a  value  of  2;  as  will  rationalize  ^/aX'\-h. 

8iiggMtiO]i.-r-Put  ^/ax  +  b  =zpf  and  prove  x  =  ^ . 

a 

23.  Find  such  a  value  of  2;  as  will  rationalize 


Va  2^  +  bx. 


Bnggettion. — Put  ^aa^  -h  bx  =px,  and  prove  x  =     ,__    , 
24.  Find  such  a  value  of  x  as  will  rationalize 


Vaa^  +  bx  +  c^. 
Snggettion.— 

Put  \/ax^  +  bx  +  c*  =  px  +  c,  and  prove  x  =  — — -^  . 
25.  Find  such  a  value  of  2;  as  will  rationalize 


Va^a^  +  bx  +  c. 
fiuggostioii. — 

Put  ^a^x^  ■¥  bx  +  c  =:  ax  +  Pf  and  prove  x  =  ,  _q — . 


26.  Find  such  a  value  of  a:  as  will  render  Vax^  +  bx  +  c 
rational  when  ^  —  4  a  c  is  a  perfect  square. 

Suggestion.— Put  ^ax*  +  bx  +  e  =  0,  and  6'  —  4 a c  =  j*,  and 

-b±q 
prove  a:  =  ^^. 

27.  Find  such  a  value  of  x  as  will  rationalize 


Suggestion.— Put  \/ax^  +  bx^  =  px,  and  prove  a;  =  — — 
28.  Find  such  a  value  of  2?  as  will  rationalize 


Vaa^  +  ba^. 


Vaa^  +  bx^  +  cx  +  d^. 
e*-ibd 


Put  ^aa^  -^bx*  +  cx  +  d*  =  ^  x-^d,  and  prove  x  =    ^^^g 
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Ezereifle  1. 


2,  ?^  3   200 a;- 730 &  c{a-h) 


3  a+b 

X  y 


c     ^^                           f-   c{m+n)  „   5280      5280 

°"  lOOy  ^ r  ~  ^• 


8.^  9.  2aJ  +  2ac  +  2i^        l^' ^ 

(100~a;)a  2(w  +  c)  _    100m 

11.        100  12.  — ^^_  13. 


14. 


^ 16.  V^N^  16.  V^^« 

17.  ?^  18    ^^^^  iQ   6QQQi> 

100  ^^'  m^-tr  1^-  6000-rf 

22.  a;2+y»,  (a;+y)«,  (a;-y)*,  a^-y« 

23.  a^+if,  (x^-yf,  {x+y)(x^y\  ?^±1 

x—y 

24.  xy{x+y),  ^i^-y\  Vx  +  Vy,  ^/x^y 

Exercise  2* 


1.  9 

-S 

-A 

-4 

5.  13| 

-li 

7.  -*?- 
1600 

«•! 

»-4 

10.  16| 

11.  125 

12.  3^ 

13.  3  J 

-1 

15.  l| 
5 

--S 

17.  0 

18.  ^» 
*"■  100 

19.  0 

^3jl 
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Ej»relfle  8. 

1.  2a;»y  2.  3x«y»2«  3.  -9a»ft» 

4.  17a;*y'  6.  o— c  6.  c— a 

7.  (a—i  +  c— rf)x  8.  — 2(a— &) 

9.  3o&— 3c(i+4a;— mn  10-  (a+6)(a;+y) 
11.  3j9«g«+4r««*              12.  (a:+y)*  13.  —mpip—q) 

14.  -3a(a:«+2^»)  15.  5(o+6)-10(a;+y) 

16.  — lla:«+9a;«+13a-  +  17  17.  ^mnp-^rst-mt 

18.  -8(a  +  6)  +  10  19.  -3a:«+10a;«-10a;-4 

20.  -3a»-3a»J+0a6«-56«  21.  aJ»~3a;«-3a;+7 

22.  -2(a  +  J)«-7(o+&)  +  5  23.  -a«-2a* 
24.  6«+w»n  +  6m— 3w*+2A*— 3n* 

Ej»relfle  4. 


1.  ar» 

2. 

3m«» 

3. 

2y2                4.  3a;«y8 

6.  -2a:«y« 

6. 

0 

7. 

2 

8.  -1 

9.  -.2y 

10.  -5a6c 

11.  — 2a+6— c 

12.  -a 

13.  0 

14.  lla;-82; 

16.  3a 

16.  -3a;« 

17.  5 

18.33 

19.  -2aa;» 

20.  2pq 

Ezereise  5. 

((3x+46)-(2c-4e?)-(5a;+36) 
((3a;+46-.2c)  +  (4d~5a;-36) 

2.  j(4y-2^)  +  (3a;-5m)-(6w-2^) 
j(4y— 22:+3a;)  — (5w+6n— 2^) 

3.  j(7a-36)-(c  +  2<?)-(c+3/) 


"■I! 


j(7a-3  6)-(c  +  2<?)-(c+3^ 
■|(7o-36-c)-(2c?+e+3/) 


j  —  (5  w— 2n)  —  (3  wn— 4m«)  —  (6n«— 3  am) 
j  _(57»— 3n  +  3mn)  +  (4m2— 6w*+3am) 
6.  j(a;«-3a;.y)-(2y«  +  7a^y)  +  (7a:y«-y8) 
|{x«-3a;y-2y«)  -  (7a:«y~7a;y«+y») 

6.  j-(3a«+2aJ)-(36*-4a)~(26-3c) 
■)_(3a»+2a6  +  36«)  +  (4a-26+3c) 

7.  (a+J)  -  (c+(i)  +  (c-/)  +  (^r— ^)  -  (A;-0  -  (w-w) 

8.  (a+ J— c)  —  (d—e-k-f)  +  (g—h—k)  +  (Z— w  +  w) 

9.  (a+6— c— c?)  +  (e—f+g^h)  —  (k—l+m--n) 
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10.  (a+d— c)  —  (d—e—f)  +  (g—TTHc)  +  (/~w— ») 

11.  {a  +  b-^(c+d)\  +  {e-/+(^-^)}  -  {k-l-k-lrn-n)} 

12.  {a+(6-cT^)}  +  {e-(/-F^)}  -  {k-(l--m^^)\ 

Eserclse  6. 

8.  -6a^3/»^«  9.  -20(m  +  n)»(a;-y)* 

10.  6a»+-»{a;+y)»+«  11.  {x+y)^  +  ^ 

12.  — 15  m*  w  p  J + 25  m^p*  q+SOmn^  ^'—35  m  ^^ 

13.  -Qa^bix+yf-dan^ix+yY+lSab^ix+yy^-^abix-^yf 

14.  3:r«+"y"  +  6ic»  +  '^+*  +  3a:^3/2«  15.  «*— 6* 

16.  6a*»— 17a8»6«+13a2»62«_2a«68»_2&4« 

17.  8a;<^  +  6a:»Pyy+3a;«/'y*y+22a;i'y8y+63/*» 

18.  32a««»+243*''»  19.  x'^+x^'^x^-^16x*-2ix^+4\x-15 
20.  3a;»  +  10a;'»-4a:5-.9a:4+16ir«  +  6a;»-12 

Exercise  ?• 

1.  w*— w*  2.  a;2«-2^2»  3.  a;»+4a;y  +  3y« 

4.  a:2-5aa;+6a«  6.  a;««+a;~-30 

6.  2a2+7a+3  7.  9a;*-3ic«-20 

8.  15ic8__i9^_io  9.  a?»+»+a;"»3/'»+a^y"+3r-»-« 
10.  a^x^  +  acxy  +  abxy  +  bcy^  11.  ic*+a;'y*+2/* 
12.  16a:*+36a;«y«  +  8l3/*  13.  8a:«+27y« 

14.  8a:»-272/«  16.  (a+6)«-4c«  16.  a«-(a;-y)« 
17.  a^^y^                                        18.  w*-27m«-324 

19.  a;*— 3  a;— 40  20.  w«  +  w«+^«— 3w*7i*^ 

Exercise  8« 

1.  6m^n^p^q  2.  -3a;««-2  3.  — 2m«w— » 

4.  |-a;»»-«  6.  3a:«  +  2a;8»— 4a;«"» 

2 

6.  —2  a:  (a;+ 2/)* + 3  y  (a;— y)«— 4  x  y  (x'^—y*) 

7.  2(a;-y)-3(aj-2/)*  +  4(a;-.y)»  8.  a^+2ab  +  b^-c^ 

9.  9a;+62/+32?  10.  a«»+a*»6«»+a»»^>*"+&«» 

12.  a*-*  +  a»-*J  +  a"-3  6«  +  a«-'*63  +  a»-6  64 

13.  ax^—bxy+cy^  14.  a;*— (a+6)a;+a6 

15.  x^^-(a-^b)x+ab  16.  4a«-5a6  +  66« 
17.  2a86  +  3a«62_a63+4j4  13.  a;4-7a:«  +  2a;-8 

19.  a:'^~a;4+7a;«-21a;  +  Gl  20.  3a:*+6a:»  +  8a;«  +  16pi-30 


Digitized  by 


Cioogle 


486  ADVANCED  ALOE  BRA. 


Ej»relfle  9. 

-k 

3. 

1 

4.  -3 

6.3^ 

< 

7. 

1 
4 

.i 

»--f. 

10.  -30 

11. 

-6 

12.4 

13.  1 

--i 

16. 

0 

...  -s!? 

17.  0 

18.  l/^ 

19. 

-1 

-.-I 

-1 

22.  ll 

23. 

-20 

24.  5624 

25.  235 

26. 

-113 

27.  15628 
Ej»relfle  10. 

1.  27  a»6«c3 

2. 

-64a«A«c«        3.  - 

-1282 

My«2»4 

4.  a»«6»* 

6. 

64a«'6«i'           6.  a^'ft"* 

c«« 

7.  2»»aio»6«« 

8. 

6«»'a8-6«*         9.  (- 

-1)5» 

.  ^10i»;i«0iij56ii^l5» 

10.  -|^a»»^" 

•c* 

11. 

27(a-6)«                 12.  afi 

(a;+y)" 

13.  {a+bf^{x+yf^  14.  81  (a;«+y«)8(a;*-3/«)" 

15.  (a  +  6)—(a-6)-*—  16.  9«a;«*y*«(a:8-2/')*"»+*«* 

17.  (ff  +  6)»"  18.  a*«/'«  19.  a;"''+»' 

20.  a:3i'»  21.  -a:«»*-»  22.  1972 

82 


23.  443^                     24.  1000  a:" 

25.  (a+xf* 

Ezerdae  11. 

1.  a:*+4a:«y«+43/* 

^-  9^"^'2^*+16^ 

3.  a;««-«»— 2+ic*»-«"» 

4.  8a:»-36a;»y  +  54a;y»-27y» 

5.  8ic«  +  48a;*y+96a;«y«+64y» 

6.  a:«y»— 3a^y4+3ic*y*— ar»3/* 

7.  a^+4a:»y  +  6a;«2/'+4a;^+2/* 

8.  a:*— 4a:»y+6a;«3/«— 4a;y»+2/* 

9.  a;*+4a^+6a;3  +  4a;+l 

10.  a;*  +  5a;*y  +  10a;«y«  +  10a;«3/«  +  5a;y*+2/* 

11.  a;*-5a;*  +  10ir«-10jc»  +  5a;-l 

12.  a;«— 6ic»y+15a:*y«— 20iC»y«  +  15a;V— 6a;3/»  +  y« 

13.  a;'  +  7a;«y+21a*y«+35ic*y»+35ir«3/*+21a;«y»+7a;y«+y' 

14.  a:'-7a:«  +  21a:»-35ic*+35a:»-21a;«  +  7a;-l 
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L  X a  X  X  Axo 

16.  The  fourth  power  of  the  sum  of  two  quantities  equals  the  fourth 

power  of  the  first  +  etc. 
21.  a;8+4a;6y8  +  6a4^4.4a;«y6^.y8 

23.  243  a;'0-405  a: V  +  370  ic«  3/«-90  a:*  y» + 15  «« y^*-y^^ 

24.  a»<>a;''+5a86a;*y«  +  10a»62iC«y4+10a*6»a;«3/«+5a«Ma:2/8+j52^io 

25.  625a;"-1500a;»y«  +  1350a:«y*-540aV  +  8l3/« 

26.  a»  6«-6  a»  6«  c  e? + 15  a*  b*  c«  d«-20  «» b*c^cP+ 15  a«  6«  c*  d*^ 

27.  a"-7a"  +  21a«-35a"+35a»-21a«  +  7a»-l 

28.  256  a^  +  3072  a"  + 16128  a^s + 48334  a^* + 90720  a"  + 108864  a«  + 

81648  a«+ 34992  a»+ 6561 

29.  a«"  +  12a«»+OOa*»+160a8«+240a»*+192a»+64 

30.  16a;*+96a;«y  +  216a;«y«+216a;y»  +  8l3^ 

31.  81y8-54y«2«+yy*2«-|y«2»+  ~z'^ 

32.  64  +  960  y  +  6000  2/«  +  20000  y^ + 37500  y* + 37500  y^  + 15625  y* 

33.  -a;'0-5ad:9-10a«a^8-10a8a;'-5a*a;«-a»a;» 

34.  -x^-'10x*y—40x*y^—80x^y^-'SOxy*—S2y'^ 

35.  729-2916;r2  +  4860a:*-4320a*+2160it8-576a:i»+64a;" 

36.  243a»c«-810a*c*6<;+1080a3c»6»d«-720a«c«5«d»+ 

240acJM4-32J»d» 

37.  a*«+4a«'»&«  +  6a«"»i*»  +  4a'»&8»+6*» 

38.  a»»+«-5a»»+3^10a5»  +  »-10a«"-»  +  5a»»-8-a«— » 

39.  x^p^6x^P-^9+16x*P+*f—20x^p+*9+'i5x^P+*9^6xP  +  ^9-{-x^<i 

40.  a4a;4«4.4^«5a;3i»yn  +  g„«j«^j«y8ii^4c^58a;«y«"  +  6*3/*» 

Ezerdse  12. 

1.  x*  +  2x^+Sx^+2x-{-l  2.  a^+4a:H2a;«— 4ic  +  l 

3.  x^—2x^y+8x^y^—2xy^+y* 

4.  4ic*— 12a;y  +  9y*  +  16aJ2;— 24y2r+162* 

6.  a:«~3a;«y+3a;y«— 2/«+3«»2;— 6a;y2;+3y«j2+3a;2«— 3y2«+3» 
6.  a:«-8a*  +  5a:«-3a--l  7.  a:«-6ir»  +  40a:»-96ic-64 

8.  8a;«+36a*+30ic*-45aJ»-30a;«+36a;-8 

9.  ic«+4a;'  +  10a:«+16ic*  +  19a:4+16a:«+10a;«+4a:+l 

10-  a;»-6a;"+21ic»o-50a;«  +  90a;8-126a;'  +  141a;«-126a:*+90a:*- 

50a;»+21a;'-6a;+l 

11.  a;W+5a:«y  +  15a;«2/«+30a:'y8+45a;«y*  +  51a;»y*  +  45ir*y«+  t 

30a:»y'  +  15a;V+5ir]^^^ 
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12.  a;»-+2a;«— '  +  3iB«— «+2a;«— «+a;«— * 

13.  o«  +  &«  +  c«  +  d*  +  3a6-2oc-2ad-2  6<j-2  6c?+2ccZ 

14.  a;»-3a:»+6a;'-10a:«+12a:*-12a;*+10a;»-6a:«  +  3a;-l 

Ej»relfle  18. 

1.  ±81                  2.  18                     3.  ±8  4.  6 

6.  ±%a*y*^                     6.  -3a/>«c»  7.  -2a6«c* 
8.  3a;*y«2«                         9.  ±2a6«c»  10.  ±  12 a"  i»«" c 

11.  ±xy(x-{'yf               12.  -xy^{7^-yf  13.  ±3a?»(a;+a)» 

14.  (a+6)(a-6)                16.  ±2(a+6)«  16.  ±a;(a;y+y«) 

17.  — 3a"&»»c«                 18.  ±2a«*6»c  19.  a'ft'c 

20.  ±a:«(a:+y)»                 21.  a;y«2«  22.  8»x7x83 
23.  3«x4x5»                            24.  ±^V(^-y)" 

Ezerclae  14. 

1.  ±(a;+y)  2.  ±(a;+5)  3.  ai+y 

4.  a;-3  5.  ±(3iC-2y)  6.  ±(a-6) 

7.  3a;«-2y  8.  ±(a;-2)  9.  x-y 

10.  ±(a;-y~«)  11.  .-c-y-z  12.  ±(a+&-c-d) 

Eserclae  15. 

1.  ±(2a;4_2a;«+3)  2.  ±(2a:«-3a;i/+y«) 

3.  ±a;«-22/«+32;)  4.  ±(4a;««-3a:«y»-23/»») 

6.  ±(2a«-3  6«+4c«)  6.  ±(3a;8-4a;«2/  +  6a;y«-y») 

7.  ±(a;*— 4a:«y  +  6a;«y*— 4a;y*  +  y*) 

8.  ±(a«"  +  3a<«ft'"+3a»«6««  +  63»)  9.  -t(i_a«  +  a«*— a'*) 


Exercise  16. 

1.  2a-3 

2.  a;«-33/« 

3. 

10a:»-2 

4.  ir«+2 

6.  a;«  +  a;+l 

6. 

a:8-2a;-2 

7.  2a;««-3a;"+l 

8.  ir*+3a;«y-2/« 

9. 

x-Sty-z 

0.  2a:«-23^«  +  22« 

11.  3a  +  26+c 
Exercise  17. 

12. 

a«"»— as^  +  a-^— 1 

1.  ±56 

2. 

±8t                    3. 

±124 

4.  ±20ft 

5.  ±325 

6. 

±508                   7. 

±777 

8.  ±989 

9,  ±1024 

10. 

±1345                11. 

±6006 

12.  ±7801 
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ExercijBe  18. 

!•  13 

2.  34                         3.  81 

4.  95 

5.  125 

6.  202                       7.  250 

8.  365 

9.  401 

10,  525                      11.  1234 

12.  6006 

1.  ±16 

2.  ±12                      3.  ±5 

4.  7 

5.  ±8 

6.  ±2a6» 

7.  ±(x+y) 

8.  ±{x- 

-2) 

9.  ±{x-y) 

10.  x—y 

80. 

1.  x^—xy-^y^  2.  a^—x^y^-a^y^—x^y^^'Xy^—y^ 

3.  2^+a:*y+a;*/+j:*y*+a;y*+y*  4.  x*+xy-\-y* 
5.  a«  +  2a6  +  46*  6.  a:8  +  2j;«y  +  4a;y«+8y» 
7.  a:3_2a;»y  +  4a;y«— 8y'                     8.  4a;«  +  6;cy  +  93/« 

9.  42;«— 6a;y  +  9y«  10.  Not  divisible. 

11.  9w«+12mw+16n«  12.  Not  divisible. 

13.  a:*— 2a:«y  +  4a;«y«-8a;y»+163^ 

14.  a:*  +  2a:«y+4a;«y«  +  8icy24-162/* 

15.  16a4+24a»6  +  36a«6«  +  54a6«+81&* 

16.  Not  divisible.  17.  64 w»  +  80 m« n  + 100 7/in«  + 125 w« 

18.  64m«— 80w»n  +  100mw«— 125n»  19.  Not  divisible. 

20.  Q!^—2^y+x^y*—x^y^-\-xy^—y'* 

21.  32a»  +  48a*J  +  72a»6«  +  108a«6«  +  162a&*  +  243^i» 

22.  ir«-2a;«y  +  4a:*y«-8a;'»2/»  +  16a;V-32a;y«  +  643/« 

23.  a;««— a:«y"  +  y'"  24.  a:»«+a:«"y"+a;«  y«"+2/'* 

Eacercise  81. 

1.  a^  +  a^b  +  ¥  2.  a«-a6«+6*  3.  4 a;«  +  6 a;^ 2/«  +  9 2/* 

4.  4a:*— 6a;2y*  +  9^  5.  Not  divisible.  6.  Not  divisible. 

7.  a8-2a«6+4a*J*-8a«J»  +  166* 

8.  8a«-12a*J  +  18a«*«-27J«  9.  8a«  +  12a*^+18a«6«  +  27i'V 
10.  Not  divisible.                                 11.  Not  divisible^ 

12.  a^Tfi—a^h^ofiy-^a^h^x^y^—ah^x'^y^  +  l^y^ 

13.  m^  p^—m^  71* p*  q^-\-n*  ^ 

14.  16a:«3/*-24a;'y»+36a:«y«-54a;«2/'  +  81a;*2/8 

15.  4a:*"--6.c«*y8'»  +  9y«'» 
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17.  a-6  18.  a  +  ^  19.  x^2y 

21.  x^^y*  22.  a— &  23.  ax+by 

26.  ic+y  26.  a;— y 


20.  x^2y 
24.  2  a;— 3  y 


88. 

1.  (a-^h^x  2.  3a(2a-a;)  3.  2a&(a-2  6  +  <;) 

4.  3a;y(a;«+a:y+2y«)  6.  2xz{X'-2y'¥Sz) 


6.  a;"(aa;"+6  +  ca;) 
8.  6a;"(a;»-2a;  +  3) 
10.  4a;y(2a;— 3y  +  5«) 
12.  5ac(6a;-3y+2«  +  l) 
14.  5a;y(2+5a;-7c  +  o«) 
16.  6a»(a»+2a«-3a-4) 


7.  Sam*{4im—6mn  +  n*) 

9.  5a&c(2a+3&— 2c) 
11.  10a(2a6-3c  +  26-a) 
13.  3c(7-2c-5a+m«) 

16.  5a"'6'»(2— 3a*6"— J*+4a") 

17.  a*a?»(a;«'"  +  a'"a?"— a'^+a'-a;*) 


18.  a*+«y*~*(a«— oy+y«) 


Ezerdse  88. 

1.  (2a;4-y)(2a;-y)  2.  (3a;+4y)(3a;-4y) 

3.  (4a»  +  96«)(2a+3J)(2a-36)      4.  (a4  +  &*)(a«  +  S«)(a+J)(a-6) 
6.  (a;+y)(.r*— a;'y-f  a;*y*— ajy'+y*) 

6.  (a;-.2y)(a;«  +  2a;y  +  4y«)  7.  (4a;+l)(16a:«-4a;+l) 

8.  (a;«+l)(a;*-««+l)  9.  (a:»  +  2a;y+2y«)(a;«-2a:y+2y«) 

10.  (2a;«+2a;  +  l)(2a:*-2a;+l)        11.  (a;««+y*«)(a;-  +  y)(a;"~y") 

12.  (a:*+y*)(a;8-a:*y*+y8) 

13.  (a;-y)(a;+y)(a;«+y«)(ar«+a;y+y«){x«-icy  +  y»)(ic*-a:*y«+y<) 

14.  (a«a;«  +  l)(aa:+l)(aa;-l)  16.  (a;«+4a;+8)(:«:«-4a;+8) 

16.  (8a«  +  4aJ-i-&«)(8o«-4a6  +  «»«) 

17.  (a  +  6+c)(a  +  J— c)  18.  (a;— y  +  2)(a;— y— ^) 

19.  (2a:-3)(163:*  +  24a^+36a;«  +  54a;  +  81) 

20.  {a;+2)(a:«-2a:»+4a;*-8a;«  +  16a;«-32a;  +  64) 

21.  (a;«+10a^y  +  50y«)(a;«— 10a;y  +  50y*) 

22.  (a*+2a«6  +  2J«)(o*-2a«J  +  26«) 

23.  (a;*+4a:*y+8y«)(ic*-4a;«y  +  8y«) 

24.  (2a:»+3y»)(4a;«»— 6ir*y*  +  9y«») 

26.  (a«a;«  +  4a6a;+86«)(a«a;«-4a6a:  +  8J«) 
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Eacerdse  84* 

1.  {a;+2)«  2.  (3a-46)«  3.  (4a;«  +  5yV 

4.  (a;-ll)(a;+12)  6.  (a;+3)(a;-6) 

6.  (2a;+7)(a;+3)  7.  (2a;-3){a;+7) 

8.  (a:*y«+icy  +  l)(a;»y«-ii;y+l)  9.  (4a;«  +  6a;  +  9)(4a;«-6a:-«.9) 

10.  (5a;»-2)(2a;«+7)  11.  (4x-y){4x-hSy) 
12.  (aa;+l)(aa;+99)  13.  (Il2:«+12y«)« 

14.  (a;»+y)«  16.  (ay  +  62)(ay+26-?) 

16.  (3fl;+2a)(2ic+a)  17.  (2 a;-3 6) (5 a:-2 6) 

18.  (a:*-a;«y«+y4)(a;«  +  a;y+y«)(a;«-:?;y+3^«) 

19.  (8a^+4««y  +  93^«)(8a;*-4a;«y+9y«) 

20.  (a:«'»+a^y»+y»»)(a;«»— a^j^^+y*") 

21.  (a+6  +  2)(a+6+3)  22.  (9a«~l)(3a'-7) 
23.  (a;+y+2)»  24.  (2aa;«-3)(5aiK«  +  7) 

1.  (a + J)  {a;-y)  2.  (c^-d)  (.c« + 1) 

3.  {x-y+z){x^y^z)  4.  (a;+y  +  2)(y-a;--?) 

6.  (5m+n— 2)(5m— rn-2)  6.  (a:+l)* 

7.  (2a:-3)8  8.  (l  +  r+s)(l~r-s)   ' 

9.  a;(a;+y)(a— 6)  10.  (x-hy—z){x'^'\-2xy+y*  +  xz+yz  +  2^t 

11.  {«  +  !)*  12.  (a;«+2)*  13.  {1-xf 

14.  (^+y+l)(2«-y2?-2+y«+2y+l) 

15.  (3a6  +  3a-2J)(3a6-3a+26) 

16.,(a+6  +  c  +  rf)(a  +  6— c— d)  17.  (22;— 3  a;)  (2  a; +3  y) 

18.  (3a-2J)(a-5y)  19.  (3c-2a;)(a-6  J) 

20.  (a;-l)(a;+2)(a;*  +  5a:-2)  21.  {x  +  2y){x+2y-¥6z) 

22.  (2a;+2a-l)(4a;«-4aa;+2a;4-4a«-4a+l) 

23.  (a;-y+3)(a;-y+6)  24.  (2a:-32/-4)(3ii;+2y+4) 

26.  (2a:+y-5)(x-3y+2) 


26. 

1.  2aJ(3a«— 3a&+c)  2.  5a(a;+l)« 

3.  dax(a*  +  b^{a-\-b){a-h)  4.  3(a;«  +  aa;+a«)(a;«-aa;+a«) 

6.  6{x—S)(x-^7)  6.  (a'¥x+z)(a—x—z) 

7.  (2a;+3y)(a;~6y)  8.  (a;+y+2«)(a;+y-2«) 
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9.  (««  + 25) (««+!)  10.  (2a:  +  3y)(3a;-7y) 

H.  (a  +  ft— a;+y)(a— 6— a:-y)         12.  8a;y(a:«  +  y«) 

13.  (3+2a;+y)(9-6a;-3y+4a;«  +  4a;y+y«) 

14.  (2a+3J+3c)(4a«  +  12a6  +  9  6«-6ac-9Jc  +  9c«) 

16.  (4ir*+3y»)(«*+8y»)  16.  (a+c)(a-6) 

17.  (a+6  +  c-rf)(a-J-c  +  (i)  18.  (a;+2y)(a;-2y  +  7) 

19.  (a:*-a;«y»+y<)(a;«+xy+y»)(;c*-a;y+y«)  20.  (3a;+l)« 

21.  (a;-3y){a;-3y)(a;-3y)  22.  (H-2a;~3y)(l-2a;  +  3y) 

23.  (a;+y-2)«  24.  (a;+y){a;-y)(a  +  6)(a-6) 

25.  (a;«-3a;-l)«  26.  (a+J)(a-ft)(a;+y)(a;«-a:y+y«) 

27.  (a;«  +  3x-l)(a:«+3ar-3)  28.  (a+3)(a;«+y«)(a;*-a;«y«+y*) 

29.  a;«y(a«  +  l)(a8-a«  +  a*-a«-f  1) 

30.  a(a«a^+l)(aa:«  +  l)(ax«-l)      31.  a(a*+6*)(a«+6«)(a+6)(a-6) 

32.  (a;« + 2»)  («*— a;«  2«  -f  «*)  (x + «)  (x'^—x  z + 2«)  (a;—-?)  (x^-^xz-^- ««) 

33.  (a^+a*)(a:8_a424  +  2<)  34.  (2a;«  +  3y»)(4a;*-6a;«y»  +  9y«) 
36.  x{z+y)ix^—x^y+ai^y*—ji^y^-\-x^y^—xy^+y*) 

36.  (3:+y)(a;*— iry+y«)(a:«-a;»y»+y«) 

37.  (2a;«-l)(16a;8+8a;«  +  4a;*+3a;*+l) 

38.  (l-a;+y)(l+a;-y+a;«-2a;y+y«)         39.  (6a-l)(36a«-30a+7) 

40.  (a;— y +  42«)(a;«— 2a; y+y«— 4x2*+ 4y««+ 16-2*) 

41.  (a;«  +  2a;+y)«  42.  (2a;+y-3)(3a:-2y  +  5) 
43.  (3a;— 2y){a+6+<;)                     44.  (a;+y+l)* 

46.  (5a;+y  +  6){a;— 7y— 3)  46.  (3a;— y+7)(a;+5y+7) 

47.  (2a;-3y  +  12)(2a;-3y  +  2)         48.  (16a;«+4a;-30)« 

Ezercifle  87. 

1.  a*  +  a^b-ab^-b*  2.  x*-y^  3.  x'^-^y^ 

4.  a«  +  2aa;+a;*  6.  a«  +  2a6  +  6*  6.  a«  +  2 a« a)«  +  a;* 

7.  a;*— y*  8.  x^  +  a^y*^x*y*—y^  9.  1 

10.  x-y+z  11.  1  12.  a;  13.  6  14.  1 

ie  %^  i.  in   'J^—x^y—xy^  +  y* 

15.  a;  16.  ax— by  17.  ^ ?^ — ^ 

^  x^+y* 

18.  -(a«  +  6«)  19.  a«-6«  20.  -4 

Ezercifle  88. 

1.  6a;»y«2  2.  4a«6«c  3.  15m«(p+g) 

4.  2(p+g)'(jt)-^)«        5.  a+6  6.  a—b 
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7.  a+6 
10.  x^—xy-^-y* 
13.  x+2 
16.  2x+7 
19.  a;+y 
22.  2a:  +  3y+4 
26.  x+y+z 


1.  a;«+5a;+6 
4.  a;«+a;-f  1 
7.  x^-2x+S 

10.  3««-22« 

13.  7a;«+8a;  +  l 

16.  ^  +  2 

19.  a;*+a;*y«+3/* 


8.  a»-6« 
11.  x*—xy-^y* 
14.  x^—xy-^y^ 
17.  a:+y 
20.  a+6  +  c+^ 
23.  a:«+2a;y  +  2y* 
26.  a;"+y»— -s* 
28.  a:*-4a;«y«+8y 

Ezercise  89. 

2.  a;«-6a;+9 

6.  a;*— 5a;— 8 

8.  rt-3J 
11.  3a;+2 
14.  a;«— 3a;  +  l 
17.  x-Q 
20.  Ba^b 


9.  a;-y 
12.  x-y 
16.  8a;--2 
18.  3a-2  6 
21.  x^—x^y^+y'^ 
24.  a;+32^+6 
27.  (p+q-^r)^ 


3.  a;+2 

6.  2a;-3y 

9.  6a;«  +  21.a;+9 
12.  a;«+3a;+5 
16.  a;«+3a;+2 
18./ a; +6 
21.  x+S 


EacercUie  80. 

1.  SQs^y^z*  2.  48a»6»c»  3.  720aH»y»2» 

4.  a:*-l  6.  a(J«-c«)  6.  a«(6  +  l)» 

7.  12(a~l)«(a  +  l)  8.  aJc(x«-y«) 

9.  (a«+ft«)(a+J)«(a-J)«  10.  (u;+y)«(a;«+y«)(a;-y)(a;«-ajy+y«) 

11.  a:*+a;«y«+y*  12.  x'*-y^^  13.  144(a:«-y«){x«+y«) 

14.  (a;«-y«)«  lb.  {a*-b^)xy    '  16.  (a;+4)(a;«-9)(a;-l) 

17.  (a;-.3){a;+4)(a;-5)«  18.  (2a:  +  3)2(a;+4)(a;-5) 

19.  2(4a;+3)(a;+3)(2a;-5)(3a;-4) 

20.  (a;-y)(a;+y)(a;«+a;y+y*)       21.  xyix-^yfix^-xy+y^ 
22.  (a«-6«)(c«-(i«)  23.  (4  a«-9  6«)  (a«- J«) 
24.  a*c«(a+6— c)(a+6  +  c) 

26.  (a;+y+2r)(a;+y— 2)(a;— y  +  ^)(a;— y— 2) 

Exercise  81* 

1.  (3  a;— 5a){a;— 3a)(a;«— 3aa;+a*) 

2.  (4  a-3  6)  (3  a«-4  a«  6  +  3  a  6«-2  6») 

3.  (2y-5)(y*-4y»-16y»+7y  +  24) 

4.  (a*+a-2)(a*--a»+2a«+a  +  3) 
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6.  a6(2a-ft)(3o-ft)(a+J)  6.  (a;+14)(a:»+9a;«  +  27a:-98) 

7.  (2a;«+3a;~5)(2a;«-fa;«-8a;+5)  8.  (a;-10)(a:«-89a;+70) 

9.  (a;«+a;+l)(a^^2a;-l)  10.  (4a;-y)(3a:»-8a:«y+a;y«-y») 

11.  (2a;«-6a;+2)(5a;«+15a*  +  5a;+15) 

12.  (a;«-y«){a:*— 2a;»y+2a;«y«-2a;y»+y*) 

13.  (a;»-a;+l)»(a:'+aJ+l)(aJ+l) 

14.  (2a;«+a;-l)(a;+3)(4a;+l)(3rc  +  2) 

16.  (a;+2)(a;  +  3)(a;+4)(a:-5)  16.  &x-^)(x  +  rf{x-\f 

17.  a;«-8a:*y«-8a;V-9y*  18.  (2a;-l)(a;«-l)(x«+l)(««-a;+l) 

19.  (5a«-10a«  +  7a-14)(a«-5a+6)(3a«-8a) 

20.  (a;«-2a;  +  5)(a:-3)(a?+l)(2a;-3)  21.  a:*+a;«y»+y* 

23.  a:»  +  lla;«+40a;+48,  a:»+a;*-21x-45 

24.  a^  +  14a:»+75a:»+4a;+20  26.  aj»+2a;«y+2:i;y«+y« 

27.  a'  +  aa;'  +  a*a;+a^,  a^-^ax'^—d^x—x^ 

28.  a;*+6a;-f  6,  a;«+7a;+10 

Eacerdse  88. 

3y*     2  a'*-' &»  «+2     a:»+a;y-fy» 

•  5a;«'         8  a;+3'  a; 

o   3a;+2     ..O.I  >!    8a:«+31a;  +  26 

3.  = r,  4a:'— 2a;+l  4.  -: — -5 

5a;— 1  4a:+3 

^    a;«+3a;  +  l  ^    ^     5a;  +  14  „  6» 


"'       a:+5  3a;«+2  ^     ^  a»+a6  +  6« 

,      2J>*  a;+2a;»+2.^+a:*     y-^xy  +  x^y     z  +  xz 

^•^    ^"*"a+6  ^'  (l-a:»)(l+a;+i~«)'  c.d        '     c.d 

«*+a:*y+^y'+y*  ^*— at«y— a:y»+y*     a;'+y* 


13. 


a:«-y«  '  c.d  '     c.(i 

15  6  4+4a; 


6(l-a;«)'  6(l-a:«)'        6(1 -a;«) 


,^    a;«+2  ,^    2a«-  6a-  7 

14.  -5 — s  15 


16.  - 


a;«-3  —  6a«-17a-20 

xy—xz—yz+y^  xy-\-yz-~xz—z*         xy—yz^-xz—z^ 


(x—y){x—z){y—zy  c,d  '  c,d 


Ezercifle  88« 

10a;-3  ^    1  ^     12a;-9  .    5a;+7 
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5.    ,-  K  — fl  6*  0  7.  7  8.  — s 

x*—6x+6  x—1  x—2 

T>   43:»— g*— 33:--2  4xy{a^—xy+y^) 

14.  f^;^  16.  0  16.        ^^^"^ 


30(0:2-1)  —  ic*+a;«+l 

17. .  ^.^:  .  18.     *-^ 


(a-c)(6-c)  '  (a-a;)(6-a:)(c-a:) 

19.0         *  20.0  21.  ,P^^^, 

(a*— 6«)(1— a;*) 

22.  0  23.  i^         24.  ,  ,    ^';f  r'tw        . 

^«— j«  (a*— c*)  (a;*— a*)  {x + c) 


Eacerdse  84« 

1.^^  -         2.  -(^+y)»-  3.  i?!K?!±?y±y!) 

x— y  ^      ^'  a;+y 

(a  +  6)(a*  +  68)  a:— y  Ja;       ay 

7.  -5  +  +  ^  8.  ^  9.  1 

^         a-y        y*  a;— y 

,^   a;*       a;2      ,      y*       y*  a:"  +  t/" 

10.   -V  +  -j  +1+  ^.  +  ^  11.    .      T^'l — r 

y*      y*  x^      X*  ii^  +  x*y*+y^ 

12.  ^'-l^-^,  13.4a:.  14.!^ 

15.  (a«-3a  +  9)(a«  +  2a+4)  ig.  ^i^+lllfl  17.1 

a(ar— y4-2) 

18.  ^li'  19.  1^;  20.  ^  -  3^  +  4 

a;— y  ^  (a— 6)*  ^       a       6 


Eacerdse  85. 

adfh—bcfh               ^   x+2xy  +  y  a:'-fa;+l 

bdeh—bdfh                 '        y—x  '     a;*+l 

4.  1                                      5.  -g^  6.  a:«+y» 

xyjx-y)^  a^b 

''      a:*+a:2y«+y4            **' *  *'  8a6 


Digitized  by 


Google 


496  ADVANCED  ALGEBRA. 


Exerdse  86. 

x—a Or  +  a)  {x^af  {x^  +  a  x+a^ 

{x-^y)*{x*—xy+y*)'  x'+y 

a-^b {c-\-d)(a+ b)*  {a^—a  b  +  b*)  x* 

w(a— J)(c— d)(a»+a6  +  6*)'  a— 6 


(a—b)^  acn  „   a-hcd    a—cd 

Ezercifle  87. 

^'  ^8d«  256^*^«>\f*  (a«  +  2o6  +  6«)3^« 

a«  fl^  27 a^  __?£!.   5y  _  125 y* 

*■  x^  '^^'^  a«  125y»       5y  "^  a;«        27a^ 

y^       y  X       x^  x      x^      7?      7^ 

A      -    o   ,    ^   ,    _,      6        3        1  ^   ax+by 

ic*       a;*      a;*  ax— by 

.^    3  ,,  744  ,„   503  ,,     .    4 

10.  4  11.  ±  ^401  12-  739  '^'  =^  5 

3a.*3/*  '        {x-^yf  '  x^yz* 

17.  a  +  1 18.  ±    ^\,     \^         19.  ±  ( +m) 

a  a;*— 7a;+10  \n       m         / 

20.  ±  I  -r-  +  -  )  21.  1—  5-  —  jr-^  -  q3— i  —  etc. 

\b       aj  Sx      9  a;*       81  a:^ 

Eacerdse  88. 

1.  ±-24,    ±2-38,    ±34-5  2.  -02,   6*7,  406 

3.  ±-447+,    ±-592-,    ±2-236-,    ±-632  +  ,    ±1*029 

4.  -928  +  ,   -431-,   -693  +  ,   1-709+,   1-913- 

5.  ±1-19-,    ±1-21-        6.  -687        7.  ±2-6457,   ±3-1622,    ±-58603 
8.  1,  1  9.  ±-1732050,    ±-7453559,    ±-2847474 

10.  1-25992,  2-15443,   -272354 

Exercise  89. 

1.  1  ^  2.  0  3.  c  4.  2  6.  — "t^ 

9  -  a+d 
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6.^  7.1  8...  9   (-^+4; +2+1^ 

a~  (a— a;)*  (a  +  a;)* 

8a?y(a;«  +  y«)  a^^+2a:+l      . 

14.^+4^-21  X6.(^+*<^±^)h.?*! 

^        y*  a*a;»  aa;  9 

16.  ^+2a;'+3+  |,  +  i ,  a;«_2^+8-  |  +  i 

17.  ap»+3x«-5+  I  -  i  ,  a^-3a;'+6^-7+  |  -  |  +  ;^ 
18.^^.12.^  .        19.1^.?^.. 

21.  a^+2^+^»+2a;+4+  1  +  1,  +  |  +  1^ 

22.  x4+4^+2^'-8x-5+,  I  +  J  -  ,J  +  J 


23.  aj(^  +  |  +  l)  24.1 

on    f^       ^\f^       x\l'a+x      a^x\  /g+a;       a—x\ 
'  \x       aj\x~^aj\a—x      a+x/\a-^x      a+x) 

«-("f)(-?)("*i). 

(f«)(f-»)6-)(^"') 

^•(i«)a:-^o.(i-0(M*o 

(a?       \ /x^      x^z      x*z*      xz^       ^\ 

3..(..ui)(.-.i),(«-l)(.-i) 
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33.  jvj(a-f6  +  c)(a+6— c)(a+c— J)(6  +  c-a) 


36.  ±(a:-l+  - 

1) 

3..(£ 

-*-f) 

37.  *(?!■' .5' 

3 
4a 

.) 

38.  a;+2  + 

1 

X 

3..V%¥«' 

a     a+m 

a-m     a 
^^'  b-m^   b 

Exerdse  40. 

.>=-? 

2.  a:=-6 

3.x=i 

4.  a;=-ll 

6-  a:=-4 

6.a:  =  20l 

7  ^---?- 

.14 

21 
^•^=-43 

11.  X=:\ 

12.  a:  =  0 

13  T-        "* 

14..-=-la 

16.  a;=      g 

^*''^-  h+^be+c 

I«..=  l=f 

17   ^_c{hc-a) 

18.  a:  =  0 

19.  a:  =  li 

20.  a:  =  -2 

21.  a;  =  -^ 

22.  a;  =  2 

23..=  -l| 

24.  a;  =  -^ 
a— 4 

26.  a;  =  36-4a 

-5 

26.  a;  =  ^ 
5 

i21 
28.a:=l3, 

Ezercifle  41. 

27.  ajrrsi 

1.32 

2.  60, 

80 

3. 

22^^     25^ 
22^,  25^^ 

4.  21,  54 

6. 

36, 

26,  18,  12 

6. 

22,  31,  9,  54 

7.  8000,  9000, 

10,000 

8.  30 

9.  200 

10.  12 

11. 

10 

12.  9 1  mi 

13.  53^  mi. 

14.  2^  da. 

15. 

ahc         , 
ah-\-ac-{-bc 

16. 

13lda. 

17.  8yhr. 

18. 

1480,   1280,   1800 

19. 

24 

20.  4  hr.  48  min.  a.  m.  21.  275  bu.,  500  bu.,  975  bu. 
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22.  250  23.  1  hr.  20  min.  p.m. 

24.  10  hr.  54^  min.,  10  hr.  38^  min.,  10  hr.  21  ^  min. 

25.  1500  rd.,  900  rd.  26.   150 1  yd.,  201  y  yd. 

27.  20  mi.,  40  mi  28.  10 -i-  mi.,  41  i  mi. 

2 
29.  29-=^  mi.  from  R.  30.  1  mi.        31.  60  and  40 

5 

32.  300       33.  25,  20     34.  |5000       35.  35^ 
36.  $5500,  12500,  $3000       37.  28,  Sd.  38.  112  oz. 

39.  15  min.  past  10  40.  11,  22,  33    41.  6  mi. 


Exercise  48. 

I.  a;  =  2,  y  =  3  2.  0^  =  2^,  y='^ 

3.0^  =  2^,  y  =  5l  4.a:=7l,y  =  8| 

6.  a;  =  2,  y  =  6g-  6.  a;=g,y=g 

7.  a;  =  m+w,  y  =  m+w  8.  ic  =  3,  y  =  3  9.  a;  =  3,  y  =  2 

10.  a;  = T ,  y  = — i 11.  a;  =  2,  y  =  3 

,^  hdmnr-{-bcnr8  adnrs—bdm^s 

12.  X  = 5 T ,  y  =  — 3 -I 

adnr-^bcma       ^        adnr+bcms 

,o  {a  +  b)c  (a^b)c  _.  1  1 

,-  a^d+¥c  b^c+a^d 


16.  a:=13i     y  =  5:^  17.  a;  =  5,  y  =  3 

_^  rs^bc  r^—ac 

19.  a;  = J- ,  y  = j— 

aa—br    ^      aa—br 

^^  am^+bmn  +  cm  amn+bn'^'hcn 

20.  x=z  


21.  x  = 


am-hbn        '  ^  am  +  bn 

m*n-{-bcdm.'\-acm  +  b^m—dm^cn 


GG 


an  +  cm 
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fnnp-\-an+mb        tnnp — an — mb 

ac  +  bc—ad-^bd            ad-^bd—ac  +  be 
24.  X  = :. — r ,  y  = ^ — r 

^^  4a  &  4a  6 

26-a;=— ,  —        ,  — ,  ,,  y  = 


ac?~ac  +  6c  +  6d'  ^      ad—ac^bc—bd 
__  2a(a»  +  6«)        _  25(a«  +  6«) 

rt»+a«J  +  aJ«-^»»  ft»+a6«+a*6— a» 

a*^b*  '  ^  a*  +  o* 

Eacerdse  48* 

I.  ar  =  2,  y  =  3,  2  =  4  2.  rr  =  4,  y  =  5,  2;  =  1 

3.  a;  =  3,  y  =  6,  3  =  8  4.  a;  =  —3,  y  =  — 2,  z  =  —1 

5.  a;  =  10,  y  =  5,  2  =  3  6.  x  =  a,  y=b,  z=:c 

1,  x  =  be,  yz=ae,  z  =  ab  8.  a;  =  3,  y  =  4,  2  =  5,   «  =  6 

9.  a;  =  ^,  y  =  -i,  2;  =  i  10.  a;  =  10,  y  =  12,  2  =  16 

ll.a;  =  ^,  y=|,  z  =  i  12.  a:=  10,  y  =  10,  3  =  10 

13.  a;=:^(a+6— c),  y  =: -^ {a—b + c),  z  =  -^{b-^c-'a) 

14.  a;  =  6,  y  =  5,  2;=:4       16.  a;  =  10,  y  =  ll,  2  =  12,  w  =  13,  ^  =  14 

__  a*b—ac-\-a—b—b^  +  c        _  a— J— 6*+c 
^^•^-  o(6«-l)  '  ^-      a(6  +  l)     ' 


2=  ■ 


a(6>-l) 


17.a:  =  3|,  y  =  2j,  2  =  2^      18.  a;  =  3,  y= -4!,  ^  =  -lJ 

19.  a;  =  18,  y  =  5,  2^  =  10 

_  440£+54&--246a 

21a-1625  +  114c 


44c-138&-168a             440c  +  54&-246a 
^^  ^= 239 »  2r=  7i7 


2  = 


239 


Eacerdse  44. 

1.  $1800,  $3200  2.  $200,  $240  3.  10  h.,  60  &,  30  c 

4.  $1.10,  $1.20,  $1.40         5.  48  6.  234 
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7.  $1623^,   $2611^,    $2541^  8.  41  9.  808 

10.  I  H.  34^(L,  48  d.,  240  d. 

12.  20  hr.,  30  hr.,  60  hr.  13.  1200 

14.  17^  hr.,  22  y  hr.,  32  hr.  16.  24  yd.,  18  yd. 

16.  60  rd.,  40  rd.  17.  265257  ft.,  2627-43  ft. 

18.  4  ft.,  25-13  ft. ;  5  ft,  81-42  ft.  19.  $1500,  1  yr. 

20.  1*^^,^,  ^^^^  21.  $1800,  H 

r—r         br^ar 

22-  i^-^FlT'  T^^^  23.  1600,  $900,  $1500 

m — n        om — an 

24.  $2000,  5^;  $3500,  6^;  $4500,  7% 

25.  $1140  in  6%   $1470  in  6's        26.  556  ft.,  500  ft. 

27.  30  yd.,  20  yd.     28.  30,  20,  20      29.  40  mi.,  32  mi. 

30.  $4800,  $300;   $5640,  $300;   $7360,  $320 

31.  15  mi.,  10  mi.  32.  $10,000,  $12,000,   $15,000 
33.  200,   150,  120,  80  34.  $5000,   $4000,  $7000 

35.  ?^(^    ^J^  36.  148  lb.  of  tin,  92  lb.  of  lead. 

a—b         a—b 

Exercise  45. 

1.  ai,  a+J,  a-»,  a""J,  «»-•» 

m-i-n        1  — »         **  +  *         1— a>» 

2.  1,    a;  mn  ,    X    n   f    X         oin~,    X    m 

3.  Qa-n,   -12aH\^y,  -7«a-»6-'«*c-} 

4.  Xfi,    Onr,    X  mn  ,    X    mn     ,    Xf 

b.a^y-^z*,  Sa-nic-\  Salbic-l 

6.  «-•,  a^3^,  ar-»,  xi,  xi,  a;-"»»,  x-^ 

7.  27a-«6»,  a^n-ic-i,  46  c,  ^a;8«yl/v,  4a«&-tcJ 

8.  12«,  2»,  3*,  36,  1 

9.  a-h2aibi+h,  a^~2af  jJ+jf,  a-^—2a'-ib—i  +  b-\  a—^—bi 

10.  ai—aA,  a^— a;-*,  a-\-Saibi+Sa\bi  +  b, 

a-i»-3a-86-«+3a-*6-«-6-» 

11.  a;J+12a;l  +  35,  a;-«— 3a;-»—4,  «-»»— aa;— »— 6a« 

12.  a;+a;iyJ— a;5yl— yiJ,  8+8a;J  +  5a;"-J,  a;«  +  a;y  +  y' 
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13.  a;-«+4a;-«y-«+6a;-*y~''  +  4a;-«y-«+y-», 

i.         ±i.  ±±  A^         ±*        * 

Xm  +5a;»  y»  +10a;»  yn  +10a;m  y »  +5a;m  y«  +y'i', 

32  a;-»-240  a;-«  +  720  a;- 1080  a:* + 810  a;'-243  a;w 

14.  ai+6i,  at+ai6i+6l,  af-aifti+aifii-fti, 

16.  ai— aiji+ji,  af  +  afji^+ai^  J^+Jf, 

a— f+a—ij—^  +  ft— ♦,  4a^— 2aT  +  l 

16.  (ai+6i)(ai-6i),  (ai+6i)(ai-ji),  (a-i  +  6-i)(a-i-6-i), 

(rc--»+y-»)(a;-»-y-»),  (xi  +  yi)(a;*-yi) 

17.  (ai-ji)(al+aHi  +  jl),  (ai  +  j4)(aJ-a4  jJ+Jt), 

(al-jJ)  (af + aUI + dJ),   (oJ  +  6 J)  (« J~aJ  jl + h^ 
(a— f-6— f)(a-"J+a--f  J-J  +  ft—J),  (of +  J4)(aJ-ai6i  +  di) 
18-  (a;i+yi)«,  (xi-2yi)»   (2aA-3yi)« 

19.  (a:i + a;i  yi + yi)  (a:i— a;i  yi + yi), 

(2  a;+ VSflcy +y)  (2  a;- V^^+y), 
(a;-^+a;-iy— i+y-^)(a;->— a;— iy-i+y-») 

20.  (a+J)(a*+yf), 

a;(o-»  +  6-«)(a-«-a-»6-8  +  a-«6-»-a-iJ-«  +  6-8) 

21.  xi-yi  ?=^3^,        1         ^f  4-ayUy* 

xt—yt         xt—yt 

22.  ±2ai6-»ci,  2a-f6Jc-i,  2iaUici    i^-iyft^i^ 

23.  — i— 5-  24.  — .^.  a' J',  z»  ^^ 

a«y«  a^z^  x'^yzi      ^ 

-'^'  x'^y'^z^      xy^    '  ^i+yi'       ^^'     xy 

26.  4a-*J»iC«y-» 

27.  a^J-^c'a;,  aihix^y-^  w""!  wla^'y""^,  54a;*y2"'^,   — a;'y 
29.  ^l/a^hU\    i/a^b-^c-\    \/a«-6«,   VS--*y~*^~*^ 

32.  (a«-6«)»»  (4a«-96«)i,  (a*-6*)-i,  {a^-a^)i 

33.  {«— y)^  (a:«— a:y  +  y«)»,  (a»  +  aJ  +  6«)i,   (a:«— y"»)-S 

Digitized  by  VjOOQ IC 


ANSWERS. 


508 


34.  (a*+a»6)«,  (2aft-26«)»,  (8a*6  +  8a»6«)f,  (o"a;«+a"y»)-t 
re       a;*       a:* 


35.  1- 


2 


8       16 


37.  1-  ^a;-'-  ^^'"''-  e^c. 


etc.  36-  ±(ai+yi'¥zi) 

38.  arl— yi+2;i 

Eacerdse  46. 


1.  3^3 

4.  ±  (a-6)\/a 
7.  xyz*~i/xz* 


2.  ±2a6c«  V3a6« 


6.  a  (a— 6)  !i/a{a—b)* 
8.  ±aJc»'V»"*^ 


6.  a*c^/^ 
9.  a;V^*"^A/^ 


10.  2V3,  aV4a«6«c,   Va'**c« 

11.  ±4*A/6a,  4  VoS    ±^Vab 


cd 


12.  ±  -^  Va*-**,  —I.  Va'-^S  -^  a/o^^^ 

a— 6  ^            '  a+6  ^           '  a—b  ^ 

,.        /i+T     8/l3^     s/r^  12 /"Gi"     w/"8r     w/125 

^^V  ^^V  V  ~liJ~'  V  TTx  ^^'  r  729'  r  266'  r  216 


16.  Va*^»  Vo*^»  Va^        I'y-  Vsia^*,    V4a*<"  +  ^>,    V^a—' 
18.  •V64a«,  VSo*^  V^a*"      19.  2aV2oi  36^/2^  4a«6«V'2a 

2o.-iv2;|v2;|V2  2i.^^v^T6, -L^v^ 

23.  V^i  2  VSi  -3  VS 


««   a;— 1     / — 7   a;+l     / r 


2  -v"-.   3 
26.  -ai/Za 


29. 


(a-6)« 


a  6*     '^ 


27.  2(a+6-c)V3a 
30.^^2" 


26.  15  V^ 

28.  0 


32.  I  V^+  ^  VS  -3  ij2  33.  0 


31.  -J  V^+a/2 
34.  6  V»0 


36.  16 


36. 


39.  2  V32  40.  I  Vis  41.  |  '^ 


\^U  37.  10  V3"  38.  ^  v^ 
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42.  xy  V^+a;»y +«  ^y  43.  ^i/^^  \/^+  i/2 

4A.  x—y-\-2y/xz-\-z  Ab,  x—y 

46.  V-^-V^+Vy^  *7.  V^-V^+Vy 

48.  V^-Vy  49.  V^-V^  +  1  60,  '*'' 

51.  9  ^/Sab,  x^y*  V^,    V276* 

62.  4y.VT^,   V«^>   \/3a& 

64.  a«+6a«6«  +  6«+(4a*6+4a&*)>\/a6 


^10 » 


1 


63.  2a-2Va'-6« 


17 


°"    144       6  ^ 


56.  2(2a;+y)\/^— y+2(2a;— y)\/^+y 

67.  ±(a/^-V^)  58.  ±(2v^+3V^) 

69.  Xfx  —  ljy  60.  ±(a;+V^+y)        61.  ai+yi  +  ^i 


63.  I  V25,  4  VsS 


66.  -(a-Va*-a;«) 


62.  ^Jg^V'^^^^'   -(5+4v^) 
64.^(30-12^/6),  j  (4^15-17) 

66.  -  -3(2a«+a;»-2a  V«'+a;«) 

67.  ^(3  V^+2  V^^  V^-  ViO) 

68.  1+^(5  V6'-2  \/l5-3  ViO) 


Exercise  47. 

1.  2  V^  2.  -  (2a«~45)  \/^ 

3.  (2a;-3y  +  102:)  V^  4-  -4,   -2^/10,   -^ 

6.  7,  1  6.  vC:6+3  V^-2v^  4  V8^-6  V2'-2  Vis 

7.  16/v/l5-12\/lO-V^+24  8.  2-|,  ^  ^/al 


9.  I  V3"+3-2V5" 


8 


2 


1 0.  I  v^  +  I V^-  8  V^ 
11.  2V^- V^  12.  -2V^,  256,   -27,  ofiiX-x)^ 

13.  2  V^,   -2(2+5  >v/^),   -5+2  V^  -1 

14.-.^>/Z2,   -}a/=^,  1(1  + V^),  2V6'-5 

/Google 
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Ezerdse  48« 

1.  ±(2+ a/3)  2.  ±(3-v^  3.  ±(1-2V3J 

4.  ±(V^+\/3)  5.  ±(1-^/15)  6.  ±(^/7-\/5) 

7.  ±(3+2  VS)  8.  ±(7+3V6)  9-  ±(6-3^2) 

10.  ±(V^-\/y)  "•  .±(4a/2^+-§^V^)     12-  Notasquare. 

13.  ±  (3  V^— 2  \/2)     14-  Not  a  square.  15.  ±  {x-\-  \^a^'-x*j 

16.  ±(\/x—^x—y)     17.  ±  (VS+a+V^— a)     18.  ±(1  +  V^) 

19.  ±(\/^+\/--2)  20.  ±{^/x^-\-xy'{-^x^-xy) 

21.  ±(a;+V^)  22.  ±(10+V^) 

23.  ±(iV3-^V6)  24.±i^-lV^ 

25.  ±  ('\/x*  +  a;y+  ^xy+y*)  26.  3-^/6 

Ezerciae  49. 

1.  a;  =  i  2.  a;  =  a  3.  a;  =  36 

4 

4,a.  =  a(V2^-|)  6.  a:  =  26  <^-^=(^ 


^  =  (l=W) 


^^^^a-2\^  8.  a:  =  1200  9.  a;  =  6« 

a— 4 

«^  njr»  •«  2am  _^ 

10.  a;  =  342  11.  a;  =—5— 7  12.  a: 

13.  a;  =  -oro  14.  a;  =  49  15.  a;  =  1 

a 

16.  x  =  a  +  2\/b-\--  n.x  =  c  18.  a*  =  18 

a 

21.  a;=  V6"+a/10-\/15-2  22.  a;  =  49+20\/6 

23.  a;  =  0  24.a;  =  5 

26..  =  A(^^^y  26.a:  =  f^^Y 

Ezerciae  60. 

1.  ±|\/10,    ±^V^.    ±2a;«y  V3y;  |  V^i 
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2.  ±2'\/a,    ±x\/hy,  a»-> 


3.  V2x 


Axy 


8.  1,    V2" 


9.  7^3" 


7.  a  Va  +  6  v^  * 

10.  4\/5;  5v^  sa/S^  11.  V^i  VS;  Ve" 

16.  244/10 +6  V^,   V-P*-^  16.  a-2  Va6  +  6,  .:^  V^  4 

o«  lb 


17.  Va  +  ^   V3a:*-2y«,   VSo*** 

2a;*  +  8a:  +  8y 


18. 


19. 


a:*— 4  a:— 4y 


20.  2  a; 


21.  0 


81. 


22.  -4(1  +  V^),  "2  (a/^-1),    -\/^(401  +  298V^) 

23.  ±(2+V^),    ±  (\/ir-2  V2),    ±(/v/^-V--2J 

24.  v^+  V^+  V?7«+  v^+  Ws 

26.  a?i+a;iyi+yi 

26.  (V^-Vy)*,  (V^+v7a  (V^+Vy)(V^-Vy), 

(V^+5)(Vi'+3),  (>v/^-5)(>v/5"  +  3) 

27.  V^-V^    v^*-v^+Vy*»      /^     ,3 

/y/a;  — o 

1        v^+v^     ^/a-'^/h 
a—b 


28. 


29. 


a— 6'        a— 6 

3+4  V^ 
6a; 


30.  270 


31.  {axi—xi)i,  (a;-«+a;-*)— I,  (aa:*+6a;?)— ^ 

(mf  i»p— ««A 'l 

aX       np  —  X      np     J         t 

32.  a:»(a-&a;)»,  a;f  (a;+l)t,  a;-J(aa;-&)--J,  a:»"(a;»«-l)T, 


33.  X 


__&(g4-4&  +  4>v/a&) 


35.a;  =  ^\  y  =  U 


34.  X  = 7 ,  y  =     ^ 

a+6*  *^         4 

36.  i?,  2(i?+l) 


a;'^i'(l+a;-»?)""  Y 
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Ezereiae  61. 


1.  X 
3.  X 
6.  X 
8.  X 

10.  a; 

12. 'a; 

15.  X 

17.  a; 

18.  X 
20.  a; 
22.  a; 

24.  a; 

25.  a; 
27.  X 
29.  a; 

31.  a; 
33.  X 
35.  a; 

37.  X 

39.  a; 

40.  a; 
'42.  X 


:a,   — 3o 

:i(l±V'4a-4a«+l) 

=  5.  -4 


2.  a;  =  2,   -3^ 
4.  a;=  ±3 


5.  a;  =  5, 


7.  «=  2(a±26  V-2) 


=  s— (wiViwTr+w*) 


'2m 


9.  i»=--4jj(31±  V--2399) 

11.   «= ;r-T,     —b 


=  ±9^/S  13.  a;  =  2±Va*+4  l^x=z±^^/ii5 


16-  x  =  a± ^/a*—ab—ac-\-bc 


T(j)+q±Vp^-^PQ+^Q*) 


2{p-qy 

19.  a;  =  c,  6— a 

± s  V*(6c8-2ac--26c+4a)  21.  a;  =  0,    ±c 


ab 


2'       ^2 


23.  a:  =  2,   -26- 


~60 

a*— 4  ^ 
=  ±  ~  V2(^+l) 
=  -1,   -2 

=  6,  4 

2  6 


26.  a;  =  ±  17  a  V^ 

o 

28.  a:  =  ±  -rt  ^/^ 


30.  a;  =  ±  Va*-26-l 
1 


32.  a;  =  --(-l±V-3) 


a+26'        a  +  26 


34.  a;  =  — w,   — w 
36.  a;  =  ha-b±  V(«  +  6)»-4(a+6) 


=  T(-9a±  V49a*-16)        38.  «=  ±  -^^h  V»*-4 


a-2 


2(a  +  fe  +  c) 
:  ±a 

4(1±V89) 


41.  -l±vCl3 
43.  a;  =  i(17±A/l^ 
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l^Mer^ae  68. 

3.  a;  =  4,  12^  4.  a:  =  4,    |/25  5.  a:  =  8,   -3| 

6.x  =  l,   -i  7.  a;  =  8,  g^  V^T  8.  a;  =  27,   -216 

9.  a;  =  16,   -9  V^  10.  a;  =  |/i(-jp±  a/4$+jP*) 

11.  a;  =  3,   -11  12.  a;  =12,  21 

13.  a;  =  3,   -4,  1(-1±V35)  14.a;  =  3,  i-,  ^(-8±V^) 

16.  a;=  ±|- V38»    ±  V^  16.  a;  =  3,   -4,    ^C-liV-lS) 

17.  a:  =  -^ (-l±V'205±12Vi5)     ^®-  ^  =  g  ^^ ^^^ '^/^^ 

19.  a:  =  2,  i,  1(-9±V65) 

20.  a;  =  |(^  _a+|/ ^  (-i?±  V4i+?)) 

Ezerdse  68* 

1.  a;  =  5,   -8  2.  a;  =  3,   -1^  3.  a;=-2,   -1 

4.a;  =  2,   1  5.  a;  =  y(-3±  V^)        6.  a;  =  2±V3" 

7.  a;  =  a,  6  8.  a:  =  1  ±  ^/a  9.  x  =  -^a,  -^a 

10.  a;  =2",   — -^  11.  a;  =  l±V^  12.  a;  =  a±V^ 

13.  a;  =  ^(l±V^  14.  a:=-i±V^ 

15.  x  =  ^{a±b)  16.  a;  =  -^(-3±V-30) 


Exercise  64. 

1.  a;«-7a;=-12              2.  a:»+7a;= -12  3.  a;2+a;  =  12 

4.  a;«-a;  =  12                     5.  a;«-3a;=  -  1  i  6.  a;»-|a;  =  7 

4  2 

7.  a:«-3aa;=-2a«          8.  a;«-&a;  =  66«  9.  «'+y|«=-^ 

10.  a:8-aa:  =  0                  11.  a;«  =  2  12.  a:«=-l 
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13.  a;«-4jr=-l 
16.  a;«-2aa;  =  6»-a« 

14. 
17. 

a:«- ^a;=  -78^         16.  a:«-2a;=  -2 

^                 ®                        4         2 
a;«-6a;=~ll               18.  x^-^x^z- 

19.  a;  =  2,  2 

20. 

a:  =  6,   -3                    21.  a:  =  2,  -7 

22.  a;  =-2,   -3 

23. 

x=-Sy   -4                 24.  x  =  da,  Sa 

26.  x  =  a,   —b 

26. 

x  =  a±b                       27.  a;  =  2,  ^ 

28. 

1        1 
x  =  ^a,  ^a 

Ezerdse  66. 

1.  Real,  rational,  —  >  4- 

2.  Real,  rational,  +  >  — 

3.  Real,  i»tional,  — 

4.  Real,  rational,  + 

5.  Real,  surds,  —  >  + 

6.  Imaginary, 

7.  Imaginary. 

8.  Real,  surds,  4-  >  — 

9.  Imaginary. 

10.  Real,  rational,  —  >  + 

11.  Real,  surds,  —  >  + 

12.  Real,  rational,  +  >  — 

13.  Real,  surds,  +  >  — 

14.  Imaginary. 

16.  Imaginary. 

16.  Real,  rational,  +  >  — 

17.  Real,  rational,  +,0 

18.  Real,  rational,  — ,  equal. 

19.  Imaginary. 

20.  Real,  rational,  + ,  equal. 

21 

.  Imaginary. 

1. 

3. 

5. 

8. 
11. 
13. 
16. 
17. 
19. 
22. 


Ezerdse  66. 

a;=±V^±V^  2.  ic  =  2,  -1±a/^ 

a:  =  --2,   1±\/^  4.  a:=-3,   -5 

a;  =  4,   -7  6.  a;  =  5,  8  7.  a;=  ±1,    ±2 

a:=±3,    ±4  ^•«^=|'   ~2^         10.  a:  =  0,  2,   -l^ 

a;=  ±1,  ±V^ 
a;=±(l±V^) 
X-  ±2,    ±2v^ 


2  '  "'       "3 

12.  a;  =  l±V^   -1±V^ 
14.ic  =  li,  |(-i±.v/-3) 
16.  a?  =  3,   -3,   -8 
;=-l,   -2,  -i(l±V^)      18.  a;=-l,    ±2,  \(\±V^) 


a;=  ±a,   ±2 
a;=  ±\/^ 


20.  a;=  ±3,   ^ 

23.  a;  =  1,  1,   -2,   -2 


21.  a;  =-2,  -2,  -2 
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24.  XI 
26.  X'. 

28.  x: 

29.  X: 

30.  X: 

31.  a;: 

33.  a;: 

34.  X-. 

35.  a;  = 

36.  X  z 

38.  a:  = 

39.  xz 
41.  0? 


ADVANCED  ALGHBRA. 

•  S±\/3,  8±V^  26.  a;=  ±4(\/2"±V^) 

=  1,   -J(l±\/^)  27.  x=-l,  1(1±V^) 

:±1,     ±V^,    ^(iVs'iV^) 

:1,  -j(-l+v^±4/-3V5-10),    i(-l->v/5'±V'2V5-10), 
-1,  ^(1  +  a/5"±V2V5-10),  ^(1-V5±4/~2V5-10) 

:  ±1,  la±V^h  J(-i± V^) 

:^i/2(l±V-3),    ±>v/^  32.  a;=±2,   ±2\/^ 

:V^±V^   -V2'±V^ 

=  |(1±V^),   ~|(lqFV^),    ±a 

=  ±-|,  i-^V^  37.  a;=±-^(V^±V^) 

=  J(-1±V5),  ^(-l±V^=ll) 

=  -5,  J(-5±V^)  40.x=^~^,  ^l/s±^^/^S 

=  -a,   -|a,  |(-5±V33)  42.  a;=  |(7±2V^),    |« 


Exercise  67« 

1.  a;  =  5,  4  2.  a;  =  6,   — 2 

y  =  4,  5  y  =  2,   -6 

4.  a;  =  12,  -9  5.  a;  =  4,  2-| 

y  =  3,  -4  ^-4^  6 

7.  a;=  ±4,    ±3  8.  a:  =  9,  3 

y==±3,    ±4  y  =  3,  9 

10.  x=  ±8,    ±2V^ 
y=  ±2,    qpSV^ 
12.  a;  =  9  13.  a;  =  8 

y=6  y=4 


3.  a;  =  10,  3 

3^  =  1'   -i 
9.  a;  =  6,   -4 
y  =  4,   -6 

11.  a?  =  8 

y  =  2 


14.  a;  =  4,  3 
y  =  3,  4 
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15.  a;  =  6,   -3 

y  =  3,   -6 


16.  X 

y 

18.  a;=  ±4,    ±3  19.  x 

y=  ±3,    ±4  y 


21.  a;  =  2,  3  22.  a; 

y  =  3,  2  y 

24.  a;  =  3,  2,  ^(5±\/53) 
y  =  2,  3,  |-(5ta/53) 

27.  a;  =  5,  4,  -6±V^ 
y  =  4,  5,   -6tV^ 

29.  a;  =  2,  3       30.  a;  =  5,   - 

y  =  3,  2  y  =  3,   - 

32.  a;  =  5,   -7^  33.  x 

y=6,  -3f         y 

3^  =  i^i 


=  10,  3 
=  3,  10 

=  ±3,    ±1 
=  ±1,    ±3 

=  4 

25.  X-. 

y- 


17.  a;  =  5,   -4 

y  =  4,  -5 

20.  a;  =  5,   -4^ 

y  =  3,   -3| 

23.  a;=  ±a,    ±b 
y^±h,   ±a 


±5 
±2 


26.  a;  =  27,  8 
y  =  8,  27 


28.  X: 

y- 

31.  a;: 

y- 


=  •±5 
=  ±2 


38.  a;=  ±1,    ±4 
y.=  ±4,    ±1 


36.  X 

y 

39.  a; 

y 

41.  a; 


=  ±\/2 
=  ±2 

=  1,  32 


=  3,   -2,    ±V7 
=  2,   -3,    ±V7 

=  3,  2,   ~3±V3^ 
=  2,  3,   ^3tV3^ 

34.  a;  =  6,  3 
y  =  3,  6 

37.a:  =  ^,   -^ 

40.  a;  =  4,   1 

y  =  l,  4 


Exercise  68* 


1.  a;  =  3,  -J-C-SiVsS) 
y  =  3,  |(-5tV33) 

3.  a;  =  2,  3,  ^(5±V^^) 
y  =  3,  2,  |(5tV^=^) 


2.  a;  =  2,  4,  3±. 
y  =  4,  2,  3T 


6.  a;  =  4,  3 
y  =  3,  4 


6.  a;  =  4 

y  =  2 


4.  a;  =  5,  -2,  ^(3±V^^ 

y  =  2,  -5,  |(-3±V:=:67) 

7.  a;  =  2,  1,  ^(3±V43) 

y  =  l,  2,  |(3=fV43) 

8.  a:  =  4,  2,  |(_7± -^  ^=13^ 
y  =  2,   4.  |(«7T^v'^=1325r) 

9.  a;  =  5,  4,  ^(~9±  V^I^)        10.  a;  =  5,  1,   -2±V^^ 
3/ =  4,  5,  |.(~9TA/~7i)               y  =  l'  ^'   -2ta/^^ 

Digitized  by  VjOOQ IC 


612  ADVANCED  ALGEBRA. 

Ezerdse  69. 

1.  a;=±3,    ±j^V34  2.  a;=±2,  ±^a/3 

y=±5,   ±^V34  y=±3,  ±-|\/3 

3.  a:  =±6  4.a;=±3l^V^  6.  a;  =±2 

6.  a:=±3,    ±^V^  7.  a;=±l  8.  a;  =  0 

9.  a;=±7  10.  a;=  ±2,    ±od  11.  a;  =  9,   13-|-|. 

y=±5  y=±5,   Too  y  =  i^  12^ 

12.  a;  =  2  13.  a;=  ±2  14.  a;=  ±2 

y  =  2  y=±2  y=±2 

16.  a;  =±3  16.  a:=  ±3,    ±-^^2 

y=±l  y=±2,    ±|V3 

Exercise  60. 

1.  a;=±4,    ±3,    ±(\/22±^/l6) 
y=±3,    ±4,    iCv^TViO) 

2.  a;  =  5,  2,  ^(7±^\/8337i  imaginary. 
y  =  3,  5,  ^(7T^\/8337,  imaginary. 

3.  a;  =  ^(3±V429),  -J-adbVlSS) 

y  =  |(-3±A/i29).  •J-(-l±Vi3T) 


4.  a;  =  2,   1 
y=l,  2 

5.  a;=  ±4 

y=±4 

6.  a;  =  5 

y  =  5 

7.a;=:|,  ^ 
2^  =  i'i 

8:  a;  =  136,  320^, 
y  =  120,  304|, 

Exercise  61. 

128^,  313 
127 1^,  312 

1.  6,  9 

4.  30  yr.,  20  yr. 

7.  8           8.  6jt 
11.  20,  18 
14.  9  ft,  16  in. 

2.  8,  24 

6.  14  ft.,  13  ft. 

9.  5% 
12.  12  mi. 
16.  120  or  $80 

3.  15  rd.,   12  rd. 

6.  20  ft.,   15  ft. 
10.  5  ft. 

13.  12  ft.,  16  ft. 
16.  6%,  94 
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17.  5^,  105  18.  6^j^,  95  19.  22  86  ct.,  9^^^  + 

20  5^  21.  10^  22.  25  ct. 

1  3 

23.  A  28  mi.,  2-^  ml ;  B  21  mi.,  1  ^  mi.        24.  20  mi. 

26.  12  ft,  10  ft.  26.  15  X 14  X 13  ft.,  12  x  11  x  10  ft. 

27.  40  mi.,  30  mi.         28.  4,  9  29.  4,  j 

30.  20  31.  36  doz.,  25  ct.         32.  A  $700,  B  $800 

33.  52-86  yd.  34.  30«.  per  week.  35.  120 

36.  15  da.,  18  da.         37.  $80  @  5  ^ ;  $120  @  6  jt        38.  70  ml 
39.  36,  77  lb. ;  or  28,  45  lb.  40.  100  shares  @  £15  each. 

41.  2d.,   l|^d.;  or  1  ^  d.,  l-^d.  42.  40,  44,  50 


Ezerdse  68. 

abed  0+6     a-b  ^        1         1 

1-  abc-bc-ac-ab^  ^^  ^-  "^ '  -2"'  ^^2'  ^2 

3.-_^i^,  20  da.  4.-^,  28 

bc—ac—ab  a—b 

^    and— ben     ^,         nbc—adn     ^„ 

5.  — j T —  ,  21c.;   ,  63  g. 

dn—bm  en— am  ® 

-     .        2abe  ..  ,        ^       2abe  ^  3  , 

6.  A  T r ,  48  da. ;  B  v — ; — r ,  9-=^  da. ; 

be-^ae—ab  bc-^ab—ae        5 

2abe  ^ 6  . 

-,  6-^  da. 


ae-^ab—be*      7 

7.  Number,  —  "o  +  o"  ^s/iamn  +  a'^n^  18; 

price, — J -,  $4 

2       2n  ^ 

8.  Number, 

j^{a6-20(m-70  +  V400(m-w)8+40a6(m  +  w)  +  a«64,  75; 

207»  ,^ 

pnce, T—r —  =  16  s. 

'^      '  n.  of  sheep 

9.  Capital,  {mt-^ar'{-mr—nt  + 


V^mnt{r'{-t)  +  (tn—mt—ar—mry\,  $100 
10.  B^te,  ^  \{a'^c)t-(a-e)8+  V {(a-c)8'-{a+c)t\^-4c^3ti,   308 
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ll.B,-^,60;  A,^/— ^\ 

1+4/^.  '^"*\i+V^/ 

12.  Base,  6+  ^2bd,  9  ft. ;  hyp.,  ft+d+  ^26^  15  ft. ; 
per.,  d+  V^ftrf,  12  ft. 


Exercise  68« 

1.  a;  =  l,  3 

y  =  2,  1 

2.  a:  =  5 
y  =  l 

3.  x  =  3 

y  =  2 

4.  Impossible. 
7.  Impossible. 

5.  a;  =  2 

y=i 

6.  Impossible. 
8.  a:  =  4,  y  =  4 

9.  a:  =  l,  1,  1,  2, 
y  =  i,  2,  3,  1, 
«  =  3,  2,   1,  2, 

2,  3 
2,   1 
1,   1 

10.  x=zl,  2 

y  =  i,  1 
^  =  3,  1 

11.  a;  =  l,  2,  3,  4, 

y  =  6,  7,  8,  9, 
^  =  6,  5,  4,  3, 

5,     6 
10,   11 

3,     1 

12.  x  = 

y  = 

z  = 

22 
3 
3 

13.  «  =  6,  y: 

=  4 

14.  a;  =  5,  y  =  2 

16- a;  =  7, 

y=4 

16.  a;  =  7,  y  =  7 

17.  Impossible. 

18.  a;  =  36 

i  y  =  35 

19.  a;  =  3,  y  =  6 

20.  Impossible. 

21.  28 

22.  21,  79 

23.  21 

26.  Pigs:       19,  26, 
Sheep:     80,  70, 
Heifers :    1,     4, 

24.  16,  12 
2,     5 
33,  40,  47, 
60,  50,  40, 

7,   10,   13, 

,  8,     4 
,  8,  11 
54,  61, 
30,  20, 
10,   19, 

68 
10 
22 

26.  In  9  ways. 

27.  A,  14,   12,  10,  8,  6,  4,  2 

B,  5,     5,     5,  5,  5,  5,  5 

C,  1,     2,     3,  4,  5,  6,  7 

30.  1  way,  8  ^G.,  3  ic. 

28.  1st    2,  15,  28, 
2d.  74,  55,  36, 

29.  11.80 
31.  1183 

41 
17 

32.  1st.  2,  4,  6,  8, 
2d.    9,  8,  7,  6, 
3d.    7,  6,  5,  4, 
4th.  5,  4,  3,  2, 

10 
5 
3 

1 

34.  164, 

35.  X  = 

4      5       ^ 

5'    8'  "^^• 
245,  326 
5,  y  =  244,  z=i 

Ezerdse  64. 

1.  a—c  <  b—d 

4.ac<hd;  can  not  tell;   —ac^—bd 


2.  ad  <bc;  —ac  <—bd,  —  < -y 
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8.  a;  =  4  9.  a;  >  a,  a;  <  6 


-.    a^-^y^      x^ 
"•  ;c«+y  >  a: 

IT 

14.  x^+y^  >  x^ 

-xy+y^                 16.  1st  >  2d 

Ezerdse  66. 

**  7  '    5  '    3  '  23 

-^..4,-- 

3    1     ^'-*' 

•t 

-4 

,(._y,Vy(-'  y) 

a:«+a<      .    1 
*'•  1 

8.  Duplicate. 

9.  Lesser  inequality.   10. ^ 

14.  1:1 

12.  A  :  B  =  7  :  3 

13.  L:B  =  1:1 

16.  A,  $800,  B,  $400,  C,  $200 

17.  11  :  13 

■           (a+b)^    a-\'b    i 

(»«  +  6« 

1.   00 

2.  00                      3.  da* 

4.  »»» 

6.  2 

6.  00                      7.  J 

8.2 

•■4 

10.  0                     11.  2a4 

--I 

13.  2V« 

14.  1                     15.  1 
17.  n                    18.  1 

Ezercifle  67. 

16.  00 

18.  x=  iVio 

19.  xz=l,  3,   -| 

20..=  -^ 

21.  ^=±6^2; 

,  y=  ±2>v/2 

22.  a:  =  3,  2 

y  =  2,  3 

23.a;  =  ll 

24.  2 

-4 

26.  a:=±|V3 

4 
27.  a;=^ 

28.x  =  ll 

29.  a;  =  4 
y  =  2 

HH 
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1.  20  ft,  16  ft. 
,   hnt 


9.  5 

her 


68. 

2.  40,  16  3.  1 :  4 

6.  corn,  20  bu.,  oats,  30  bu. 

7.  8:7 
10.  248 


13. 


16. 


at 

abdmp 
eeng 


6.  y  =  50 


9.x  = 
ac 


_4y«-H4 
--   33/ 


12. 


18.  5  sec. 


14.  181 :  01 

17.  ~ 

n* 

Exercise  69. 

7.  50^2 

10.  »  =  ^ft.« 

15.  -3183 
19.  32-16 

Exercise  70. 


8.  11  : 9 
he 
a-b 
qr-ps 


12. 

16. 

p+a—q—r 

18.  Va'+^ 


-I 

11.  -i^ 


16.  128-64 


^^      //890\» 


1.  2-57403 

2.  2-93247 

3.  2-95617 

4.  2-84510 

6.  2-60314 

6.  0-00000 

7.  B^'SOIOS 

8.  ^^-63347 

9.  ¥-00000 

10.  ^-66558 

11.  016732 

12.  1-54158 

13.  3-68682 

14.  3-54108 

16.  1-53453 

"  16.  2-95467 

17.  ^-66582 

18.  T-27333 

Ezer^sise  71. 

1.353 

2.  41-7 

3.  5140 

4.  3-18 

6.  033 

6.  -01 

7.  -258 

8.  -000459 

9.  3 

10.  -000274 

11.  -000000266 

12.  -0020137 

13.1000-28 

14.  -00000209 

16.  1-2915 

16.  1 

17.    1 

18.  -00000022 

19.  -00000001 

20.  -000000299 

21.  -010013 

22.  1097601 

23.  -0000359 

24.  -0254701 

Exercise  78. 

1.  8-37675-10 

2.    7-45593-10             3. 

7-37161-10 

4.  917070-10 

5.  11-36452-10              6. 

6-36957-10 

Digitized  by  VjOOQI< 

7.  11-86967-10 
10.  6-39794-10 
13.  9-32495-10 
16.  15-00000-10 
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8.  8-36443-10 
11.  9-51428-10 
14.  1206550-10 
17.    9-15478-10 


} 
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9.  10-19552-10 
12.  13-39794-10 
16.  13-36653-10 
18.  14-74473-10 


Exercise  78* 

1.155351-25         2.15-173  3.  -19653  4.-45936 

5.  9-0467               6.  10857-61           7.  -007691  8.  1441-42 
9.  -04670            10.  -82423            11.  102733-4  12.  1-72928 

Exercise  74. 

1.  20-03  2.  165-837  3.  -003061  4.  2419-33 

6.  24090-607         6.  -000039             7.  1-3478  8.  3468*88 
9.  -0619186         10.  43-0465           11.  481-477  12.  -241317- 

13.  88-068  14.  1-2035 


1-  34-013 

4.  2-15706 

7.  139-65 

10.  53125-61 


Exercise  75. 

2.  -34362  3.  3293358-78- 

5.  21243137-2  6.  -91083 

8.  684190-47  9.  52-208 

11.  -80148  12.  2-4761 


1.  a;  =  3 

4.a:=|5il^ 
log.  a 


log.  ^— loar.  a     ^ 

6.  0;=  — ^-j ^ —  +1 

log.  r 

log.jp  +  log.  g 


Exercise  76« 

2.  x=z  2-93 

\  log.  m  J 


7.  «  = 


3.  a;  =  9-54 


4  log,  p 


3  log.  (w»— r*) 


9.  X 


lO.  X 


—  JL  J  ^Qg-  ^      log,  d  \        _  _1  J  log.  &      log.  d  \ 
"■  2  (log.  a  "*"  log.  cj  *  ^"~  ¥  jlogTa  ""  log.  c j 

—  1  /^  log'  ct       3  log.g  m\        _  1  /^  1^^*  ^  _  3  log.  a\ 
"  2  V  log.  m  ^  2  Jog.'^  a  / '  ^  ~  2  V2  log.«  a  "   log.  m  / 


<2  log.«  a 

^^    ^_.      3  log.  JP+ 5  1og.gr  5  1og.  gr-.siog.j? 

6  log.  a         '  -^  4  log.  a 
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log.  r 

13.  x^  log»{(4a'~46«  +  l)t-l}-log.2 

log.  (a— J) 

14.  *  =  log.  a  16.  ^  =  log.(a+ft)+log.(a-i)  _ 

*  log.  a 

Ifi    ^  _        ^  log'  8  ,«   ^-o^     «,-  ^ 

log.jp— log.  ^  3'  ^       2 


18.  a;  =  g  .       ^  {log.  n±  Vlog.*  n-4  log.  w  log.  a}, 

y  =  2  log.  g  ^^^^'  **^  '\/log.*«-41og.wlog.  a} 


y  =  y/\og.  a— log.  p + log.  3 

20.a;=l5?iii±y*±Ii 
a  (log.  a— log.  b) 


Ezerdfle  77. 

1.  21 

x«| 

3.  3(6-n) 

4.3 

6.  60 

6.  16 

7.  400,  8105,  j(7n+3n«),  |^(103n-3w«) 
8.Z  =  13|,  d  =  g  9.^  =  44^,  a  =  -10| 

\6.  Z  =  55|,  iS=606|  11.  n  =  7,  ^=490 

12.  ^=-5|i,  iS=966|  13.  o  =  -287i,  iS=-1750 

1  1  43 

14.  0  =  10^,  n  =  25  15.  a  =  133^,  £?=lgj^ 

16.  d  =  -8,  n  =  15     17.  Z  =  32,  w  =  10        19.  21^,  17^^;  m« 

20.  34g,  37g,  39g  ,  42^,  — ^-,  — ^ ,  —5—,  — g— 

21.  a;— y,  a;,  a;+y;  a+&,  a+2&,  a+3& 

23.  3,  5,  7,  9,  etc.  24.  5,  8,  11,  14,  17,  20 

25.  1,  2,  3 n  26.  x,  3a;,  5a;,  7a;,  etc. 

fy       ,_  h—a     am  +  b     am  +  ^b—a     CTm-h3ft— 2a 

^^•"^-^Ti'  ~^^+r'     m+i    '      ;^rn     ' 

28.  l(4a«+a-«),  i(3a8  +  2a-8),   i(3a»  +  3a-8),   i(a»+4a-«) 

00  O  0  y'-^  T 
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Ezerdfle  78. 

1.  1,  3,  5,  7,  9,  etc.      2.  4,  8,  12  3.  3,  8,  13,  18 

4.  948^  ft.  5.  $405  6.  4,  8,  12,  16,  20 

7.  5  8.  15  days.  9.  6  days. 

10.  9rd.,  12rd.,  15  rd.  11.  d  =  Z,  Z  =  47 

12.  10  ft,  12  ft.,  14  ft.  13.  10  ft.,   15  ft,  20  ft 

14.  10  days.  16.  11  days.  16.  w  =  7,  <i  =  5 

17.  50  20.  8  21.  (2w  +  l)«,  6 

23.  h  +  {a—h+-^rh)n+-^rhn^ 

Ezerdse  79. 

1.6561,  1953^,  2^,  -486a*6 

2729        4      1 
2.2912,  26|^,  l|,  i(a*+a«6  +  a«&«+a&»+M) 

3.  Z  =  98304,  >S'=  131070  4.  Z  =  972,  w  =  6 

5.r  =  3,  ^  =  135  6.a  =  20jg,  Z=-2^ 

7.  >S'=155,  w  =  5  ®"^  =  ^'  >S'=126 

9.  a  =  216,  /S'=775i  10.  a  =  10,  w  =  3 

11.  rt  =  4,  r=:5  12,  r  =  5,  w  =  3 

14.  36,  10^,  Vo^  6a6  15.  24,  72;  a{a-\-h\  a(a+6)«;  a,6 


16.  1,  3,  9,  27, 

etc.          17.  0,  4,  20,  100,  500,  etc. 

18.  ;  =  (~1)— 1 

«.^.     <H-m 

21.  8 

22.  2,  6,  18,  30,  50,  70,  etc. 

1.  3,  9,  27 

2.  1,  4,  16         3.  5,  15,  45,  135 

6.  $1.34 

7.  4,  12,  36,  108    8.  7,  21,  63 

9.  1,  2,  4,  8, 

16    11.  3,  6,  12,  24,  48,  96 

12.  5  ft,  15  ft. 

,,  1024      ,,  1024 
^^^'            ^^-59049     ^^3125 

15.  60  yr.,  $64000    16.  10,  20,  40 

17.  $3000,  $9000,  $27000 
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■•4 

2. 

3.2f 

4.  28  J 

'■A 

6. 

a  6                   T      **' 
«-l                      a4  +  l 

8      "* 
*•  a  +  b 

o  ^     1 

124 

( 

J                       .^   81       1 

28     ,  7 

a«'  33' 

999' 

333                      ^"'  90'  330'  225'    ^33 

11.  43^inin. 

12.  225  rd. 

13.  $100 

14.  2400  bar 

16.  9,  3,   1 
Ezercl«e  88. 

1       ^ 
,   g,  etc 

1    ^-'■" 
^'  (l-r)« 

nr* 
1- 

1 
r 

2.  1421G 

^•^128 

-»f 

6. 

(l-r)«               ^"^16 
Exercise  88. 

7.  10 

■•i 

2. 

1111 
5'    8'   ir   14 

'■-i 

-A 

6. 

a  (2  n-1)          ^•^'   '^2' 

•»   '-i^.   . 

8.  H.  m.  = 

4. 

g- 

m.  =  4,  a.  m.  =  5 

Exercise  84. 

13.  15 

1.  1240 

2.  816 

3.  1196 

4.504 

6.  26059 

6.  18 

7.  11940 

9.  816,  1496 
Exercise  85. 

10.  190 

1.  $560 

2.  1800,  H 

100  (n-1) 
6.3lyr. 

^    w-1 

4-    ,  yr. 

6.  $200 

7.  9yr. 

8.  21+ j^ 

9.  $9.64 

10.  6089-58 

100  (n-m), 
m        ^ 

16.  8yr. 

Digitized  by  Google 
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16.  15  yr.  nearly. 

17     ^^^ 

18.  $2744.68 

19.  $486.38 

20.  P(l-r)» 

21.  ^^» 

22.  $103.03 

23.90^ 

25.  35  yr.  nearly. 

24.  4-85-  % 

621 


1. 

6. 
12. 
16. 

20. 
22. 


1058399 
3500 

[21 


Exercise  86* 

2.  56  3.  10> 

9.  25  10.  3 

13.  924  14.  n« 

17.  68-1  18.  8 


15_ 


t6_l5_ 


X  |5   ;  21x20x19x5x4 


4.  4500 
11.  90720 
15.  64,  3^ 
19.  120 

[45|50 


21 


[9_ 110 [36 [40 


(|2_)3[3_ 


23.40824 


24.  293930,  24310,  45 


1.  l+X  +  X^-k-iX^ 


1+a;— a;*— a;* 
l-a;-a;«+2a^ 

1_-  ^       —  ^  — 
a       a'       a* 


Exercise  87. 

^-  3  +  9  ^+  27^  -^  81^ 

4.  1+a;— a;*— a:* 

6.  -3  +  5a;-2a;«-3a:« 

8.  5a;  +  27a;«  +  130a:»+623a:* 
9.  l+a;+a:«— a;* 


Exercise  88. 


2.1-,l^-|a;«+A,3 
^^+  3^-  9^  +  81  "^ 


^""  4  ^"  64^'"  612^' 

*^'*"  6^"'216^'*"3888^ 

^+27^-37275^-^3:27*^ 

^      1  23      ,        278     a   -      1         a;  a;«  a^ 

12        2.12«  2-12*  2ai      Sal       Uat 


1^    a;  a;'  5 

3al      9a$       81al 


""^  3a«       9a*  "*"  gfa* 


Exercise  89. 

1.  Divergent.  2.  Convergent;  divergent;  divergent 

3.  Convergent  4.  Convergent.  6.  Divergent 
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6.  Convergent;  divergent;  divergent. 

7.  Divergent;  convergent;  divergent.  8.  Convergent. 

Ezerdfle  90. 

1.  a;«+6a;«+llic4-6  2.  a:»— 2a;«-9a;+18 

3.  a:*+2a^-7a;«-8a;+12  4.  a;*-37a;«-24a;+180 

5.  a^+8a:»+24x«+82a;+16  6.  a^-20a:»+150x«-500«+625 
7.  16a:*-16x«-64a;«+4x+15  8.  (a; +2) (a; +3) (a; +4) 

9.  (a;-8)(a;-4)(a;+5)  10.  (a;+2)(a;+3)(a;+l)(a;-l) 

1 1.  (a; + 2)  (a;-3)  (x + 4)  (ic-5)  12.  (a; + 2)  (ar-2)  {x + 8)  (a;-8)  {x + 4) 

Ezercl«e  91. 

1.  a*-12a»a:»+64a«a:*-108aa:»+81a:* 

2.  32+400a;+2000a;»+5000a:«+6250a:«+3125x» 

3.  a:«-18aa^+135a«a;*-540a»a:»+1215a*a:«-1458a»a;+729a« 

4.  128  a:" +2240  a:" +16800  a;w  + 70000  a:* +175000  a^+ 262500  «* + 

218750  a;' +  78125 

6.  a:*-40a;}  +  700a:»-7000a*+43750a:«-175000a;5+437500a; 

-625000  aA+390625 

6.  2187  a^  +  5103  at  a^  + 5103  a«a:^:P  + 2835  a*  «§  + 945  a«a:«  + 

189a¥a;}+21a»a;§+aV 
-   ,      1         1    .      1    . 

^•^-2^-8^-r6^ 


8. 

at 

2 
-3"" 

-kx 

1 

fa;«- 

84- 

-3iB« 

9. 

xi 

3    _ 

-i- 

i^-* 

5 

128 

a;-» 

10. 

x~ 

'-\ 

ax- 

-u|. 

«a:-i 

6 
-16' 

»*a;~ 

I 

11.  a-^x-i-  |a-Via;-¥+  go-¥6'x-V- 
12.  x-^  +  |«f  *-^  +  iaf  ;8-¥  +  ^«»^-V 

14.  806325;  894427;  7-006797;  6-000960 

15.  2449440a:*  16.  _  ^a:*  17.  -  ^a-^ af' 

^8.  ^r(r.H)(r+2)(r+8)^_^,^^^_. 

11 

19.  a«  20. 1^  ai.  0 
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Ezerds^  98. 

1.  n(n+l);  i«(«+l)(n+2)  2.  (2n-l)«;  •in(4n«-l) 

3.  ^w(w+l);  -in(w+l)(n+2)       4.  n(n+2);  ■^w(n  +  l)(2n+7) 
5.  n«;  in(n+l)(2n+l)  6.  2n(2n-l);  i-«(n  +  l)(4«--l) 

7.  n(n+l)(n+2);  ■^n(n+l)(«+2)(n+3) 

8.  n(w+4)(w+8);  in(n  +  l)(n+8)(n+9) 

9.  n(w+2)(n+l)«;  ^w(n+l)(n+2)(n+3)(2n+8) 
10.  (2w+l)(2w+3)(2n+5);  n(n+4)(2n«+8n  +  ll) 

""  3?*  +  l'   3  3  V^"*"  2  "^  3       w+1      «+2      n  +  3>/'  18 

13   1/^1___J__V  1 
**'  8  V4       2(n  +  l)(w+2);'  32 

Jl 6n+ll ^  Jtl_ 

^      180       12(2»+l)(2w+3)(2w+5)'  180 

"•  4  -  2(n.H)(n-H2)-    4  ^^'  r2(»^"+^^^'~^^-^> 

j^   n(yi+l)(n+2)(n+3)  ^^^  _n_ 

[£  ■  w+l 

19.  2 ^  20.  2-978809 

n+1 

Exercise  98. 

1.  a;  =  y-y«+y«-y*+....  2.  a;  =  y+ ^y«+ -^y«+ 2^3/*+. ... 

3.  a;  =  2/-2y«+3y»— 4y*+ 4.  a;  =  y— y»+y»~y'  + 

5.  a;  =  (y-l)-^(y-l)«+l(y-l)»-l(y-l)*+.... 

6.  a;  =  (y-l)  +  2(y-l)«  +  7(y-l)«  +  30(y-l)*+.... 

7.  a;  =  ^  -  ^,  +  1^  -  ^  =  -17590144  8.  a;  =  -00999999 

0        0*        O*        5^ 

Exercise  94. 
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OR  o         2-8a:  ^  .  ^        3— lOaj 


K  o  n  A  1— a;— 5aJ» 


6.p  =  2,  ^  =  3,  r  =  4; 


l-3a;-2a;«+2a;» 
l-2a;--3a:«-4a;» 


7.  ;?  =  3,  ^  =  3 ;  z — r. «— • 

8.  p  =  2,  ^  =  — d ; 


9.  jp  =  --2,  ^  =  2; 


l-2a;+3a;« 
2  +  3ir-2208a;*  +  1616a:* 


10.;)  =  1,  ^=-1,  r=l; 


l  +  2a:— 2a;* 
l-3a;  +  6««+2«»-5a:W-a;" 


Ezerdse  95. 

1.4.  +  A  a.    « 


a;+2      a;— 2  2a;  +  l       2a;— 1 


X       a;  +  l       a;  +  2  a;  +  l      (a;+l)* 

^       1  7  13  ^13  2  2 

W"  — n»  —  ; — TTr:^  +  t — mri  Oi 


a;+3       (a;+3)»  ^  (a;+3)«  ""  5(a;+2)  ^  5(a;-3)  ^  (a;-3)« 

7.  -^  +  —  8.      ^      +         g 

'  a— a;      h-\-x  '  px  +  q      {px-k-qf 

«          3                   3  ,^222 


11. 


a;«+a;+l  ^  x^-x^tl  '  x       l  +  2a;  ^  l-2a; 

'5 7^  1  3 

(a;- 1)4       (x-l)*  "*■  (a:-l)*  "^  x-l 


12         ^       +   ^-^^  13    1-.     3     +      S 

^^-  2(a:-l)  +  2(l+a;*)  ^^'  ^      i::r2  +  ^Zla 

14  1  a;+l  a;+5  1  a^+l 


4(a;-l)  ^  4(a;«  +  l)  ^  2(a;«  +  l)*  —  2(a;+l)  ^  2(a;«4-l) 

16    -1  +  1-1+       ^        .         9        .         1        _     ^+1 
*  a;  "^  a;«      a;»  "^  8(a;-l)  "^  8(a;+l)  "^  4(a;+l)*      4(a;»+l) 


x*+'ix-5     x—3      — x-1      a;  +  l      (a:  +  l)«      (x+lf     (x+lf 

19  i_A  + J ^ 

a;      a;*      a;  +  l      (a;+l)* 
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1  j  J 1_      _^3_  _     x+2 

^^'^Qlx-i       x-^l'^X^^X+1        X^+X-^1 

17  5.8  13 


22. 


)(a;+l)      6(a;+l)»^45(a;-2)      20(x+3) 


14.  <^y  =  -  4  16.  rfy  =  (a;+a)(a;+6)«(5«+3a+26)<ia; 


Ezereise  97* 

1.  (iy  =  (15aa;«-66a;+2c)(ia; 

2.  (iy  =  152»a;'(ia;+10a:»2;<i^+<i2  3.  dy  =  {Sx^-^6x'^4)dx 

g 

4.  (iy  =  &m«(a+62;)"»8-'</a;  5.  dy  =  {x+ -^'-x-^)dx 

^    _        ac?a;  1  »    j        5<ia;  1 

6.  dv  = .-  • r  7-  «y  = .  i 

^      2c4     (ax-^b)i  "^        3      (5a;+6)i 

8.  <iy  =  |/^.rfa;  9,  dy  =  ^{da)h  .x-idx 

b        xdx  1  I  1 

10.  dy^z  —  -  .  -7=-==  11.  dy  =  -^{Zaxt-¥hx—k)dx 

^         (a +a;)*  13.  /i «  =  i .— 

16,  dy=(x+a)*-^x-b)p-'i\{p+n)x-hpa---hn\dx    n.dy=^^^,dx 
18.  dy  =  {\og^xf.  — -          19.  dy=:9a^»{l+\ogeS+\og^A:)dx 
20.  rfy  =  2a*'.a;logearfa;  21.  <iy= ^  (4a4-a^) 

22.  ^2/  =  ^-j-|  23.  dy=  f^Y.  (log«  c-loge  <i)  </ a; 

24,dy= ■ f  26.  rfy  =  «!«&*.  lege o. — 

^      (l~a;)(l-a;«)4  "^  ^'        x 

Exercise  9& 

2.  16  sq.  in.  per  second.  3.  4  tt  r* ;  144  tt  cu.  in.  per  second. 
4.  2  V^  ill*                    6-  1  in*  P^^  second.     6.  About  2*8  mi.  an  hr. 

7.  12  >/3  in.  per  sec.     8.  -00517  9.  1-62842 ;  -00003 

Ezereise  99. 

1.  3a;«-8a;+7     -  2.  («+2)'(a;-2)«(7a;+2) 

3.  3a;«+8a;+2  4.  {a+xY(a—x)'^(2a-8x) 

(a+x)^ 


6.  -'Sx'^+5ax*-Sax^  6.  IQa, 


(a-xf 
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626  ADVANCED  ALGEBRA. 

Ezerci«e  lOO. 

1.  (a;+3)«(a;--2)«  2.  (a;--3)»(a;-l)»(a;+3) 

3.  (a;+3)»(a;-3)»(a:»+3;+l)  4.  (a;-2)»(a;+2)»(a;-3)«(a;+3)« 

6.  (a;-l)*(a;+l)*(a;+3)(a;-3) 

Ezerdse  101. 

o 

1.  Max.  1^;  min.  —5  2.  Max.  —3;  min.  —128 

3.  Min.  —4         4.  Min.  —4  6.  Max.  10;  min.  —22 

6.  Min.  0;  max.  18+  7.  Max.  (^V 

8.  No  turning  values.  9.  Min.  —14  10.  Min.  —14 

11.  Max.  16        12.  Min.  —16  13.  At  the  middle  point. 

1  32  8 

15.  -5- a  16.  7TT  »  r»,  or  ^  of  the  vol.  of  the  sphere. 

1  14 

17.  -s-a*,  or  an  inscribed  square.     18.  -r  »  <**  15.  57  ^  a' 

a  4  ol 

20.  Square  =  2r'  21.  An  isosceles  triangle. 

Ezerdse  108. 

1.  a;*+2a:»-9a;«  +  63a;-135  =  0;  roots  of /« (a;)  =  3  x roots  of  ^« (x) 

2.  a;«+-4a:*—2a;«  +  4a;»— 112  =  0;  roots  of /» (a;)  =  2 x  roots  of  i^« (r) 

3.  a:« + 12  a;*-320  «» + 1792  x- 1024  =  0 ;  roots  of  /,  {x)  = 

4  X  roots  of  i^«  (a?) 

4.  a;»-2a;*+9a:»-18a;8  +  108a;-162  =  0;  roots  of /, (a:)  = 

3  Vroots  of  (A) 

5.  a:«— 2ic»  +  2a;*— 4a;»+24a;«  +  32a;+32  =  0;  roots  =  2  Vrojts  of  {A) 

6.  a;8«+8  .  98a:»+36  .  9"a:»*  +  10  .  9"a;'«-4  .  9»  =  0;  roots  = 


9  Vroots  of  {A) 


7.  a;''-a;«+18ic*-162a;«-2187  =  0;  roots  =  3  Vroots  of  {A) 

8.  a:«- 10  a:*-36  a:*- 12288  =  0 ;  roots  =  4  Vroots  of  (A) 

9.  a;*+6800a;-9000  =  0 ;  roots  =  10  V^ots  of  (A) 


Ezereise  108. 

4  3.  «  = 

5.  a;  =  1,  2,  2,   —  2  6.  xz=z 

7.  a;  =  1,  2,  —2,  —3  8.  a;  = 

9.  aj=+2,  -2,  -3  10.  a;=:2,  4 


1.  a;  =  1  2.  a:  =  4  3.  a;  =  6  4.  a;  =  — 2 

1      __1^     __2 
2'        2'        3 

7.  a;  =  1,  2,  —2,  —3  8.  a;  =  5,  —1,  2  ±  \/5 
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^^•3'-2'^2'^2 

13.  x  =  ±>/3;  2,  -2,  -| 

14.  a;  =  -3,  -5,  -1,  ±J 

15.  a;=- 2,1  3,-1^ 

16.  a;  =  2,  -3,  -5,  2 

17.  aj  =  2,  3,  -3,  -3 

18.  «=!,  1,  -2,  -2,  -3 

527 


19.  aj=~l,  -1,  -1,  2,  -3,  -| 

Ezerdse   104. 

I.  -1+,  4  +  ,  -9+  2.-6+  3.  0-3+,  1 

4.  0-8+,  3+,  -3+,  -0-1 +  ,  -0-6+ 

6.  2+,  -2+  6.  2  +  ,  0-6+,  0-4+,  -3  + 

Exercise   105. 

1.  775  2.  248  3.  1-60168,  -1-33987,  -3-36180 

4.  3-85808,  1-60601,  1-44337,  -3-90737 

5.  -5,  -0560,  11-15306,  13-7908 

6.  -0-87421  7.  -6-3606,  2-34244  8.  1-26993  9.  1-3798 

10.  3-3131,  3-3395,  -17-4436  11.  -80385,  -5-4335 

12.  8-41445  13.  a;» + 33  a;«+ 343  a; -13087800=0 

Exercise  106* 

1.  a;  =  l,  1±3V^  2.  a;  =  4,  1±\/^ 

3.  a;  =  5,  3±V-^  4.  a;=— 3±V--2»  —2,  —3 

6.  a;  =  8,  ^{l±^/~i)  6.  a;=-4,  -  1(1± ^Z^ 

7.  a;  =  —2,  -3,  -3  8.  a;  =  3,  —3,  -3 

9.  a;  =  3,  3,  -3  10.  a;  =  4,  -3±V^ 

11.  a;  =-6,  8±>\/^  12.  a;  =  1,  i(3±V21) 

13.  a;  =  5,  1,  -3  14.  a;  =-5,  -1,  3 

Exercise  107. 

1.  a;  =  l,  -^(liV^)  2.  a:  =  -l,  3±v^ 

3.  a;  =  l,  -1,  ^(3±V5)  4.  a;  =  l,  -1,  i(-3±>v/6) 

6.  a;  =  -i(5±V^,   ±\/^  6.  a;=-l,   -1,   -1,  -1,   -1 

7.  a;=l,  3,  ^,   -3,  -  |^  8.  a;  =  -l,   -5,   -^,  3±a/3 
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ADVANCED  ALGEBRA. 


EinvciM  108. 

1.  -1 

2.  -59 

3.  65 

4.  aftc— 2a6« 

6.  %mnp 

6.  4a 6 c 

7.0 

8.  -96 

9.-134 

10.0 

11.0 

12.0 

13.0 

14.  0 

nurai 

16.  0 
IM  109. 

1.  0 

2.  0 

3.  0 

4.0 

6.  %xyz 

6.  6a 6c- 

-2a«. 

-26»-2c» 

1.  10 

1.  X: 

3.  Xz 

4.  a;: 

6.  Xz 

7.  jr: 


Ezerci«e  110. 

2.  -48  3.  -36  4.  6 

Ezerdse  111. 

2.  a;  =  3,  y  =  3 


:4,  y  =  2 

en— 6d        _  a<^— cm 
'a»— 6w'  ^""aw— 6w 


cm— (im+cw+(in 


y  = 


a  w  +  6  n—a  m-\-bm 


8.  a;: 

y  = 

Zz 

9.  a;: 
10.  a;  = 


2{ac-hd)       '  ^-         2(ac-6d) 
=  2,  y  =  3,  ^  =  4  6.  a;  =  5,  y  =  1,  2  =  2 

ahd—acd^ahe-\'ec^-\'ahh—hch 

a*y^^^a*7^^^^r6^+c'+a6*^^3*^ 

g^e— g^A- ac(^+c*A  +  a6(?— 6ce 

a*  6— a*  c^a  hc^-c^-^-a  b^—b^  c 

aJA— ace— 6cA+c*(i+&'e— J'<? 
"     a^b-'a'^c—abc-\'(^-^ab^--b*c 

-  <^^(^+^~~^)  +«6(m— n— r)  +6*(m— w+r) 
"         ^  2g«+26» 

a'(w— m+r)  +a6(w— r— m)  +y(w— r+m) 
'  2a»+26« 

g*(r— w+m)4-a6(r— w— m)  +&*(r+n— m) 
'  2a»+26» 

:2,  y  =  3,  2f  =  4,  w  =  5 


c  '0  a 

b  c  0 

6  c  0 

6  c  0 

m 

0  a  b 

—71 

0  g  6 

+P 

c  0  g 

-^ 

c  0  g 

a  b  c 

g  6  c 

g  6  c 

0  a  6 

c  0  g 

6  c  0 

ft  c  0 

a 

0  g  6 

-b 

0  g  6 

+  c 

c  0  g 

g  6  c 

g  6  c 

g  6  c 
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t        n  (i  a 

• 

m  e  0 

m  e  0 

y  =  - 

\a    pah 

-6 

pah 

+  c 

n  0  a 

(        qh  c 

q   b  c 

q   b  e 

I        c  n  a 

b  m  0 

b  m  0 

z  =  - 

la    Op  b 

-6 

Op  b 

+  c 

c  n  a 

i       a  q  c 

a  q  e 

a  q  c 

(        e  0  n 

b  e  m 

b  e  m 

w  =  - 

a    0  a  p 

-b 

0  a  p 

+  c 

c  0  n 

a  b  q 

a  b  q 

a  b  q 

11- a;  =  2,  y  =  3,  ^=-3,  w  =  --3 


4a 


4b 


_p^q^r^8       _p^q^r+8 

'-         Vc        '  '*-         4d 

13.  a;  =  l,  y  =  2,  ^  =  3,  w  =  4,  v  =  5 


■c ,  d 


-i-c » d 


■e  ,d 


1.  Consistent. 


Ezerdfle  118. 

2.  Inconsistent. 


Exercise  115. 


i    1    i    1    i    1 

2+1+1+6+2+4 


3   i    1     1 
9  +  1+99 

^'  '^  i+i 
^111 


j^  ^  2.  1 

6+1+7+6+1 


7.  5+ 
1     1 


1^     J_ 
2  +  10 


1    i    1     1     1 
1  +  1  +  1+11+6 

5.3  +  1 

o  7    i    i   1   i   i_ 

^-  ^"^  1+4  +  1  +  1+14 


3  +  7  +  17  +  2  +  1+8 

"•«^-^^+l+r2+T+^^^^- 

13  1   i   12   11 

3'    4'  39'  43 
.    1^     2      7     16    55 
1'   3'  10'  23'  79'  ^^ 


10.  3+  , 
12. 


1    2.    1 

7+16  +  11 
2'    7'  80'  157 


1  3    J7     24    _55     189 

^^  2'  7'  16'  55'  126'  433'  ®^^ 

1  3     10    S3     109 

^''"    o"'  rr  f    OQ»    »?«»    or;i  >  ®^^* 


2'    7' 


76'  251' 


17.  V5-2            18.  '/6-2        19.  1^/5 

20.  i(>v/lO-l) 

1       1       3      4      11     15 
21-  1  »    2  '    5  ♦    7  '   19 '   26 '  ^^' 

-•1 

_.    1      1      10     21                                95 
23-  3 »    3»   29'   61                         ^^  98 
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Ewrd 

IM  116. 

1.  25542              2.  616 

3.  434005, 

327454 

4.58072|,  32853^ 

6.  2950 

6.  135344 

7.2623                8.8202083030 

9.  7692 

la  7640 

11.  r  =  6              12.  f  =  6 

13.  f=14 

14.  2 

16.  1414,  1201 

Ewrd 

16.  r=7 
IM  117. 

1.  197.  251,  313,  281,  461,  829 

2.  6 

3.  2709316 

4.  By  9:  11205,  342738,  558657 

By  11 :  24530,  342738,  25916,  558657 
By  9  and  11 :  342738,  558657 

7..=  ^  8-*  =  ^* 

a  a 


THE  END. 
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